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PREFACE. 


In  1810  s  work  waa  pnblisKed  in  Cambridge  under  the  follow- 
ing title — A  Treatue  on  IsoperimetrtcaX  ProhUms  and  the  Cutculut 
I  cf  Variafwtu.      By  Robert     Woodhouse,  A.M.,  F.R.S.,   Ftlhw    of 
Caiua  College,  Camhridtje.     Thin  work  details  tbe  history  of  the 
'   Calculus  of  Variations  from  its  origin  until  the  cloae  of  the  eighteenth 
I  centnry,  and   bae  obtained  a  high   reputation   for   accuracy  and 
I  clearness.     During  the  present  century  some  of  the  most  eminent 
mathematicians  have  endeavoured  to  enlarge  the  boundariea  of  the 
subject,  and  it  seemed  probable  that  a  surrey  of  ^'hat  had  been 
I  Bccomplished  would  not  be  dcatitute  of  interest  and  value.   Accord- 
I  ingly  the  present  work  haa  been  undertaken,  and  a  short  account 
I  will  now  be  given  of  its  plan. 

As  the  early  history  of  the  Calculua  of  Variations  had  been 
I  already  so  ably  written,  it  waa  unnecessary  to  go  over  it  again; 
Ibnt  it  eeemed  convenient  to  commsnce  with  a  short  account  of 
I  two  works  of  Lagrange  and   a  work   of  Lacroix,  because   they 


vi  PREFACE. 

exhibit  the  state  of  the  subject  at  the  close  of  the  eighteenth 
century;  the  first  chapter  is  therefore  devoted  to  these  works  of 
Lagrange  and  Lacroix.  The  notice  of  the  two  works  of  Lagrange 
is  very  brief,  for  in  fact  both  of  them  were  accessible  to  Wood- 
house,  and  he  has  given  a  good  account  of  all  that  Lagrange 
accomplished.  The  notice  of  the  work  of  Lacroix  is  fuller  because 
the  second  edition  of  that  work  had  not  appeared  when  Wood- 
house  wrote ;  it  was  also  necessary  to  indicate  two  important  mis- 
takes which  occur  in  Lacroix  on  account  of  their  influence  on  the 
history  of  the  subject ;  see  Arts.  27  and  39. 

The  second  chapter  contains  an  account  of  the  treatises  of 
Dirksen  and  Ohm. 

The  third  chapter  contains  an  account  of  a  remarkable  memoir 
by  Gauss,  which  affords  the  earliest  example  of  the  discussion  of 
a  problem  involving  the  variation  of  a  double  integral  with  variable 
limits  of  integration. 

The  fourth  chapter  contains  an  account  of  a  memoir  by  Poisson 
on  the  Calculus  of  Variations.  The  great  object  of  this  memoir  is 
to  exhibit  the  variation  of  a  double  integral  when  the  limits  of 
integration  are  variable.  The  memoir  is  important  in  itself,  and 
also  from  the  fact  that  it  may  be  considered  to  have  led  the  way 
for  those  which  were  written  by  Ostrogradsky,  Delaunay,  Cauchy 
and  Sarrus. 

The  fifth  chapter  contains  an  account  of  a  memoir  by  Ostro- 
gradsky ;  this  memoir  was  suggested  by  Poisson's,  and  its  object  is 
to  exhibit  the  variation  of  a  multiple  integral  when  the  limits  of 
the  integration  are  variable. 

The  Academy  of  Sciences  at  Paris  proposed  for  their  mathe- 
matical prize  subject  for  1842,  the  Variation  of  Multiple  Integrals. 
The  prize  was  awarded  to  a  memoir  by  Sarrus,  and  honourable 
mention  was  made  of  a  memoir  by  Delaunay.  The  memoir  of 
Delaunay  is  analysed  in  the  sixth  Chapter,  and  the  memoir  of 


Sarrus  in  the  eighth  CSiapter;  the  seventh  chapter  analyses  a 
memoir  by  Cauchy,  in  which  the  results  obtained  by  Sarras  are 
presented  under  a  slightly  different  form. 

Here  tliat  part  of  the  present  work  terminates  which  treats 
of  the  variation  of  multiple  integrals. 

The  next  three  chapters  treat  of  another  branch  of  the  subject, 
namely,  the  criteria  wliich  distinguish  a  maximum  from  a  nunimum; 
theee  criteria  were  exhibited  in  a  remarkable  memoir  published  by 
Jactibi  in  1837,  which  has  given  riae  to  a  series  of  commentaries 
and  developments.  '  The  method  of  Jacobi  is  founded  upon  one 
originally  given  by  Legendre ;  accordingly  the  ninth  chapter  first 
vxplaind  what  Legendre  accomplished,  and  also  what  was  added 
to  his  results  by  another  mathematician,  Brunacci,  and  then  finishes 
with  a  translation  of  Jacobi's  memoir.  The  tenth  chapter  con- 
tains an  account  of  the  commentaries  and  developments  to  which 
Jacobi's  memoir  gave  rise.  The  eleventh  chapter  contains  some 
miscellaneous  articles  which  also  bear  upon  Jacobi's  memoir. 

The  twelfth  chapter  contains  an  account  of  various  memoirs 
which  illustrate  aiwciul  points  in  the  Calculus  of  Variations. 
The  thirteenth  chapter  contains  an  accouut  of  three  comprehen- 
sive treatises  which  discuss  the  whole  subject.  The  fourteenth 
chapter  gives  a  brief  notice  of  all  the  other  treatises  on  the  sub- 
ject which  have  come  to  the  writer's  knowledge. 

Tlie  fifteenth  chapter  notices  various  memoirs  which  have 
some  slight  connection  with  the  subject.  Tlie  sixteenth  chapter 
notices  various  memoirs  which  relate  principally  to  geometry,  ot 
differential  equations,  or  mechanics,  but  the  titles  of  which  are 
MiggeativG  of  some  relation  to  the  Calculus  of  Variations. 

The  seventeenth  chapter  gives  the  history  of  the  theory  of 
the  conditions  of  integrability. 

The  writer  lias  endeavoured  to  !«  simple  and  clear,  and  he 
hopes   that  any  student  who  has  mastered  the   elementa  of  the 


subject  will   be  able  without  difficalty   to   understand  the  whole 

of  the  work. 

It  may  appear  at  first  sight  that  gjeat  disproportion  exists 
between  the  spaces  devoted  to  the  various  treatises  and  memoirs 
which  arc  analysed.  The  writer  has  not  considered  solely  or 
chiefly  the  relative  importance  of  these  treatisea  and  memoirs, 
but  also  the  ease  or  difficulty  of  obtaining  access  to  them ;  and 
thna  a  work  of  inferior  absolute  value  may  sometimes  have  ob- 
tained as  long  a  notice  as  another  of  higher  character  when  the 
latter  could  be  procured  far  more  readily  than  the  former. 

In  citing  an  independent  work  the  title  liaa  usually  been 
given  in  the  original  language  of  the  work,  but  in  citing  a  me- 
moir which  fonns  part  of  a  scientific  journal  it  has  generally  been 
considered  sufficient  to  give  an  English  translation  of  the  title. 
Sometimes  a  mathematician  has  been  named  in  the  history  before 
an  accotmt  of  his  contributions  to  the  subject  has  been  given ; 
in  such  a  case  by  the  aid  of  the  index  of  names  at  the  end 
of  the  volume  it  will  be  easy  to  find  the  place  which  contains 
the  account.  Occasionally  in  the  course  of  the  translation  of  a 
passage  from  a  foreign  memoir  the  present  writer  has  inserted  a 
remark  of  his  own ;  this  remark  will  be  known  by  being  enclosed 
within  square  brackets. 

The  writer  may  perhaps  be  excused  for  stating  that  he  has 
found  the  labour  attendant  on  the  production  of  this  work  far  longer 
and  heavier  than  he  had  anticipated.  It  would  have  been  easy  to 
have  examined  merely  the  introductions  to  the  various  treatises  and 
memoirs,  and  thus  to  have  compiled  an  account  of  what  their  re- 
spective authors  proposed  to  eflfect ;  hut  the  object  of  the  present 
writer  was  more  extensive.  He  wished  to  ascertain  distinctly  what 
had  been  effected,  and  to  form  some  estimate  of  the  manner  in 
which  it  had  been  effected.  Accordingly,  unless  the  contrary  is 
distinctly  stated,  it  may  be  assumed  that  any  treatise  or  memoir 


relating  to  the  Calculus  of  Variations  which  is  described  in  the 
present  work  haa  undergone  thorough  examination  and  study. 
This  remark  does  not,  however,  apply  to  all  the  productions  which 
are  noticed  in  the  last  two  chapters  of  this  work. 

It  will  be  found  that  in  the  course  of  the  history  muueroaB 
remarks,  criticisms,  and  corrections  are  suggested  relative  to  the 
various  treatises  and  memoirs  which  are  analysed.  The  writer 
trusts  that  it  will  not  be  supposed  that  he  imdervalues  the  labours 
of  the  eminent  mathematicians  iu  whose  works  he  ventures  occa- 
sionally to  indicate  inaccuracies  or  imperfections,  but  that  his  aim 
has  been  to  remove  difficulties  which  might  perplex  a  student. 
In  the  course  of  his  studies  the  writer  frequently  found  that  remarks 
which  he  intended  to  offer  on  various  points  had  been  already  made 
by  some  author  not  usually  consulted  ;  for  example,  the  conaidera- 
tiona  introduced  in  Art.  366  occmred  to  him  at  the  commencement 
of  his  studies,  and  it  was  not  until  long  afterwards  that  he  found 
he  had  been  anticipated  by  Legendre;  see  Art.  202. 

The  writer  will  not  conceal  hia  own  opinion  of  the  value  of  a 
history  of  any  department  of  science  when  that  history  is  presented 
with  accuracy  and  completeness.  It  is  of  importance  that  those 
who  wish  to  improve  or  extend  any  subject  should  be  able  to  ascer- 
tun  what  results  have  already  been  obtained,  and  thus  reserve  their 
strength  for  difficulties  which  have  not  yet  been  overcome;  and 
those  who  merely  desire  to  ascertain  the. present  state  of  a  subject 
without  any  purpose  of  original  investigation  will  often  find  that 
the  study  of  the  past  history  of  that  subject  assists  them  materially 
in  obtuning  a  sound  and  extensive  knowledge  of  the  position  to 
which  it  has  attained.  How  far  the  present  work  deserves  attention 
must  be  left  to  competent  judges  to  decide;  should  they  consider 
that  the  objects  proposed  have  been  in  some  degree  secured, 
the  writer  will  be  encouraged  hereafter  to  undertake  a  similar 
Borvey  of  some  other  department  of  science. 
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The  writer  will  receive  most  thankfully  any  suggestion  or  cor- 
rection relating  to  the  present  work  with  which  he  may  be  favoured, 
and  especially  any  information  respecting  those  memoirs  and  trea- 
tises which  may  have  escaped  his  observation,  and  those  of  which 
he  has  only  been  able  to  record  the  titles ;  see  Arts.  394  and  420. 

The  writer  takes  this  opportunity  of  returning  his  thanks  to  the 
Syndics  of  the  University  Press  for  their  liberal  contribution  to  the 
expenses  of  printing  the  work. 


St  John's  Collkob, 
April  15,  1861. 
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CALCULUS    OF    VARIATIONS. 

CHAPTER  I. 
laur.\:nge.   l acroix  . 


It  ia  the  object  of  the  present  work  to  trace  the  progre«B  of 
the  Calculns  of  Variations  during  the  nineteenth  century.  It  will 
be  con\-enient  to  begin  witli  an  account  of  three  works  which  ex- 
hibit tlie  state  of  the  aubject  at  the  close  of  the  eighteenth  cen- 
tury. We  shall  accordingly  in  this  cliapter  give  an  analysis  of 
the  treatises  on  the  Calculus  of  Variations  contained  in  Lagrange's 
Thforie  dea  Fonctions  Analytiquea,  in  the  Legons  sur  le  Calcul  de» 
FmiMdm  of  the  Same  atithor,  and  in  the  TtaiiA  da  Calcul  Diff^- 
rentiel  ei  du  Calcul  Integral  of  Lacroix. 

2.  The  first  edition  of  Lagrange's  Thiorie  dea  Fonctwm  Ana- 
/^(i*^uefi  appeared  in  1797,  and  the  second  in  1813;  the  work  was 
also  reprinted  in  1847.  The  portion  which  treats  of  the  Calculus 
of  Varintiona  remains  as  it  was  in  the  original  edition,  where  it 
extl^nds  over  pages  198 — 220;  we  proceed  to  give  an  account  of 
this  portion. 

3.  Having  treated  of  ordinary  maxima  and  minima  problems 
in  the  preceding  pages  of  his  work,  Lagrange  states  that  the  sitme 
principles  may  be  applied  to  determine  cur\-es  winch  possess  at 
every  point  some  assigned  maximum  or  minimum  property.  For 
example,  required  the  curve  at  every  point  of  which 


a  a  tnanmiun  or  mmimum. 


where  y  denotes  -^  . 
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Here  it  is  supposed  that  at  any  point  of  the  curve  y  is  suscep- 
tible of  variation  while  x  and  y  are  not  susceptible  of  variation ; 
then  according  to  the  ordinary  principles  of  maxima  and  minima 
problems  we  differentiate  the  proposed  expression  with  respect  to 
y*  as  variable,  and  equate  the  differential  coefficient  to  zero.  This 
gives 

{m-x)  {y  +  (n-ir)y}  +  (n-a;)  {y  +  (w-a:)y}  =0...(1); 

therefore 

'_  (2aj  — m  — w)y 

divide  by  y  and  integrate,  thus  we  obtain         • 

y*  =  A  (m  — a;)  i^  —  x) (2), 

where  h.  is  an  arbitrary  constant. 

Differentiate  the  left-hand  member  of  (1)  with  respect  to  y* ;  this 
gives  2  (w  —  a;)  (n  —  ic) ;  hence  we  conclude  that  at  every  point  of 
the  curve  determined  by  (2)  the  proposed  expression 

{y  +  (m  -  x)  y  I  {y  +  (n  -  x)  y' } 

is  a  maximum  or  minimum  according  as  (m  —  x){n'~  x)  is  negative 
or  positive.  From  (2)  it  appears  that  the  curve  is  an  ellipse  if  h  be 
negative,  and  then  (m  -  a;)  (w  —  x)  must  be  negative  and  there  is  a 
maximum ;  also  the  curve  is  an  hyperbola  if  A  be  positive,  and  then 
(m  —  a;)  (n  —  x)  must  be  positive  and  there  is  a  minimum. 

This  is  the  first  appearance  of  a  problem  of  this  kind.  La- 
grange intimates  that  such  problems  may  be  proposed  involving 
other  differential  coefficients  besides  the  first. 

4.  Lagrange  next  considers  the  more  common  problem  of  the 
Calculus  of  Variations,  namely  that  in  which  we  require  the  maxi- 
mum or  minimum  value  of  the  integral  of  a  fanction/  (x,  y,  y\  y'\ . , .) . 
He  uses  to  to  denote  what  is  called  the  variation  of  y,  and  which  is 
usually  denoted  by  Sy.  He  arrives  at  the  well-known  relation  which 
must  be  satisfied  in  order  that  the  proposed  integral  may  be  a  maxi- 
mum or  minimum;  this  relation  he  expresses  in  the  following 
manner; 

/  (y)  -  [/'  (y')]'  +  [/'(y")]"  -  [/'  (y'")]'"  +  •  •  •  =  o. 


He  also  obtains  the  ordinaty  result  for  the  terms  which  are  free 
from  the  integral  sign,  which  inuat  likewise  vanish  in  order  tliat  the 
proposed  integral  may  he  a  maximum  or  minimum. 

5.  Lagrange  now  proceeds  to  the  discrimination  of  a  maximum 
from  a  minimum  value ;  he  takes  the  case  in  which  the  function 
under  the  integral  sign  contains  no  dLSereutial  coefficient  of  j  higher 
than  the  first.  We  will  here  indicate  his  method,  but  wc  shall 
use  the  ordinary  notation  instead  of  Lagrange's,     Let  p   denote 

•^ ,  and  suppose  /{x,  y,  p)  to  represent  any  function  the  integral  of 

which  taken  between  certain  fixed  limits  is  to  have  a  maximum  or 
minimum  value.  Change  y  into  y+Sjyand  p  intop  +  ^;  thus 
f{x,  y,  p)  will  become 

where  the  &c.  stands  for  terms  of  the  third  and  higher  orders  in  fiy 
and  ^p. 

Now  by  means  of  the  relation  between  x  and  1/  given  by 


-(I). 


and  the  fiict  that  the  integration  is  taken  between  fixed  limits,  the 
mtegral  denoted  by 

mubes.     We  must  then  examine  the  integral 


'(i<iy 


(%)■■ 


t/i/ttp  ■ 


•-If  (wH"'. 


if  this  taken  between  the  fixed  limits  is  n^ative  fur  all  indefinitely 
■null  values  of  &>/  and  Bp,  the  proposed  integral  is  a  maxiiiwm  when 
■y  has  the  value  which  Hatiafies  (1) ;  if  it  be  positiix  for  such  values 
of  ijr  and  hp  the  proposed  integral  is  a  minimum. 
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The  integral  which  we  have  to  examine  may  be  put  under  the 
form 

where  X  is  any  function  of  x ;  for  we  can  shew  immediately  by  dif- 
ferentiation that  the  latter  expression  coincides  with  the  integral 
which  we  have  to  examine.     Now  assume  X  such  that 

then  the  last  expression  under  the  integral  sign  becomes  a  perfect 
square,  and  the  integral  may  be  written 


!\ 


where  -^  ^^  =  t-^  ~  2X. 

dp      dydp 

Thus  we  have  to  examine  the  sign  of 

\  (Sy,)'  -  \  (SyJ* + i/^''  ^  (Sp  +  ^«y)'  ^^ 

where  x^  and  x^  denote  the  limits  of  the  integration,  and  X^  and  X^ 
are  the  values  of  X  and  Sy^  and  Sy^  the  values  of  Sy  at  the  respective 
limits.  Let  us  suppose  that  iy^  and  Sy^  are  zero,  then  we  have 
remaining 


\\l%A^P^A^Yd.. 


dp 

Hence  we  may  conclude  that  if  V^  be  always  positive  between 

the  limiting  values  of  x  the  proposed  integral  has  a  minimum  value ; 

and  if  -3=^  be  always  negative  between  the  limiting  values  of  x  the 

proposed  integral  has  a  maximum  value. 

Lagrange  remarks  that  this  result  had  been  published  in  the 
Menunra  of  the  Academy  of  Sciences^  in  1786  [by  Legendite]  ;  but  he 
adds,  that  in  order  to  ensure  the  correctness  of  the  result  it  ought  to 
be  shewn  that  the  value  of  X  determined  by  (2)  does  not  become 


infiDite  between  the  limits  of  integration,  and  it  13  ji^enerally  ira- 
poasiblfi  to  do  ttiia,  because  the  value  of  X  cannot  actually  be  found. 

6.  Lagrange  takes  for  example  the  case  in  which 

here  - 
I 

negative  we  are  not  certain  of  the  existence  of  a 

7.  Lagrange  then  indicates  the  method  to  be  pursued  in  dis- 
criminating a  maximum  from  a  minimum  when  the  expreasioa 
which  ia  to  be  integrated  involTee  differential  coefEcients  of  a  higher 
order  than  the  first. 

8.  Then  leaving  the  question  of  the  discrimination  of  maxima 
and  minima  values,  Lagrange  returns  to  the  consideration  of  the  con- 
ditions which  are  common  to  both  maxima  and  minima  values.  He 
makes  some  remarka  on  the  case  in  which  the  limiting  values  of  the 
quantities^,  _v',  y", ...  are  not  given,  but  only  one  or  more  equations 
connecting  tliero.  He  then  proceeds  to  suppose  that  the  function 
under  tlic  integral  sign  contains,  beaidcs  y  and  its  differential  co- 
efficients with  respect  to  x,  another  variable  r  and  its  differential 
coefficients  with  respect  to  x.  When  y  and  «  are  independent  he 
arrives  at  the  two  well-known  relations  which  must  be  satisfied  in 
order  that  the  proposed  integral  may  be  a  maximum  or  minimum, 
namely  the  relation  already  given  in  Art.  4,  and  another  which  may 
be  obtained  from  that  by  changing  y  into  s,  Lagrange  also  givea 
tJie  results  for  the  case  In  which  y  and  z  and  their  differential  cocffi- 
cicnla  witli  respect  to  x  are  connected  eitlier  by  a  given  equation  or 
by  the  circumstance  that  an  assigned  integral  expression  involving 
them  is  to  have  a  constant  value, 

9.  As  an  example  of  the  theory  Lagrange  considers  the  pro- 
blem of  the  brachistoclirnnc  when  a  particle  moves  from  one  given 
point  to  another.  Take  the  axis  of  x  vertically  downwards,  and  let 
\'2ff  (A  +  x)  be  the  velocity  which  the  falling  particle  iias  when  at 
lh«  depth  X  below  the  origin ;  then  the  expreaaion  which  is  to  be 
rendered  a  minimum  is 

fV(l+y''  +  Od!» 
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where  v'  =  ^ .  and  a'  =  -7- ;  here  we  have  not  assumed  that  the  re- 
^      dx^  ax 

quired  curve  is  &  plane  curve.  Hence  in  order  that  the  integral  may- 
be a  maximum  or  minimum  we  must  have,  by  the  relations  referred 
to  in  Art.  8, 

Integrate  these  equations ;  thus 

Ml s ST   and 


^/{h  +  x)  V(l  4-y"  +  0  '^{h  +  x)  V(l+y'«  +  0 

are  both  constants ;  hence  by  dividing  the  first  of  these  expressions 

y' 

by  the  other  we  have  ^  a  constant,  and  this  shews  that  the  curve 

must  be  a  plane  curve.  Then  by  completing  the  investigation  in 
the  usual  manner  we  obtain  n  cycloid  for  the  required  curve.  We 
now  proceed  to  examine  whether  the  proposed  integral  is  thus  ren- 
dered a  maximum  or  minimum.  The  terms  of  the  second  order  are 
(see  Art.  5) 

f  (1 + g')  (gp)' "  2/>ggpgg + (1 +P')  iky  ^^ 

du  dz      

where  ^  stands  for  -y-  and  y  for  -r- .    The  above  expression  may  be 

written 

J     2V(A  +  a;)(l+/  +  2")* 

and  as  this  is  essentially  positive  the  proposed  integral  is  rendered 
a  minimum;  and  thus  the  cycloid  fulfils  the  conditions  of  the 
problem. 

10.  Lagrange  then  gives  some  investigations  relating  to  the 
conditions  of  integrahility  of  functions;  this  is  a  subject  to  which  a 
separate  chapter  will  be  devoted  in  the  present  work. 

11.  The  treatise  on  the  Calculus  of  Variations  contained  in  the 
ThSorie  des  Fonctions  Analytiques  is  very  clear,  and  although  the 


uotation  ia  not  so  cxpreswive  as  that  which  Lagrange  Driginally  in- 
troduced, it  ie  far  preferable  to  that  employed  in  the  Lemons  aur  le 
(Jalcid  <lf»  Foneittma.  We  now  proceed  to  give  an  account  of  that 
part  of  the  latter  work  wliich  is  connected  with  our  subject. 

12.  In  the  list  of  Lagrange's  works  whicli  is  appended  to  tlifi 
Meiani'ine  AnaJyUqtiB  it  ia  stated  that  the  firat  edition  of  the 
Lf^na  aur  le  Calad  dca  Foncttons  appeared  in  1801  aa  a  portion 
of  tlie  second  edition  of  the  Heancea  de  VEcoh.  Normale;  the  Le^m 
were  also  included  in  the  12th  part  of  the  Journal  de  VEcole  Poly- 
Uchnique  in  1804,  In  18o6  a  separate  edition  of  the  Lemons  ap- 
peared containing  two  additional  hipna,  and  these  were  also  in- 
serted in  the  14tb  part  of  the  Journal  de  VEcole  Fulytechnique  in 
180H.  The  two  additional  %wws  are  devoted  to  the  Calcolns  of 
Variations. 

13.  In  the  edition  of  the  Lei;otis  aur  le  Cahul  des  Fonctio?ia 
which  was  published  in  1806,  the  part  bearing  on  our  subject 
extends  over  pages  401 — 501  and  forms  the  last  two  hijvtis.  The 
tirat  of  tlicse  two  It^ans  extenda  over  pnges  401 — 440;  it  treats  of 
the  intcgrability  of  functions,  and  also  contains  a  sketch  of  the 
early  history  of  the  Calculus  of  Variations;  as  we  do  not  consider 
the  early  history  of  the  Calculus  of  Variations  in  the  present  work, 
xud  as  we  reserve  the  subject  of  the  intcgrability  of  functions  for 
a  future  chapter,  wc  ahull  not  here  give  any  account  of  thia  part 
of  Lagrange's  work.  Lagrange  atates  that  the  work  of  Euler, 
entitled  Mtlhodua  inveniend i lineas  curvas...  V!oa\A  have  left  nothing 
to  be  desired  respecting  curves  which  are  required  to  have  a  maxi- 
mum or  minimum  property,  if  it  had  bccji  based  on  an  analysis 
more  conformable  to  the  spirit  of  the  Differential  Calculus;  La- 
grange then  adds  that  the  object  had  been  attained  by  his  own 
method  pven  in  the  Jlenioirs  of  the  Turin  Academy.  This  method 
is  the  well-known  use  of  the  aymbol  S  to  express  a  variation. 
Lagrange  states  that  this  method  has  been  explained  in  most  works 
on  the  DiHerentiul  Calculus  which  have  appeared  since  it  was 
published,  and  Uierefore  it  will  Iw  sufficient  for  him  to  give  merely 
Hn  aocotint  of  the  principles  of  it ;  and  accordingly  a  brief  sketch 
i«  ;!Upplicd. 


14.  Lagrange  begins  the  nest  le^on  thus; — "Themeftc 
variatiooa  based  on  the  use  and  combination  of  the  syrabola  d  and 
B,  which  denote  different  different! ationn,  left  nothing  to  be  desired ; 
but  this  method  liaving,  like  the  Differential  Calculus,  tlie  method 
of  indefinitely  small  qnantitiea  for  its  base,  it  was  necessary  to 
present  it  under  another  point  of  view  in  order  to  connect  it  with 
the  Calcniua  of  Functions ;  I  have  already  done  this  in  the  Thiorle 
des  Fanctiona,  but  I  propose  to  return  to  the  subject  now  in  order 
to  treat  it  in  a  manner  more  direct  and  more  complete." 

15.  Lagrange  proceeds  accordingly  to  expound  the  subject 
with  tlie  aid  of  a  new  notation.  Suppose  y  =  ^{x),  and  let  ^{x) 
be  changed  into  ^{x,  i),  where  i  is  an  arbitrary  indefinitely  small 
quantity;  then  suppose  ^(a;,  t)  expanded  in  powers  of  I'by  Mac- 
laorin's  Theorem.     The  result  is  expressed  thus. 


y¥ty 


1.2. 3-' 


BO  that  dots  over  the  sjTnbol  y  indicate  differential  coefficients  of  ji 
with  respect  to  /,  it  being  BU]i|K)8ed  that  i  is  made  zero  after  the 
differentiations.  The  terms  of  the  scries  after  tlie  first  constitute 
in  fact  the  variation  of  y;  in  this  work  however  Lagrange  confines 
himself  to  an  investigation  of  the  conditions  which  are  common  to 
maxinttun  and  minimum  values,  so  that  in  fact  the  terms  which 
involve  powers  of  i  beyond  the  first  are  not  used  by  him.  Since 
the  way  in  which  i  enters  into  ^  {x,  i)  is  quite  arbitrary  it  follows 
that  y  may  have  any  value  we  please. 

16.  Lagrange  then  arrives  at  the  ordinary  conditions  for  the 
maximum  or  minimum  value  of  /  Vdx,  where  V  is  supposed  to  con- 
tain X  and  y,  and  the  differential  coefficients  of  y  with  respect  to  x. 
In  his  investigation  he  first  supposes  that  x  itself  does  not  receive 
any  variation,  and  afterwards  finds  the  change  in  his  formulED 
occasioned  by  varying  x. 

He  then  proceeds  to  the  case  in  which  V  contains  besides 
y  another  dependent  variable  z,  and  its  differential  coefficients  with 
respect  to  x ;  and  he  gives  the  relations  which  must  hold  in  order 
that  jYdx  may  be  a  maximum  or  minirnnm  both  when  y  and  z  are 
unconnected  and  when  they  are  connected  by  an  equation. 
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17.  Lagrange  gives  some  iuvestigationa  relative  to  the  maxi- 
mam  or  minimuin  value  of  a  function  of  two  independent  variablea 
which  involves  a  double  integral.  We  will  indicate  liow  far  he 
proceeds  with  tliis  problem ;  but  we  shall  use  the  ordinary  notation 
instead  of  Lagrange's.  Suppose  V  a  function  of  x,  y,  z,  p,  q,  r,  a, 
,  dz  dz  d'z  d'z  iTs  . 

'■■■■  ''''™-P  =  «S'«  =  2P'  ■'  =  l?-"Sdi''-iV'-"""^ 

let  U=  JfVdydx;  then 

hU=JJhVdydx, 

.  .„     dV      ^dV.dV.    _  dV\    , 

and  61  =-T-iz  +  -j-op+-i-&7  +  — =-  or  +  ... 

dz  dp  ^      dq    ^      dr 

Bay  =LSz  +  J%  +  NBq  +  FSr+QS8  +  ItSl+  ... 

Now  by  the  Differential  Calculus 

and  80  on ;  thus  wc  obtain 

•  ^^(^^--S-£^-«f ) 

In  order  that  SUmaj  vanish  it  is  necessary  that  the  coefficient 
of  £z  in  the  first  line  of  the  expression  for  5  V  should  vanish ;  that 
ifl,  we  must  have 

L  -  '^_  '^^+^+£^+^          =0 
dx      Hj/      di?     dxdy      dy* 

Then  8f/ consists  of  terms  which  involve  only  one  sign  of  integra- 
tion, namely,  that  with  respect  to  z  or  that  with  respect  to  y. 


1 
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Thus  Lagrange  is  correct  as  far  as  he  has  carried  the  investiga- 
tion ;  but  as  we  shall  see  hereafter  the  great  difficulty  of  the  ques- 
tion consists  in  reducing  the  terms  which  involve  only  one  sign  of 
integration  to  their  simplest  form,  so  as  to  deduce  the  equations 
which  must  hold  for  the  limiting  values  of  the  integrals.  The 
difficulty  was  first  overcome  by  Poisson.  Lagrange  adds  a  remark 
which  is  not  correct ;  he  says — "  The  simplest  case  is  that  in  which 
the  boundary  of  the  surface  represented  by  the  equation  in  a?,  y,  z 
is  supposed  completely  given  and  invariable.  Then  the  variations 
of  z  and  its  differential  coefficients  are  zero  with  respect  to  the 
bounding  curve  and  therefore  also  through  the  whole  extent  of  the 
single  integrals  contained  in  SZ7,  and  the  condition  SJ7=0  is  satis- 
fied of  itself."  K  the  bounding  curve  be  given  Sz  vanishes  at  every 
point  of  the  bounding  curve,  but  it  is  not  true  as  Lagrange  asserts 
that  Sp,  Bq,  ...  also  vanish. 

18.  Lagrange  illustrates  the  subject  by  the  discussion  of  some 
of  the  standard  problems.  He  selects  the  following ; — the  shortest 
line  in  free  space  or  on  a  given  surface,  the  brachistochrone  in  a 
resisting  medium,  the  curve,  down  which  a  particle  must  fall  in  a 
resisting  medium  in  order  to  acquire  a  maximum  velocity,  and  the 
surface  of  minimum  area.  The  first  three  of  these  problems  had 
been  originally  discussed  by  Euler,  the  last  had  been  originally 
discussed  by  Lagrange  himself  in  the  Turin  Memoirs. 

19.  The  treatise  on  the  Calculus  of  Variations  contained  in  the 
Legons  sur  le  Calcul  des  Fanctions  is  rather  difficult,  and  the  nota- 
tion is  extremely  uninviting  and  perplexing.  It  may  be  observed 
that  there  is  a  German  translation  of  the  two  works  of  Lagrange 
which  we  have  considered,  by  Dr  A.  L.  Crelle ;  the  translation  is 
accompanied  by  a  running  commentary  which  is  incorporated  with 
the  text,  Li  the  translation  of  the  Legona  the  notation  of  Lagrange 
is  replaced  by  the  ordinary  notation  of  the  Differential  Calculus. 
It  seems  to  have  been  the  design  of  Dr  Crelle  to  translate  all  the 
works  of  Lagrange,  but  the  only  work  which  appeared  besides  the 
two  we  have  considered  was  the  Treatise  on  the  Solution  of  Numeri- 
cal Equations. 

20.  We  now  proceed  to  give  an  account  of  the  chapter  on  the 
subject  contained  in  the  work  of  Lacroix.    The  first  edition  of  the 
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TrailS  du  Calcul  Diffirenltel  el  du  C'alcul  Int&gral  appears  to  ha\'e 
been  published  in  1797.  The  second  edition  of  the  second  volume  is 
dated  1814 ;  it  contains  a  chapter  on  the  Calculus  of  Variations  ex- 
tending over  p(^s  721 — 81G.  There  are  some  additions  and  cor- 
rections extending  over  pa^ca  71G — 721  of  the  third  volume,  which 
is  dated  1819. 

21.  In  his  preface  Lacroix  states  that  the  Calculus  of  Vari- 
ations is  treated  at  much  greater  lengtli  than  it  had  been  in  the 
first  edition  of  the  work ;  he  considers  that  he  had  to  effect  two 
things,  namely  on  the  one  hand  to  exhibit  the  Calculus  of  Variations 
in  all  the  extent  it  had  reached  and  with  the  symmetry  which  it 
had  gained  by  means  of  its  jieculiar  notation,  and  on  the  other 
hand  to  explain  the  connexion  of  tlie  subject  with  tlie  ordinary 
principles  of  the  DiflFcrential  Calculus.  He  adds  that  those  readers 
who  wish  to  confine  themselves  to  the  Calculus  of  Variations  strictly 
so  called  may  begin  at  page  755. 

22.  The  guide  whom  Lacroix  has  principally  followed  is 
Kuler;  the  third  volume  of  Euler'a  treatise  on  the  Integral  Cal- 
culus contains  an  ap})endi.'(  od  the  Calculus  of  Variations,  and  in 
the  fourth  volume  of  the  treatise  a  memoir  on  this  subject  is  given 
which  is  reprinted  from  the  Transactions  of  the  Academy  of 
St  Petersburg  {Novi  Cwnmcnl.  Acad.  Pelrop.  XVI.},  Lacroix 
devotes  the  first  part  of  his  chapter,  extending  over  pages  721 — 754, 
to  an  exposition  of  the  method  given  by  Euler  in  the  memoir  just 
cited ;  the  method  ia  the  same  aa  that  which  was  afterwards  used 
by  Lagrange  in  the  Let^tut  sur  le  Caletd  des  Fonctwiia.  Suppose 
t/  any  function  nf  x,  say  y  =  ^  (j;)  ;  let  there  be  a  new  variable  (, 
and  lot  <}>(x,  t)  be  any  function  of  x  and  (  which  reduces  to  tf)(x) 
when  (  =  0.     Then  by  Maclaurin's  Theorem 


*<'■')=*«+'!'+?  ^- 


where  (  is  supposed  to  be  put  equal  to  zero  in  the  differential 
coefficients  with  respect  tot  after  differentiation.  Then  <f>[x,t)-<f>{x) 
is  equivalent  to  what  is  usually  denoted  by  S_y  and  called  the  vari- 
oHini  of  jr.    If  we  suppose  t  small  enough  we  may  restrict  ourselreB 

to  the  first  term  in  the  series  for  ^{x,  ()  —<jt(x),  that  is,  to  -^l. 
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Lacroix  adopts  this  restriction  and  then  proceeds  to  investigate  the 
conditions  which  mnst  hold  in  order  that  an  integral  /  Vdx  may 
have  a  maximum  or  minimnm  value,  where  F  is  a  function  of  x 
and  y  and  the  differential  coefficients  of  y  with  respect  to  x.  The 
results  are  of  course  the  same  as  those  which  are  obtained  with  the 
aid  of  the  common  notation.  We  shall  make  some  remarks  on 
various  points  which  occur  in  this  part  of  the  work  of  Lacroix. 

23.  On  pages  729 — 731  Lacroix  examines  some  cases  of  the 
problem  of  the  brachtstochrtme.  At  first  the  starting-point  is  sup- 
posed fixed ;  the  velocity  at  a  point  which  has  y  for  its  vertical 

ordinate  is  supposed  to  be  ^^ff{y  —  h)y  where  A  is  a  constant.  Now 
let  the  horizontal  abscissa  of  the  final  point  be  supposed  given,  but 
not  its  vertical  ordinate;  then  the  usual  result  is  obtained  by 
Lacroix,  namely,  that  the  tangent  at  the  final  point  must  be 
horizontal.  Lacroix  next  supposes  that  the  horizontal  abscissae 
of  both  the  starting-point  and  the  final  point  are  known,  but 
not  their  vertical  ordinates,  and  he  arrives  at  the  result  that 
the  tangents  at  both  points  must  be  horizontal;  and  he  gives  a 
figure  which  supposes  the  moving  particle  to  start  from  the  lowest 
point  of  a  cycloid,  and  to  ascend  to  the  cusp  and  then  to  descend 
down  the  next  arc  until  it  reaches  the  point  which  is  in  the  same 
horizontal  line  as  the  starting-point.  It  must  however  be  observed 
that  Lacroix  does  not  examine  the  terms  of  the  second  order  so  as 
to  ascertain  whether  there  really  is  a  minimum ;  and  it  is  obvious 
that  there  can  be  no  minimum  in  the  present  case,  for  by  taking 
the  starting-point  low  enough  the  initial  velocity  may  be  made  as 
great  as  we  please,  and  thus  the  time  of  passing  from  a  point  with 
the  first  given  abscissa  to  a  point  with  the  second  given  abscissa 
may  be  made  as  small  as  we  please  without  restricting  the  moving 
particle  to  describe  a  cycloid. 

24.  On  page  732  Lacroix  observes  that  if  the  expression 

vanishes  identically  Vdx  is  an  exact  differential;  thus/F&;  taken 
between  limits  can  be  expressed  as  a  function  of  initial  and  final 
values  of  co-ordinates  and  differential  coefficients,  and  so  the  problem 


of  finding  the  maximiun  or  minimum  value  of  this  integral  does 
not  differ  from  an  ordinary  problem  of  maximum  or  minimiun. 
This  remark  leada  htm  naturally  to  consider  the  example  given 
by  Lagrange  of  finding  the  maximum  or  minimum  value  of  an 
exprcasion  which  involves  a  differential  coefficient  but  no  integral 
sign.    (See  Art.  3.) 

25.  Up  to  page  734  Lacroix  lias  supposed  that  the  indepen- 
dent variable  a:^  la  not  susceptible  of  variation ;  he  now  introduces 
the  supposition  that  x  itself  receives  a  variation.  This  part  of  the 
subject  is  treated  perhaps  as  well  as  it  could  be  on  the  basis 
adopted  by  I<acroix,  but  it  would  probably  be  obscure  to  a  beginner. 
It  is  perhaps  impossible  to  avoid  this  obscurity  altogether  if  we 
ascribe  a  variation  to  the  independent  variable ;  and  thus  it  seems 
better  to  adopt  the  method  of  some  recent  writers  who  vary  only 
the  dejjendent  variable  and  obtain  the  requisite  generality  in  tlieir 
formula;  by  giving  small  changes  to  the  limits  of  the  integral 
instead  of  varying  the  dependent  variable.  (See  the  works  of 
Strauch  and  Jellett.) 

26.  On  pages  742 — 744  Lacroix  expounds  a  method  whieli  he 
aays  in  its  fall  extent  is  due  to  Poisson.  In  this  method  the  limit- 
ing values  of  the  variables  and  differential  coetScients  which  occur 
in  the  expression  under  the  integral  sign  are  at  first  supposed  fixed ; 
then  by  the  ordinary  process  of  the  Calculus  of  Variations  a  differ- 
ential equation  is  obtained,  which  must  be  solved,  aud  which  will 
involve  a  certain  number  of  arbitrary  constants;  these  constanta 
Poieson  proposes  to  determine  by  the  principles  of  the  Diff'eiential 
Calcolos.  For  example,  if  the  problem  proposed  be  that  of  the 
brachistochrone,  it  would  be  first  inferred  from  the  difi'erential 
equation  ftimished  by  the  ordinary  process  of  the  Calculus  of 
Variations  that  the  curve  must !«  a  cycloid;  then  with  the  relation 
between  x  and  y  thus  determined,  the  integral  IVdx  may  be  ob- 
tained, and  may  be  expressed  in  terms  of  the  limiting  values  of  x 
and  of  the  arbitrary  constants  which  arise  from  the  solution  of  the 
differential  equation ;  it  will  now  be  a  problem  of  the  Differential 
Calculus  to  assign  such  values  to  the  limits  of  x  and  to  the  arbitrary 
constants  as  will  ensure  a  miutmuin  value  for  the  integral.  In  fact 
instead  of  srdving  a  problem  at  once  and  completely  by  the  Calculus 
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of  Variations,  Poisson  proposes  to  divide  it  into  two  parts  and  solve 
one  part  by  the  Calculns  of  Variations  and  the  other  part  by  the 
Differential  Calculus.  This  method  appears  to  possess  no  supe- 
riority over  the  common  method,  and  Lacroix  seems  to  intimate  the 
same  opinion  on  page  744. 

27.  An  important  mistake  in  the  treatment  of  the  variation  of  a 
double  integral  occurs  on  page  752,  and  is  repeated  on  pages  783, 
784 ;  this  we  will  now  explain,  using  the  ordinary  notation.  iJet  V 
be  a  function  of  the  independent  variables  x  and  y,  and  of  the 
dependent  variable  «,  and  of  the  differential  coefficients  of  z  with 
respect  to  x  and  y ;  let 

U^ffVdxdy, 

then  it  is  required  to  find  the  variation  hU  which  arises  from  a 
variation  hz  ascribed  to  z.  Let  the  differential  coefficients  of  z  be, 
as  usual,  denoted  by  p,  j,  r,  «,  t]  and  suppose  for  simplicity  that  no 
differential  coefficient  of  z  occurs  of  a  higher  order  than  the  second. 
Then 

Lacroix  now  proceeds  to  transform  these  terms  by  integration  by 

parts,  and  in  doing  so  he  makes  a  mistake.     His  process  is  sub- 

dV 
stantially  the  following.    Let  S  denote  -^ ,  then 

again  \S  -j-dx—  S^z—  I  -v-  hzdx (2), 

,  [dSdSz,      dS^       [  ^S   ^    . 

and  -J-  -j-(ix=  -J-  cz—  \  ..    ,    oz  ax ; 

J  ay  dx  dy  J  dxdy 

thus  finally  ffS^  dxdy  = 


The  step  taken  in  (2)  is  generally  false.  For  in  a  double  inte- 
gral the  limiting  values  of  the  variable  with  respect  to  which  we 
first  integrate  are  in  general  fitnctiona  of  the  other  variable;  thus  in 
(1)  after  integrating  with  respect  to  y,  we  shonld  have  to  substitute 

Bome  function  of  x  for  y  in  the  term  S-j—.     Therefore  in  the  ex- 

preaaion  \S-j—  dx,  the  symbol  Sz  does  not  represent  a  function  of 

the  independent  variables  a:  and  y,  but  a  function  of  x  alone.     But 

-r-  indicates  the  partial  differential  coefficient  of  Sz  taken  with 


to  X,  and  is  therefore  only  a  part  of  what  we  obtain  when 
'irt  3iffercntinte  Sz  with  respect  to  x,  supposing  1/  itself  a  function  of 
X.     So  that  if  we  denote  the  complete  differential  coefScient  of  Sz 

with  respect  to  x  by  -3— ,  we  have 


dx      dx       dtf    ^' 


.± 


where  ^  ie  to  be  found  from  the  value  of  y  in  terms  of  x  which 

holds  at  the  limit.     The  process  of  Lacroix  then  ia  wrong  because 

dSs       ...^  Dhz 

It  veeR  -y-  u  It  it  were  --j—  . 

28.  There  is  no  eiTor  in  the  transformation  which  Lacroix 

effects  of  the  terms  I    -r-  Zrdxdy  and  \\  '-j-  Udxdy,  but  the  error 

indicated  in  the  preceding  article  occurs  again  in  the  transformation 
of  terms  arising  from  the  differential  coefficients  of  s  which  are  of 
an  order  higher  than  the  second.  It  must  be  observed  that  tlie 
error  disappears  when  tlie  limits  of  both  the  integrals  are  can- 
Hantt. 

29.  The  error  indicated  in  Art.  27  was  alluded  to  by 
PoissoD  and  corrected  in  his  memoir  on  the  Calculus  of  Variations 
iitimoirea  d«  Vlmtitut,  Tome  su.  page  296).  It  seems  to  have 
been  introduced  by  Euler;  it  occurs  in  Art.  169  of  the  Treatise  on 
the  Calculus  of  Variations  contained  in  the  third  volume  of  Euler's 
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Integral  Cahulua.  In  the  memoir  however  to  which  we  have 
already  referred  (see  Art.  22),  which  is  reprinted  in  the  fourth 
volume  of  the  Integral  Calculus^  the  error  does  not  occur ;  there 
Euler  has  a  result  which  is  equivalent  to 

that  is,  he  omits  the  incorrect  equation  (2)  of  Art.  27.  He  has 
therefore  here  not  attempted  to  cany  his  transformations  farther 
than  they  are  carried  in  Art.  17,  and  has  left  his  results  in  a  correct 
form.  It  should  however  be  observed  that  Strauch  asserts  that 
Euler^s  results  are  not  correct,  since  he  has  omitted  several  terms 
which  involve  only  a  single  integral  (Strauch,  Calculus  of  Varia- 
tionSf  Vol.  II.  p.  633).  There  seems  no  reason  for  the  assertion 
made  by  Strauch  beyond  the  following : — In  such  a  step  as 


/**-«S-/zS* 


dh/  dx 

we  must  remember  that  the  integration  with  respect  to  y  will  have 
to  be  taken  between  certain  limits,  so  that  the  equation  just  written 
would  more  correctly  be  written  thus, 

/>*=(«s,-(«s).-/:f"*' 

where  the  first  two  terms  on  the  right-hand  side  are  respectively  the 
values  of  8  -j-  when  y^  and  y^  are  substituted  for  y.     This  is  the 

only  point  in  which  Euler's  formula  is  liable  to  objection,  and  this 
can  scarcely  be  called  an  error,  as  it  is  really  only  an  abbreviation 
which  is  perpetually  used  in  the  Integral  Calculus,  This  is  pro- 
bably all  that  Strauch  means  by  his  assertion ;  in  the  problem 
which  he  has  discussed  in  the  pages  immediately  preceding  his 
assertion  he  has  confined  himself  to  the  case  in  which  the  limits  of 
the  integrations  are  all  constants,  and  his  results  agree  with  those  of 
the  third  volume  of  Euler's  Integral  Calculus,  when  we  allow  for 
the  abbreviated  form  which  Euler  adopts,  as  we  have  just  ex- 
plained. It  may  be  added  that  the  mistake  corrected  by  Poisson 
has  been  preserved  in  some  elementary  works  which  have  been 
published  since  Poisson's  Memoir. 


(0,  In  addition  to  tie  error  already  pointed  out,  it  must  be 
observed  that  on  page  752,  Lacroix  exhibits  the  result  very  incor- 
rectly :  for  he  omits  all  such  terms  as  -;—  and  -r—  ,  and  Bs  is  the 

■'  (bs  dy 

only  form  in  wliich  he  introduces  the  variation  of  a.  In  conse- 
quence of  this,  he  falls  into  the  same  error  on  page  753,  as  has 
l)een  already  indicated  in  Lagrange  (sec  Xxt.  17).  He  states  that 
when  the  lines  which  bound  the  area  over  which  the  double  inte- 
gmtion  extends  are  ab»olutely  given,  then  all  the  terms  in  the 
variation  of  the  double  integral  vanish  except  those  which  remain 
under  the  double  integral  sign ;  and  this  of  course  is  not  true. 

31.  Lacroix  closes  this  division  of  his  subject  with  a  remark  on 
the  problem  of  the  variation  of  a  double  integral  when  the  limits 
themselves  are  supposed  variable;  pages  754,  755.  He  says  that 
the  question  ia  too  difficult  for  him  to  stop  to  consider  it,  but  that  ho 
will  return  to  it  afterwards  in  order  to  introduce  the  reader  to  some 
considerations  of  whicli  no  trace  could  be  found  tn  preceding  works. 
It  is  not  apparent  to  which  of  his  subsequent  articles  Lacroix  thus 
refers ;  the  only  place  in  which  he  appears  to  return  to  the  point  is 
page  778,  and  there  he  gives  scarcely  any  thing  more  than  had  pre- 
Tiously  been  given  by  Enler. 

32.  On  page  755  Lacroix  begins  his  exposition  of  the  Calculus 
of  Variations  properly  so  called.  Here  he  introduces  Lagrange's 
Bymbol  5  to  express  a  variation.  Lacroix  devotes  his  first  article  tn 
^oofii  of  the  fonnuhe  hdy  =  dZif,  Sdx  =  dSx,  2(i°!/  =  d"S^,..,.  This 
■rdcle  seems  to  require  some  observations.  After  he  has  considered 
the  case  m  which  y  alone  receives  a  variation  and  not  x,  he  proceeds 


"  Hitherto  we  have  only  varied  the  ordinate  PM  or  y ;  but  this 
>iiit  of  view  is  too  restricted ;  some  questions  may  require  that  we 
tovld  pass  from  the  point  M  of  the  curve  C'E  to  a  point  v  of  the 
ure  ft  corresponding  to  nn  abscissa  ATI  which  differs  from  AP, 
I.)  It  is  obvious  that  the  variation  of  PM  consists  then  of 
[larta,  namely  of  tlie  variation  Jf/i  which  ia  due  solely  to  the 
ige  of  cnr^'e,  and  of  the  increment  which  P/t  receives  in  the 
ire  ye  when  the  abscissa  AP is  changed  into  ATI;  and  we  shall 
ive  in  this  case  &Jy  =  rf8y.     For  let 
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PJlf=<^(a?),  Pfi^yftix),  An  =  x  +  m{x):=X, 
AF=^x  +  dx  =  x',  ^n'  =  x +t!r(a?')  =  Z'; 

it  will  follow  that 

ni;  =  'f  (JT),  P'M'^y'^<f>{x'),   HV^-f  (X'), 

Uv'-PM^Sy=^ir{X)-<f>{x),  nv-Fif' =8y=t(-s:')-<A(^')> 

and         Sy'-Sy  =  %=:'f  (X')-<A(«')-''f  (-^)+<A(a^)- 
On  the  other  hand,  since 

lience  Sdy  =  (2Sy« 

It  is  moreover  obvious  that  by  supposing  &c  =  'bj  (a:)  we  have 
separately 

Sdx  =  dSx, 

It  follows  that  hcPy  ^  cCbdy  =  d^hy  \  and  proceeding  thus  we 
shall  obtain  the  theorem 

hdTy  =  rf"Sy, 

in  virtue  of  which  we  may  transpose  the  characteristics  S  and  rf; 
this  may  be  extended  to  any  function  whatever,  so  that 

whatever  ?7  may  be.  As  the  basis  of  the  Calculus  of  Variations 
this  was  enunciated  at  the  origin  of  the  Calculus ;  but  it  has  always 
appeared  to  me  that  the  truth  of  it  had  not  been  proved  with  suf- 
ficient care,  and  that  it  was  necessary  to  develop  the  demonstration 
by  bringing  into  view  the  nature  of  the  variations  attributedjo  the 
abscissa  and  the  ordinate/* 

33.  The  proof  given  in  the  preceding  Article  may  be  exhibited 
more  clearly ;  it  consists  essentially  of  the  following  process.  Let 
y  stand  for  ^(x),  let  d  denote  the  operation  of  changing  x  into  x' 
and  subtracting  the  original  function  from  the  new  Amction,  let  S 
denote  the  operation  of  changing  x  into  X  and  ^  into  ^  and  sub- 
tracting the  original  function  from  the  new  function ;  then 

Sy^d{^{X)-<i>{x)]=^{X')-<i>{x')-{^{X)-^{x)}, 


»d  &;j  =  6!*M-*Wi-'K^')-'f'm-(*M-*W}i 

therefore  dhi/  =  hdy. 

The  proof  is  certainly  Bound ;  it  must  be  noticed  however  that 
it  is  aasumed  that  &  always  means  a  change  of  x  into  X  and  0  into  ^ 
and  a  corresponding  subtraction.  This  liowever  is  too  restricted  a 
meaning  of  the  operation  denoted  by  &,  for  it  is  necessary  to  liave 
the  power  of  supposing  that  tlie  curve  fe  in  the  figure  is  not  through- 
out determined  by  the  equation  y  =  '^  {x).  The  curve  may  be  detci-- 
tnined  by  y  =  --^{x)  for  part  of  ita  extent,  ^y  y  =  xi^)  for  another 
part,  by  y=y(a!)  for  another  part,  and  so  on.  All  the  restriction 
on  -^p  Xi/i---  is  that  there  be  no  discontinuity  in  the  value  of  y 
or  of  any  of  its  differential  coefficients  up  to  that  of  the  highest 
order  which  occurs  in  the  expression  we  are  considering ;  discon- 
tinuity in  fyrm  is  admissible,  and  in  fact  necessary.  Thus  the 
demonstration  given  by  Lacroix  in  Art.  32  is  not  perfectly  satis- 
fectory,  since  it  involve?  a  limitation  of  the  meaning  of  the  sym- 
bol S. 

Many  elementary  writers  who  liave  reproduced  this  de- 
monstration have  however  omitted  that  part  of  it  in  which  the 
aymbols  are  defined,  and  thus  have  rendered  it  inconclusive.  Thus 
it  Iiaa  been  considered  sufficient  to  proceed  as  follows : — let  AP=  x, 
PII  =  Ac,  PP'  =  6a;,  nn'=8(a;  +  (Zr);  then  F  and  W  are  the 
BbecisBGB  of  points  on  the  new  curve  which  are  infiniteaimally  near, 
And  AP'  —x  +  ix,  therefore 

^'W  =  d{x  +  ix)i 
lienca  Pn'  =  (ic  +  6(j;  +  ££r), 

•nd  PR'  =  PP-  +  P'H'  =  Sa;  +  rf  (a;  +  &:) ; 

AerefoK  idx  =  dBx. 

~lnt  in  thia  process  the  statement  P'Tl' =  d  (x  +  Sx)  is  quite  arbi- 

there  is  no  definition  on  which  it  depends. 


as.  Bill  in  feet  there  is  nothing  to  be  proved,  and  the  subject 
iroald  be  rendered  more  intelligible  by  tlie  omission  of  these  and 
^milkr  propositions  which  appear  in  so  many  elementary  works. 
Suppose  for  example  that  1/  receives  an  increment  Sy,  then  the 

firnl  differential  coefficii-nt  of  1/  with  respect  to  x  instead  of  ^ 

2-2 


becomes      ^,  ™^ ,  that  ia,  receives  an  increment  -^ .     Hence  if 
ox  ax 

we  please  to  denote  this  increment  by  ?ip  we  have  Zp  =  -^-  ;  there 

is  here  nothing  to  prove,  it  is  merely  a  definition  of  the  meaning 
of  S^,  Again,  let  u  denote  the  integral  ^vdx-;  if  v  receives  an 
increment  Su  then  «  receives  an  increment  fSvdx,  which  we  may 
denote  by  8h  if  we  please.  Instead  then  of  a  formal  proposition  in 
which  bfvdx  ia  proved  equal  to  JSvdx,  there  is  really  only  a  defi- 
nition of  the  meaning  of  Su  when  u  =  jvdx. 

36.  That  these  supposed  propositions  are  not  required  in  a 
treatise  on  the  Calculus  of  Variations  may  be  seen  by  consulting 
Airy'a  Tract  on  the  Calculus  of  Variations.  The  subject  will  be 
found  there  treated  with  great  simplicity  and  clearness,  without 
any  introduction  of  such  matter  as  we  have  taken  from  Lacroix  in 
Article  32.  It  may  be  added  that  Euler,  who  gives  the  geometrical 
process  of  Article  32  in  his  treatise  on  this  subject  contained  in 
his  Integral  Calculus,  gives  it  rather  as  an  illustration  than  a  proof 
{{nterim  tamenjuvabit  viper  Oeometriavi  tllmtraase). 

37.  Lacroix  now  proceeds  to  give  the  usual  formulie  of  the 
subject  expressed  in  the  usual  notation.  He  exhibits  the  variation 
of  an  integral  which  involves  both  x  and  y  and  their  differentials, 
BO  that  in  fact  x  and  y  may  bo  considered  both  functions  of  a  third 
variable.  He  notices  the  conditions  which  must  hold  in  order  that 
a  function  involving  two  variables  and  their  differential  coefficients 
may  be  susceptible  of  integration,  once  or  more  than  once,  without 
assigning  any  relation  between  the  variables.  He  also  investigates 
the  variation  of  fVdx,  where  V  contains  another  integral  jV'dx 
besides  x  and  y  and  the  differential  coefficients  of  y ;  as  this  is  a 
point  of  some  difficulty  we  shall  consider  it  here  more  fully. 

38.  An  investigation  of  the  variation  of  an  integral  formula 
which  itself  involves  another  integral  was  given  by  Euler ;  it  occurs 
in  the  4th  chapter  of  the  treatise  on  the  Calculns  of  Variations, 
which  is  contained  in  the  third  volume  of  his  Integral  Calculua. 
Lacroix  gives  it  in  his  Articles  854  and  871.  Lacroix  omits  a  few 
lines  of  explanation  which  are  found  in  Ealer,  and  thus  the  process 
which  in  its  original  form  was  not  free  from  obscurity  is  rendered 
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Still  more  oLsctirc;  in  fact,  aa  we  Bhall  see,  Lacroix  does  not 
diBtingoisli  between  pi-oblems  whicli  are  really  different.  From 
Lacroix  the  process  lias  passed  into  many  elementary  works.  We 
will  now  give  tlie  process  of  Lacroix. 

Required  the  variation  of  JVdx,  where  !■'  is  a  function  of  x,  y, 
p,  q,  T, ...  and  v  where  v  =  fVdic,  and  V  is  also  a  function  of  ar,  y, 
p,  J,  r, ... ;  here 7?,  g,  r, ...  denote  the  Buccesaive  differential  coclfi- 
loenta  of  ^  with  respect  to  x.     Suppose 

dV=  Mdx  +  Ndy  +  Pdj>  +  Qdg  +  Iidr+  ...  +  Ldv, 
dV=  Mdx  +  N'dy  +  P'dp  +  Qdq  +  H'dr  +  ... 
Then  by  the  usual  formnlie  of  the  Calculus  of  Variations 

h  fVdx=r&x  +  f{dxZV~  dV&x) ; 
now  for  shortness  let  dV=d-^  +  Ldv,  theu  SF=S^  +  ifi«; 
thufl      8  fVdx  =  VZx  +  /(ife&^  -  d'^ix)  +  f{Ldxhv  -  Ldv&c). 
Also         Rv  =  VSx+f{dxSV'~dV'Sx);  and  do=V'dx; 
therefore     f(Ldx^- Ldv^)  =fLdxf{dxBV -dV'&x). 
Put  jLdx=I;  then  by  integration  by  parts 
J{Ldxhv-Uvlx)=lJ{d3£V-dV&x)-fl{dxZV-dr&x). 
Hence  we  obtain 

tJVdx  =  Vhx  +  fidxSy^  -  d^Bx) 

+  lf{dxBV-dV&x)-fl(dxBV~dV'Bx). 
The  three  terms  which  follow  VSx  on  the  right-hand  side  of 
the  last  equation  may  be  transformed  by  the  ordinary  processes  of 
tile  subject.     Thus  i{  <»  =  By  -pSx,  we  shall  obtain 


..)» 


+(«- 


.(Pet 


t/(.V- 


■(!)■ 
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/;(**F-ii"i»)-7(P'-^'+^-...)» 

^w-f^ )S 

*m- )S 

+ 

^  /.,-.,    dP'     <?*Q'     cPB'  ,      .     ,        /ox 

+(^«-^+ ^s 

+(^'- )g 

+ 

Thus  far  there  is  no  difficulty,  but  Lacroix  adds  in  Article  871 ; 

let  A  denote  the  total  value  of  J,  that  is,  of  fLdx  taken  between 

limits  determined  bj  the  nature  of  the  question ;  since  this  value 
is  a  constant  it  maj  be  introduced  under  the  signs  of  differentiation 
and  integration,  and  thus  the  formula  will  become 

8/rcfo=F&r+|(P+^P'-ZP')-^(g+^^-/^)  +  ...|a) 

+    

+ji{N+AN'^IN')  -  ^  {P+AP'-'IF) 


ThU  last  step  ia  not  obvious ;  it  will  be  aeen  that  no  change 
is  made  in  the  terms  which  are  denoted  by  (1)  and  (3),  bnt  that 
/  is  changed  into  A  in  {2).  Now  the  original  integral  JVdjy  must 
bo  supposed  taken  between  aome  limits,  aay  a  and  ff;  thna  the  first 
line  for  example  in  (2)  will  really  when  written  at  fall  become 

and  aa  tlic  value  of  /  when  x  =  0  will  not  generally  be  the  same 
as  its  value  when  x  =  ix,  we  cannot  as  Lacroix  does  put  A  for  /  in 
the  terms  included  in  (2). 

Some  variety  of  meaning  may  occur  with  respect  to  /;  for  by 
/  we  may  understand  simply  the  indefinite  integral  fLdx  witliout 

any  constant  added ;  or  by  /  we  may  understand  I   Ldx,  ao  that 

/vamslies  when  x  haa  the  arbitrary  value  a,  or  again,  a  may  be 
supposed  equal  to  tt  or  to  j3.  None  of  these  fiuppoaitiona  however 
lead  to  the  result  given  by  Lacroix,  although  the  supjjoaition  that 
/  vanisbca  when  a!  =  o  or  when  a;  =  j9  will  aimpiify  the  correct 
formula?.  'iTierc  is  another  point  to  be  noticed.  We  have  hitherto 
auppoged  V  to  mean  tlie  indefinite  integral  /  V'dx  without  any  con- 
Btant  added ;  hut  v  may  stand  for  something  different,  as  for  ex- 
ample for  J    V'lLe.    In  this  case  in  order  to  find  what  drises  Irom 

IfidxiV —  dV'hx),  we  must  take  the  integral  from  c  to  3^,  then 
maltiply  by  /  and  put  successively  a;  =  a  and  ar  =  ^  in  the  result, 
and  subtract  the  first  value  of  the  result  from  the  second.  Similar 
proccaees  must  be  performed  with  the  terms  in  (3).     For  simplicity 

we  will  suppose  that  /=  I  Ldx,  so  that  /  vanishes  when  x  =  a. 

TliQB,  for  example,  the  first  terra  of  the  first  line  of  (2)  is 

[/!(P'«)«-(i'")--.n«« 

The  BCcond  line  vanishes  since  /_  ia  aero,  and  the  first  line  may 
be  written 


24  LACROIX. 

From  considering  this  result,  we  see  that  tj^c  =  a,  we  may  adopt 
the  final  form  given  bj  Lacroix.     Thus  the  formula  of  Lacroix 

must  be  understood  to  imply  that  v  =  I  V'dx,  where  a  is  aUo  the 
lower  limit  of  the  integral  /  Vdx. 

It  is  however  possible  to  suppose  that  v  stands  for  I    V'dx, 

where  a  and  h  are  constants.  In  this  case  the  terms  in  (2)  will 
give 

(7,^-/,=.)/  (dxSF'-rfr&r). 

J  a 

The  terms  in  (3)  will  give 

in  which  we  are  supposed  to  make  x  successively  equal  to  a  and  /9, 
and  subtract  one  result  from  the  other;  so  that  the  remainder  is  zero* 
Hence  in  this  case 

8  [  V^fo  =  ( FSa;)^^  -  ( F8a;);,=.  +  J ^da:8i|r  -  rf-^) 
+  (7,=^  -/,=a)  \\dxir-dV'hx)', 

J  a 

and  nothing  remains  except  to   transform   /  (c&S^  —  (f ^r&c)   and 

b 
{dxBV  —  dV 8x)  by  the  ordinary  processes  of  the  Calculus  of 


/. 


Moreover  Z^  —  Z«-  =  /  Ldx. 


'as=/i       -^05=0 


39.   We  now  arrive  with  Lacroix  at  the  problem  of  the  Variation 

of  a  function  of  two  independent  variables.     An  important  mistake 

occurs  on  pages  779  and  780,  which  must  be  noticed  here.    We 

shall  use  the  ordinary  notation  for  partial  difierential  coefficients 

dz  dz  d^z 

of  a  function  «,  namely  j?  for  -^  ,  g'  for  -7-  ,  r  for  -^ ,  and  so  on. 

Lacroix  gives  the  following  process. 

To  find  fy  and  ^.    We  have 

5,       ^dz 


by  differentiating  tUc  fraction  in  the  ordinary  way  and  changing 

d  into  S,  we  ehall  have 

p_     dxSdz  —  deidx _  dxdSs  —  dsd&x     dSz  —pdSx 
*P"  d^  ~  dj?  ~        dx        ■ 


Similarly  8g  =  "'"' ^  ^'"'^  ■ 

The  fonnulce  thus  obtained  for  Sp  and  8y  by  Lacroix  are  incorrect; 
they  appear  to  Iiave  been  taken  by  Lacroix  from  Euler'a  treatise 
comprised  in  hia  Integral  Calaihis.  The  true  formulffi  were  given 
by  Poisaon  ;  the  erroneous  steps  in  the  process  of  Enter  and  Lacroix 
were  afterwards  indicated  by  Oatrogradsky,  and  Poisson's  results 
were  confirmed.  These  points  we  shall  have  occasion  to  explain  in 
analysing  the  memoirs  of  the  two  writers  last  named. 

40.  After  the  error  in  finding  Sj)  and  Sq  Lacroix  follows  Euler 
in  giving  erroneous  formula  for  Sr,  &s,  and  St.  These  writers  both 
shew  that  in  following  out  their  process  they  obtain  two  forraulse 
for  &,  by  performing  the  operations  in  different  orders,  and  these 
two  fonnulee  can  only  be  reconciled  by  supposing  tliat  &c  ia  a 
function  of  x  only,  and  5^  a  function  of  t/  only.  They  proceed 
thus 

Bs  =  B 


dy        • 

J  q[8p_  d''hz        dhx         d*Sx  _ 

dy      dydx        dx      ^  dydx' 

.  -       d'iz        dSx  (P&r        dSv 

erefore  o»  =  3— j —  <  -; p  j— t »  ~f^ . 

dydx        ax      '^  dydx        dy 

Again,  adopting  a  different  order,  we  have 

S    —fi^l—  "^  ~*  ^^ 
dx  dx        ' 

^  ^  t^^g  _    ^  _    ^y  . 
dx      dxdy        dy      ^  dxdy' 

.        d^iz         d&y         d'Sy        dSx 
crcfore  ^"^l^y-'S^  "i  d^y-"^' 
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These  two  formulee  for  Sa  contain  respectivelj  the  esaentiallj  dif- 
ferent terms  p  ,  ,  and  q  ,  ^  ,  which  can  only  be  made  to  dis- 
appear bj  supposing  that  8x  does  not  contain  y  and  that  By  does 
not  contain  x. 


41.  The  difficulty  at  which  Euler  and  Lacroix  thus  arrive  is 
owing  to  the  circumstance  that  they  determine  8p  and  8q  errone- 
ously, and  repeat  their  error  in  determining  Ss ;  the  correct  values 
will  be  given  hereafter.  Strictly  speaking  it  is  not  absolutely 
necessary  that  hx  should  be  a  function  of  x  only,  and  Sy  of  y  only 

in  order  to  make  ,    ,  '  and  3-^  vanish :  for  if  &b  were  a  function 

ay  dx  dxdy 

cTSx 
of  X  only  or  of  y  only  ,    ,    would  vanish,  and  a  similar  remark  is 

true  with  respect  to  Sy.  But  the  supposition  that  &z;  is  a  function  of 
X  only  and  Sy  oiy  only  is  more  natural  at  this  point,  and  is  much 
more  convenient  for  the  subsequent  processes  required  in  the  deve- 
lopment of  the  variation  of  a  double  integral.  Lacroix  seems  to 
intimate  on  page  778  that  there  is  some  loss  of  generality  in  im- 
posing the  restrictions  on  ix  and  hy ;  this  however  does  not  appear 
to  be  the  case.  For  let  Xy  y,  z  be  the  co-ordinates  of  any  point ; 
and  let  x  +  Sxj  y  +  By,  z  +  Bz  be  the  co-ordinates  of  an  adjacent 
point ;  then  if  Bx  be  an  arbitrary  function  of  x  only,  By  an  arbitrary 
function  of  y  only,  and  Bz  an  arbitrary  function  of  both  x  and  y,  we 
have  the  power  of  passing  from  the  point  (a?,  y,  z)  to  an  adjacent 
point  in  every  possible  way ;  that  is,  our  suppositions  involve  all 
the  generality  we  require. 

42.  Lacroix  now  gives  the  ordinary  development  of  the  varia- 
tion of  a  double  integral ;  in  so  doing  he  reproduces  the  error  which 
has  been  already  indicated  in  Art.  27.  He  illustrates  the  whole 
subject  by  discussing  some  of  the  usual  problems ;  he  selects  the 
brachistochrone,  the  solid  of  least  resistance,  the  curve  which  in- 
cludes a  maximum  area  between  itself  and  its  evolute,  the  integral 
JVdx  where  F=  y /V(l  +!>*)  ^>  ^^^  *he  brachistochrone  in  a  resist- 
ing medium. 
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rbix  then  gives  Euler's  method  of  treating  questions  of 
relative  maxima  and  minima;  that  b,  for  example,  lie  shews  that  if 
we  want  the  maximum  or  minimum  value  of  judx  subject  to  the 
condition  that  jvdx  shall  be  constant  we  must  proceed  to  solve  the 
problem  of  finding  the  maximum  or  minimum  of/(K  +  au)(ic,  where 
n  ia  a  constant.  This  part  of  the  subject  he  illustrates  by  the  pro- 
blem in  which  a  curve  is  to  be  found  of  given  length  and  area, 
which  by  rotation  round  an  axis  will  generate  a  maximum  or  mini- 
mum volume.  Lastly  he  gives  some  investigations  with  respect  to 
the  problem. of  discriminating  a  maximum  from  a  minimum;  these 
are  similar  to  those  which  we  have  already  noticed  in  Art.  5. 

44.  In  the  third  volume  of  hia  work,  which  was  published  in 
1919,  Lacroix  has  a  note  on  the  point  which  we  have  noticed  in 
Art.  39.  He  gives  there  the  correct  forms  for  hp,  &q,  ...  which  had 
been  obtained  by  Poisaon  after  the  publication  of  the  second  volume 
of  the  Traits  du  Cakul  Diffirentiel  et  du  Calcul  Intiffral. 

45.  On  the  whole  the  Calculus  of  Variations  does  not  seem  to 
tftvc  been  very  auccessftilly  expounded  by  Lacroix,  and  this  is 
perhaps  one  of  llie  least  satisfactory  parts  of  hie  great  work.  Mr 
Abbatt,  in  the  preface  to  his  treatise  on  t)ie  subject,  speaks  thua  of 
it :  "  In  Lacroix's  Traill  da  Calcul  Diffirentiel  et  du  Calcul 
Xnligrtd,  Tom.  ir.,  we  lind  materials  sufficient  to  form  a  complete 
work  on  Variations ;  but  the  subject  is  treated  in  a  manner  so 
prolix  and  inelegant,  that  the  reader's  taste  will  scarcely  be  im- 
proved, how  much  soever  his  knowledge  may  be  increased  by 
the  perttsai." 
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CHAPTER  IL 


DIRKSEN,    OHM. 


46.  In  this  Chapter  we  shall  give  an  account  of  the  works 
of  Dirksen  and  Ohm.  The  treatise  of  Dirksen  is  entitled  Analy^ 
Heal  Exhibition  of  the  Calculus  of  Variations  with  the  applieation 
of  it  to  the  determination  of  Maxima  and  Minima,  by  E.  H.  Dirksen, 
Berlin,  1823,  (Analytische  Darstellung  der  Variations-rechnung  mit 
Anwendong  derselben  auf  die  Bestimmong  des  Grossten  und 
Kleinsten). 

47.  Dirksen's  book  is  a  small  quarto  of  243  pages,  with  a 
preface  of  8  pages;  it  is  very  badly  and  incte-ectly  printed. 
In  the  preface  the  author  says  that  the  Calculus  of  Variations  ap- 
pears to  have  been  neglected,  for  in  elementary  works  no  improve- 
ment had  been  introduced  since  the  time  of  Euler  and  Lagrange ; 
he  states  that  he  has  himself  developed  the  subject  from  a  purely 
analytical  origin ;  and  in  conformity  with  this  remark  it  may  be 
observed  that  there  is  no  figure  in  the  book. 

48.  The  work  is  divided  into  four  chapters.  The  first  chap- 
ter extends  over  32  pages ;  it  is  called  an  Exhibition  of  the  prin- 
ciples of  the  Calculus  of  Variations.  Dirksen  takes  any  function 
such  as  <f>{x,y,z)  and  changes  x  into  x  +  kSx,  y  into  y  +  A%,  and 
z  into  z  +  Tcbz ;  he  then  expands  the  new  value  of  the  function  in 
a  series  proceeding  according  to  ascending  powers  of  h ;  the  coeffi- 
cient of  the  first  power  of  k  is  called  the  variation  of  the  first  order 
of  the  function,  the  coefficient  of  A^  is  called  the  variation  of  the 
second  order  of  the  function,  and  so  on.  In  the  first  chapter  the 
author  finds  the  variations  of  explicit   difi*erential   and  integral 


AinctioDB,  and   of  a  function  wliicli   is  implicitly  determined  by 
meana  of  an  unsolved  differential  equation. 

49.  The  second  chapter  extends  from  page  33  to  page  73 ;  it 
IB  called  Development  and  Trangformation  of  the  variation  of  the 
frsi  order  of  undetermined  Integral  Formuhs  taken  between  given 
limits.  Here  Dirkacn  confines  himself  to  the  term  containing 
the  first  power  of  k  in  his  general  expansion,  and  he  gives  the 
ordinary  process  of  integration  by  parta  which  separntea  the 
rarifttion  of  an  integral  into  an  integrated  part  and  a  jiart  still 
remaining  under  the  sign  of  integration.  He  also  gives  the  trans- 
formation of  a  doable  integral  ffVdxdy,  supposing  the  limits  of  the 
integrations  for  both  x  and  y  to  be  constants. 

50.  The  third  chapter  extends  from  page  74  to  page  200;  it  is 
called  Application  of  the  Calculus  of  Variations  to  the  determinaliffn 
of  Maxima  and  Minima,  The  author  first  considers  the  maximum 
or  minimum  of  an  esjilicit  function,  which  is  an  ordinary  problem 
of  the  Differential  Calculus.  He  then  proceeds  to  the  case  where 
tlie  function  involves  differential  coefficients,  and  he  discusses  the 
example  given  by  Lagrange  (see  Art.  3).  Next,  he  considers  un- 
determined integral  formulse ;  and  with  respect  to  these  he  investi- 
gates the  second  term  of  his  general  expansion  in  powers  of  k  with 
the  view  of  discriminating  a  maximum  A-om  a  minimum ;  he  uses 
the  method  given  by  Lagrange  in  the  TkiorU  des  Fonctione  Anattf- 
tiqwea. 

51.  The  fourth  chapter  extends  from  page  201  to  the  end;  it 
is  called  Examples  relating  to  Ike  determination  of  the  Maximum  or 
Minimum  of  undetermitied  Integral  Formulce.  Dirksen  states  in 
the  preface  that  these  examples  are  for  the  most  part  taken  from 
Euler's  Methadtis  Inveniendi but  he  intimates  that  the  solu- 
tions of  the  examples  are  In  some  respects  superior  to  those  given 
by  Euler.  The  examples  given  by  Dirksen  are  in  fact  all  in 
Enter;  but  Dirksen  has  generally  investigated  the  terras  of  the 
second  order  so  aa  to  discriminate  a  maximum  from  a  minimum, 
and  this  gives  his  solution.'?  an  advantage  over  Eiiler's.  Some  of 
these  examples  are  also  discussed  in  the  work  of  Strauch ;  it  will 
be  useful  to  point  out  those  which  are  in  Dirksen  and  whicli  are 


/ 


not  in  Stranch ;  they  are  the  following.     The  maximum  or  mmi- 
mum  of  the  following  expreeaions  is  required, 

/_y  (ax—y')  dx,  (Euler,  page  39), 

^{\&a*x^y-\ba'xy  +  5aY-Z^)dx,  (Euler,  page  40), 

/(SoiT—  32)"— j")  [txx  —  3?  —  ^xy  -^ y^  dx,     (Euler,  page  41), 

T —  dx, .  (Euler,  page  61). 

dx 

Also  the  maximum  or  minimum  oi  jy'dx  subject  to  the  condition 
that  fyxdx  la  constant  is  found  (Euler,  page  191),  And  Dirkseii 
investigates  the  shortest  line  on  a  spheroid ;  Euler  gave  the  general 
problem  of  the  shortest  line  on  a  surface  (page  138). 

52.  On  the  whole  Dirksen's  treatise  cannot  be  estimated  very 
highly,  and  the  inaccuracy  of  the  printing  renders  it  repulsive  to  a 
stndent,  in  Ohm's  treatise,  which  we  shall  next  examine,  refer- 
ences are  made  to  some  unsatisfactory  points  in  Dirksen's  work;  sec 
Ohm'a  Theory  of  Maxima  and  Minima,  pages  8,  11,  IS,  60,  53,  55, 
62,  74,  84,  115,  119,  233,  250,  292,  313. 

53.  Ohm's  treatise  on  this  subject  is  entitled  T/ie  Theory  of 
Maxima  and  Minima,  by  Dr  Martin  Ohm,  Berlin.  1825,  (Die 
Lehre  vom  Griissten  und  Klcinsten).  Tliia  is  an  octavo  volume  of 
330  pages,  with  a  preface  of  18  pages.  If  may  be  regarded  as 
the  succeaaor  to  the  work  of  Dlrksen,  for  Ohm  gives  frequent  refer- 
ences to  Dirksen,  and  corrects  some  of  his  errors.  Ohm'a  book  is 
very  correctly  printed,  but  from  the  highly  condensed  notation 
which  he  adopts,  and  from  the  want  of  illiLstrative  problems,  it  is 
rather  a  difficult  work  for  a  student, 

■54.  The  first  84  pages  contain  an  Introduction,  in  which  the 
author  collects  the  propositions  in  Algebra  and  the  Differential  and 
Integral  Calculus,  which  are  especially  used  in  the  ordinary  theory  of 
maxima  and  minima,  and  in  the  Calculus  of  Variations.  Thus  we 
have  theorems  on  the  expansion  of  fimctions,  on  differentiating  Inte- 
gral expressions  with  resiwct  to  any  symbol  which  they  contain. 


ai 


aod  on  the  redactions  of  certain  integral  forms  by  means  of  inte- 
gration by  parts.  This  mode  of  arrangement  seema  liable  to  objec- 
tion, aa  the  varioiM  pro|H)flittona  are  given  apart  from  their  useful 
applications,  and  tlins  they  arc  rendered  more  difficult  and  less 
interesting  than  they  would  be  if  introduced  ■when  they  were 
required  for  immediate  service. 

55-  The  portion  of  the  book  extending  over  pages  87 — 127  ia 
called  Calciiltis  of  Varialtong,  Ohm'e  view  of  a  variation  ia  similar 
to  that  of  Euler  and  Lagrange.  (See  Art.  22  and  Art.  15.)  Let  V 
denote  any  function,  and  V,  a  function  which  reduces  to  Kwhen 
K  =  0;  then  V,  is  what  I' becomes  by  variation,  and  V,  is  supposed 
developed  in  a  aeries,  ao  that 

r..F+sr.«  +  ST.,-^  +  8-F.j4-,  +  ... 

The  terms  SF,  ST,  S'l', ...  are  called  variation-coejlwieiits,  and 
by  Maclaurin's  Theorem  they  are  the  values  of  the  successive  dif- 
ferential coefficients  of  V  when  «  is  supposed  zero  after  the  difTer- 
entistions.  The  only  terms  of  importance  are  the  first  and  second 
variation-coefficients,  namely  SV  and  &Y.  In  this  part  of  the 
treatise  Ohm  gives  the  first  and  second  variation-coefficients  of  dif- 
ferent expressions,  some  of  which  involve  integrals  and  some  of 
which  do  not. 

56..  The  portion  of  the  work  extending  over  pages  131 — 314  te 
called  the  Theory  of  Maxima  and  Mt'mvta.  The  pages  131 — 208 
contain  the  theory  of  maxima  and  minima,  which  is  given  in  ordi- 
nary treatises  on  the  Differential  Calculus,  Ohm  endeavours  to 
present  this  part  of  the  subject  under  a  novel  aspect,  but  it  does  not 
appear  that  there  is  any  real  extension  or  improvement  of  the  com- 
mon methods.  The  pages  209 — 244  contain  investigations  of  the 
maxima  and  minima  of  expressions  in  which  differential  coefficients 
enter,  that  is,  expressions  of  the  kind  exemplified  by  Lagrange  (see 
Art.  3).  This  part  of  Ohm's  treatise  contains  more  than  had  been 
previously  giveti  on  this  [roint;  the  extension  liowever  was  ex- 
tremely natural  and  obvious  after  tJie  example  discussed  by  La- 
gtaage. 


57.  We  now  arrive  at  the  part  of  Ohm'e  treatise  which  is 
devoted  to  the  niaxiina  and  minima  of  integral  expressions.  On 
pages  244 — 304  Ohm  considers  expressions  which  involve  single 
integrals.  He  takes  an  integral  fVdx,  and  at  first  he  supposes 
that  V  involves  only  x  and  y ;  next  he  supposes  that  V  involves 

X,  y,  and  -~  ;    next  he  snpposes  that   F  involves  x,  y,   -^  and 

■T^  ;  lastly,  on  page  272  he  supposes  that  V  involves  x,  y,  -f- , 

-j^  ,  ...  up  to  T-m-  He  then  takes  the  case  in  which  V  con- 
tains hesides  y  another  function  of  x,  as  s,  together  with  the  dif- 
ferential coefficients  oiy  and  z. 

58.  For  discriminating  tetween  maxima  and  minima  Ohm 
gives  the  method  which  was  originally  proposed  hy  Legendre, 
which  we  have  already  exemplified  in  Art.  5.  He  seems  however 
to  consider  the  results  as  more  certain  than  they  really  are,  for  he 
omits  all  reference  to  the  'jualifi cations  indicated  by  Lagrange  (see 
the  latter  part  of  Art.  5).  Ohm  extends  this  method  to  the  caae 
in  which  the  function  under  the  integral  sign  involves  more  than 
one  dependent  variable ;  on  page  279  he  takes  for  example  jVdx 

where  F  is  a  function  of  x,  v,  z,  -r-,  -r.  and  -j-  . 
"       ax    (ur         ax 

59.  In  pages  304 — 310  we  find  some  investigations  with 
respect  to  the  maxima  and  minima  of  multiple  integrals.  Here 
for  the  first  time  the  case  is  considered  in  which  the  limits  of  the 
first  integration  are  functions  of  the  other  variable.  The  following 
is  Ohm's  process  with  some  change  of  notation. 


U=l''\^'Vdxdy; 


the  integration  in  U  is  supposed  to  be  effected  with  respect  to  y 
first,  and  the  limits  j„  and  ;/,  may  be  functions  of  ;c.  It  is  required 
to  express  lU.     With  the  notation  used  in  Art,  17  we  have 


dx      dy) 


-  (NSz),]  ix, 


where  {-iVSs),  denotes  the  value  of  iVSs  when  for  7/  we  put  y,,  and 
iNhz)^  the  value  of  Niz  when  for  y  we  put  y„.     Now 


thus  the  term  I      i     t-  {M^)  dxdy  gives 

We  have  thus  the  value  of  £f7  reduced  as  much  as  possible. 


60.  Pages  311 — 314  shew  how  to  olstain  the  variations  of  func- 
tions which  are  implicitly  given  by  differential  equations.  The 
book  finishes  with  an  appendix  of  fourteen  pages,  in  which  are 
given  BOioe  algebraical  expansions  which  are  in  fact  cases  of 
Taylor's  Theorem. 

61,  There  are  three  other  works  in  which  Ohm  has  touched 
upon  the  subject  of  the  Calculus  of  Variations ;  these  are 

^gtent  der  Maihematik,  Band  V.  Berlin,  1831. 
System  der  MathenuUik,  Band  vii.  Berlin,  1833. 
L^rhtch  der  hohem  MaOiemaltk,  Baud  II,  Berlin,  1839. 
We  shall  make  some  observations  on  these  three  works. 

C2,  In  the  fifth  volume  of  Ohm's  System  of  Mathematics  the 
portion  of  the  work  devoted  to  oiir  subject  is  the  eleventh  chapter, 
tztending  over  pages  51 — 87.     The  chapter  is  divided  into  two 
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parts;  the  first  is  called  tlie  Expansion  of  potynomtafftmeHona  hi 
series  and  extends  over  pages  50 — 81,  the  second  is  called  Calculus 
of  Variations  and  extends  over  pages  82 — 87.  The  main  point  of 
tiie  chapter  may  be  said  to  be  tlie  expansion  of  a  function  of 
a,  y,  e, ...  a,  b,  c, ...  in  powera  of  k  when 

x  =  x^  +  xji  +  Xj^  + .  ■ . 
a  =  a^-\-a^-\-aj^  -V ... 

and  similar  expressions  hold  for  y,  «, ...  h,  c, ...  There  is  only  a 
very  brief  account  of  the  Calculus  of  Variations,  ati-ictly  so  called, 
and  thia  account  contains  nothing  of  importance, 


63.  Ill  the  seventh  Volume  of  Ohm's  System  of  Mathematics 
there  is  a  chapter  on  Maxima  and  Minima,  and  an  Appendix  of 
Examples.  The  cliapter  on  Maxima  and  Jlinima  gives  a  brief 
sketch  of  the  ordinary  portions  of  the  Calculus  of  Variations ;  for 
fuller  details  Ohm  refers  to  his  sejiarate  work  on  the  subject,  of 
which  we  liave  already  given  an  ficcouiit  in  Arts.  03 — 60.  The  ap- 
pendix of  problems  contains  41  problems  and  occupies  113  pages; 
these  problems  arc  intended  by  Ohm  to  illustrate  the  separate  work 
to  which  reference  has  just  been  made.  The  first  six  of  the  pro- 
blems require  maxima  or  minima  values  of  expressions  involving 
a  function  and  its  difForential  coefficients,  but  not  involving  inte- 
grals. These  problems  are  all  rejiroduced  by  Strauch  in  the  second 
volume  of  his  treatise  on  the  subject,  Tlie  firet  is  given  by  Strauch 
on  pages  14 — 16;  he  ascribes  it  to  Ohm.  The  second,  third,  and 
fourth  are  given  by  Strauch  on  pages  23 — 27  ;  they  consist  of  the 
example  originally  given  by  Lagrange,  and  two  modifications  of 
it  which  Strauch  ascribes  to  Olim.  The  fifth  and  sixth  jiroblems 
are  ascribed  by  Strauch  to  Ohm ;  Strauch  gives  them  with  some 
extensions  on  pages  82 — 89.  Ohm's  problems  from  7  to  17  in- 
clusive consist  of  difl'erent  cases  of  the  shortest  line  that  can  be 
drawn  in  one  plane  or  in  free  space,  with  various  limiting  con- 
ditions. The  problems  from  18  to  20  are  respecting  the  shortest 
lioes  that  can  be  drawn  on  assigned  surfaces ;  Ohm  gives  the  ordi- 
nary inveatigationa.  The  general  problem  is  not  treated  by  Straudi, 
but  lie  examines  in  detail  llie  same  particular  case  as  Ohm,  namely, 
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that  of  the  ahorteat  line  on  a  sphere.  Oiira'a  remaining  problems 
are  all  common  examples,  and  are  all  included  in  Strauch'a  second 
volume,  except  one  which  ehall  be  given  prcsentlj.  The  problems 
ai,  22,  31,  32,  33,  34  relate  to  the  brachistochrone  and  to  the  carve 
of  greatest  final  velocity;  these  are  In  Strauch,  pages  400 — 454. 
The  problems  from  23  to  27  inclnaive  relate  to  the  curve  which  is 
of  minimum  length  and  includes  a  constant  area,  aud  the  curve 
of  constant  length  which  includes  a  maximum  area ;  all  these 
problems  are  in  Strauch,  pages  476 — 504,  Problems  29  and  30 
relate  to  the  surface  of  minimum  area  and  to  the  surface  of 
niaximom  volume  with  a  given  area;  these  problems  are  in 
Strauch,  pages  616 — 623.  Problem  35  is  given  by  Slranch  on 
pages  454 — 158.  Problem  3G  relates  to  the  curve  whicli  has  the 
area  between  itself  and  its  cvolute  a  maximum ;  it  is  given  by 
Strauch  on  pages  289—291.  Problem  37  is  given  by  Strauch  on 
pages  534 — 538.  Problem  38  relates  to  the  solid  of  revolution 
which  has  a  minimum  surface ;  it  is  given  by  Strauch  on  pages 
506,  507.  Problem  39  relates  to  the  solid  of  least  resistance ;  it  is 
given  by  Strauch  on  page  399.  Problem  40  is  given  by  Strauch 
on  pagea  524 — 527,  and  problem  41  on  pages  527,  528. 

64.  The  solutions  of  Ohm  have  not  been  examined  for  tlie 
present  work,  as  the  exanijiles  he  gives  are  all  discussed  in  other 
books.  It  may  bo  obsei-vcd  that  in  his  first  seven  problems  Ohm 
investigates  the  terms  of  the  second  order  so  as  to  discriminate  a 
maximum  from  a  minimum.  From  the  list  given  in  Art.  63,  it  will 
be  Been  that  no  problem  is  contained  in  Ohm  which  ia  not  easily 
•vceasible  in  other  works  except  problem  28. 

65.  Ohm's  28th  problem  is  this;  Ucquircd  the  maximum  or 
minimum  value  of  /  -  tix,  where  n  stands  for  -f- ,  and  z  =  ydx. 
Bis  solution  is  substantially  the  following. 

Here  -r-=y;  so  that  y  —  j-  =  0-  Hence  we  may  consider  that 
wc  have  to  find  the  maximum  or  minimum  value  of  V,  where 

3—3 
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X  "being  a  multiplier  at  present  undetermined.     Thus 

Now  assume  \  such  that  the  coefficient  of  Sz  yanishes ;  that  is, 

assume 

1      d\  ^  .  . 

p     dx        ^  '■ 

Then  in  order  that  SFmay  vanish,  we  must  have  the  coefficient 
of  hy  zero ;  that  is 

^(p)+'^=« •;••• (2)- 

By  eliminating  X  between  (1)  and  (2)  and  substituting  for  z^  we 
obtain  ultimately  a  differential  equation  of  the  fourth  order  for 
determining  y ;  so  that  four  arbitrary  constants  occur.  These  four 
constants  will  enable  us  to  make  the  four  terms  relating  to  the 
limits  at  present  remaining  in  SF  vanish.  It  does  not  appear  that 
the  differential  equation  for  determining  y  can  be  integrated  in  a 
finite  form. 

This   example  is  given  in  Euler's  Methodua  tnventendi 

page  102,  without  however  any  express  indication  of  the  limits  of 
integration.     It  is  also  solved  by  Dirksen,  pages  139 — 143. 

66.  The  work  of  Ohm  published  in  1839,  is  noticed  by  Strauch 
in  the  preface  to  his  treatise  (page  xv).  He  says  that  it  is  only  an 
abridgment  of  that  published  in  1825;  it  has  not  been  consulted 
for  the  present  work. 

67.  On  the  whole,  with  respect  to  Ohm's  works  on  the  subject 
it  may  be  said  that  the  only  one  of  importance  is  that  published  in 
1825 ;  and  at  the  time  of  publication  this  surpassed  all  preceding 
treatises  on  the  subject.  It  is  however  at  present  only  of  historical 
interest,  as  it  is  completely  superseded  by  the  extensive  treatise  of 
Strauch.  Strauch  in  fact  may  be  considered  as  the  successor  of 
Ohm ;  a  good  sketch  of  Ohm's  works  will  be  found  in  Strauch's 
preface,  pages  xiv— xvi. 


CHAPTER  III. 


68,  On  Sepfemlier  28tli,  18*29.  a  memoir  was  communicated  by 
C.  F.  Gausa  to  the  Royal  Society  of  Gottingen,  entitled  Principia 
Generalia  Theoriai  FigtirtE  Fluidorum  in  Statu  j^qailibriu  The 
memoir  relates  to  the  theory  of  Capillary  Attraction  and  demon- 
strste^  in  a  new  way  some  reaulta  which  had  been  already  obtained 
by  Laplace.  The  meranir  is  published  in  the  Seventh  Volume  of 
tiie  Commenlationea  SocKlaltB  Regi(B  Scientiarum  Gotl{ngem\8,\&ZZi 
it  occupies  pagca  30 — 88  of  the  mathematical  portion  of  tlie  volume. 
Part  of  thia  memoir  is  devoted  to  the  solution  of  a  problem  in  the 
Calculus  of  Variations  involving  the  variation  of  a  certain  double 
integral,  (Ae  limits  of  ike  integration  being  also  variable;  it  is  the 
earliest  example  of  the  solution  of  sucli  a  problem.  Grauss  himself 
says  on  page  67,  "  Sed  quum  calculus  varlationum  integralium 
dnplicium  pro  casu  ubi  etiam  limites  tanquam  variabiles  spectari 
debcnt,  hactenus  panim  cxcnltus  sit,  hanc  disi|uiBitionem  subtilem 
paallo  profundius  petere  oportet."  Wc  shall  give  tlie  luvestigation 
of  Oaosfl. 

69.  It  iH  not  consistent  with  the  scope  of  the  present  work  to 
touch  upon  the  parts  of  Oauss's  memoir  which  are  unconnected  with 
the  Calculus  of  Variations.  We  must  refer  the  student  to  the 
original  memoir,  and  recoramcnd  it  as  important  and  interesting. 
In  Lionrille's  Jmtmal  de»  Matkinuuiques,  Vol.  xiii.,  1848,  is  a 
memoir  by  M.  Bertrand,  which  is  in  fact  nearly  a  republication  of 
that  part  of  the  memoir  of  Gauss  which  does  not  concern  the  Cal- 
culus of  Variations,  with  some  extensions  and  applications.  That 
is  to  Bay,  M.  Bertrand  reproduces  the  physical  part  of  Gauss's 


memoir,  but  substitutes  geometiical  reasouing  instead  of  Ulc  parts 
wliich  involve  the  CalcoluB  of  Variations.  Moreover  as  we  shall 
see  hereafter  simpler  investigations  of  the  problem  in  the  Calculna 
of  Variations  discussed  by  Gauss  have  been  since  given  by  Pagan! 
and  Mainardi,  but  the  interest  which  belongs  to  Gausa'a  method, 
from  the  eminence  of  the  author  and  from  the  fact  of  its  being  the 
first  solution  of  such  a  problem,  will  justify  ua  in  reproducing  it 
here. 

70.  On  the  firat  page  of  his  Memoir  Gauss  has  a  short  note 
which  refers  to  a  problem  in  the  Calculus  of  Variations.  He  says, 
"  the  greatest  attraction  which  a  given  homogeneous  mass  attracting 
according  to  the  ordinary  law  can  exert  on  a  given  particle  is  to  the 
attraction  which  a  sphere  of  tlie  same  mass  would  exert  on  the 
same  particle  if  placed  on  its  surface  as  3  to  ^25."  Thi.9  result  may 
be  easily  verified ;  we  have  to  find  the  form  of  a  solid  of  given  mass 
so  that  the  attraction  upon  a  particle  may  be  the  greatest  possible. 
It  is  obvious  that  the  solid  must  be  one  of  revolution,  and  it  may  be 
shewn  to  be  the  solid  formed  by  revolving  the  curve  r'  =  c'  cos  6 
about  the  prime  radius.  This  result  is  also  obtained  by  SchcUbach 
in  Crelle's  Journal  fur...  Mathemafifc,  Vol.  41,  page  345. 

71.  In  order  to  facilitate  the  comprehension  of  the  tcecarchea  of 
Gauss  we  begin  with  a  short  account  of  his  notation.  Conceive  a 
vessel  open  at  the  lop  containing  homogeneous  fluid ;  let  ds  denote 
an  element  of  voluvm  of  this  fluid,  s  the  height  of  this  element 
above  a  fixed  horizontal  plane,  T  the  area  of  the  surface  of  the  fluid 
which  is  contiguous  to  the  vessel,  U  the  area  of  the  free  surface  of 
the  fluid,  a.  and  (S  two  constant  quantities.  Then  Gauss  arrives  at 
the  following  expression 

this  expression  he  denotes  by  W,  and  he  has  proved  that  for  the 
fluid  to  be  in  equilibrium  W  must  be  a  minimum.  Gauss  then 
proceeds  to  the  investigations  which  occupy  the  present  chapter. 

72.  It  remains  to  determine  the  nature  of  the  figure  of  equili- 
brium, for  which  purpose  we  must  find  the  variation  that  W  expe- 
riences when  the  figure  of  the  space  occupied  by  the  fluid  undergoes 


any  intinitely  small  variation.  But  since  tlie  Calculus  of  the 
Variations  of  double  integrala  in  tlie  caae  wliere  the  limita  are  also 
variable  has  hitherto  been  little  studied,  the  subject  will  require 
careful  investigation. 

Conftider  that  part  of  the  surface  of  the  fluid  which  we  have 
denoted  by  U,  and  let  x,  y,  z  be  the  co-ordinates  of  any  point  of  it. 
We  may  consider  2  as  a  function  of  the  variables  x  and  y,  and  de- 
note the  partial  differentials  of  z  in  the  usual  manner,  omitting 
brackets,  by 


dx 


i,j 


wl 


At  the  point  (j;,  y,  z)  suppose  a  normal  to  the  surface  of  the  fluid 
drawn  outwards,  and  let  f,  rj,  f  be  the  cosines  of  the  angles  between 
•hill  normal  and  lines  reapectivcly  parallel  to  the  axes  of  x,  y, 
and  e.     Thus 

F  +  i'  +  r=i; 

(/s  _      f     dz  _      1) 

The  boundary  of  the  surface  U  will  be  a  closed  curve  whieb  we 
will  denote  by  P,  and  which  may  be  supposed  described  by  a  point 
moving  always  in  the  same  direction,  so  that  the  element  rfPwill 
always  be  considered  positive;  also  the  element  dV  will  always  be 
considered  positive.  We  will  denote  the  cosines  of  the  angles 
which  the  direction  of  dP  makes  with  the  co-ordinate  axes  of  x,  y,  z 
"by  X,  Y,  ^respectively,  and  in  order  to  remove  all  ambiguity  con- 
oeming  this  direction  we  shall  tike  it  so  that  a  system  similar  to 
that  of  the  co-ordinate  axes  of  x,  y,  z  may  be  formed  by  the  follow- 
ing three  lines,  namely,  the  direclion  of  dP,  the  direction  of  the 
normal  to  dP  which  toucliea  the  s\irface  U  and  falls  within  the 
■boundary  of  it,  and  the  normal  to  the  surface  U  drawn  outwards, 
Thus  it  will  follow  that  the  cosines  of  the  angles  between  the 
second  direction  and  the  axes  of  x,  y,  z  respectively  are 

■n,Z~KJ,   K,^-^/',   %J-n^^ 

where  £,,  »?,.  g,,  are  the  values  off,  ij,  fwhich  belong  to  the  posi- 
tion of  the  clement  dP. 

73.     Let  us  now  suppose  the  surface  V  to  undergo  an  indefi- 
itely  small  mutation.     II'  it  were  sufficient  to  consider  only  those 


* 
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mutations  for  which  the  boundary  F  remained  unchanged,  or 
always  remained  in  the  same  vertical  surface,  it  is  obvious  that 
it  would  only  be  necessary  to  ascribe  a  variation  to  the  vertical 
co-ordinate  ar,  and  thus  the  problem  would  become  much  simpler. 
But  we  wish  to  examine  the  problem  in  all  its  generality  and 
the  separate  consideration  of  the  change  of  the  limits  will  be  in-* 
convenient,  so  that  it  will  be  better  to  ascribe  variations  to  all 
three  co-ordinates  a:,  y,  z.  We  will  suppose  therefore  that  for  a 
point  in  the  surface  whose  co-ordinates  are  ar,  y,  z^  another  is  sub- 
stituted whose  co-ordinates  are  a?  4-  Sa?,  y  +  Sy,  Z'\-hz\  and  &c,  Sy, 
hz  may  be  considered  as  undetermined  functions  of  x  and  y  and 
indefinitely  small.  We  will  now  examine  the  variations  of  the 
different  parts  of  iFT,  beginning  with  the  variation  of  TJ. 

Let  us  conceive  a  triangular  element  dV oi  the  surface  Z7,  and 
suppose  the  co-ordinates  of  the  angular  points  to  be 

a?,  y, « ; 

x  +  d:x,   y^d'y,   z-\--^d'x'\--^d'y. 
The  double  of  the  area  of  this  triangle  is  known  to  be 
(*,iV-i3,i',){n.(|)V(*)]'. 

[This  follows  from  the  known  expression  for  the  area  of  a  tri- 
angle in  terms  of  the  co-ordinates  of  its  angular  points,  in  conjunc- 
tion with  the  theorem  which  connects  the  area  of  any  plane  figure 
with  the  area  of  its  projection.] 

In  the  surface  obtained  by  the  variation  of  the  first  surface  we 
shall  have  for  the  co-ordinates  of  the  points  corresponding  to  the 
angular  points  of  dU, 

for  the  first  point 

a?  +  Sx,   y  +  Sy^    z+Sz; 

for  the  second  point 

x  +  dx  +  Sx+  —dx^-r-  dy, 


for  the  tliird  point 


^^'•^^TJ-y^^^ 


d-y, 


dx 


The  douHe  of  the  area  of  this  new  triangle  13  found  to  be 
{<txd-y-dyd'x)'JN, 
where  N  stands  for 

(f       dU\/di     (!hz\      dBx/dz     ^\]* 
■^11   ''"  (icj  Uy     rfyJ     Vy  !.<£»''"  rfaJj 

f /        (;Sy\  /&     rfSzN      rfSy  fdz      dSs\\' 

[74.  There  are  two  methods  of  arriving  at  this  result ;  we  may 
take  the  ordinary  expression  for  the  area  of  a  triangle  in  terms  of 
the  co-ordinates  of  its  angular  points,  and  substitute  the  values  of 
the  co-ordinates  just  given.  Or  we  may  proceed  tlius — find  the 
area  of  the  projection  of  the  new  triangle  on  the  plane  of  {x,  y)  and 
multiply  the  result  by  the  secant  of  the  angle  of  inclination  of  the 
triangle  to  the  plane  of  (a;,  y) :  this  method  is  instructive  and  we 
will  give  it  in  detail. 

The  area  of  the  projection  is  best  found  by  imagining  for  a 
moment  that  the  origin  of  co-ordinates  has  been  transferred  to  the 
point  x  +  Kx,  y  +  8y,  z  +  3z,  Thus  we  obtain  for  the  double  of  the 
are*  of  the  projection, 


42  GAUSS. 


The  first  line  gives 


dy    dx 

The  second  line  may  be  obtained  from  the  first  by  interchanging 
dx  with  d'x  and  dy  with  d'y.  Thus  we  have  for  the  double  area 
the  expression 

(«,-.,^«,i(.+t)(.^f)-ff}. 

We  have  then  to  multiply  this  by  the  secant  of  the  inclination  of 
the  triangle  to  the  plane  of  (a;,  y).  Now  we  know  that  if  a:,,  y,,  z^ 
be  the  co-ordinates  of  a  point  on  a  surface  the  corresponding  secant 
is  equal  to 

where  (t-^)  and  (;t^)  denote  partfaZ  differential  coeflScients.     The 

chief  point  of  the  present  investigation  consists  in  forming  these 

partial  differential  coefficients  correctly.     To  this  we  proceed;  in 

dz 
forming  -7-*-  we  must  regard  dy^  as  zero.    Hence  since  a^,  y^,  z^ 

stand  for  a;  4-  &c,  y  +  8y,  z  +  iz  respectively,  and  dy^  is  to  be  zero, 
we  have 

^^^^^-jb^^-^-d^^y^ 

O^dy  +  ^dx  +  ^dy, 
7        dz  y       dz  y       doz  ■,       doz  « 


/dz.\      \dx  +  dx  ly  '^  rfy  )      \dy  '^  d^J 

[dxj  /',  ^''^\f,  ldh\     dSx'dSff 

V'^  dx)\:^~d^)      dy    das 


■\dly 


An   analogous   expression  will  be   found  for 


sdyj ' 


required  secant  ia  known,  and  we  finally  obtain  for  the  double  of 
tbe  required  area  the  result  already  given 

[dxd-y-d-xdy)^J\ 

75.     If  we  develop  the  value  of  N  and  reject  terms  of  the 
second  order,  we  have 


^={-©■^(1)]' 


W^ 


KDl-fh©] 


wlicrc  L  stands  for 

^f 

dx\ 

fdtx     dSy\  dz  dz      dSz  de      dSz  dz 

\dy       dx/dxdy      dx  dx      dy  dy ' 

Thus  the  ratio  of  the  first  triangle  to  the  second  is  that  of 
unity  to 

L 

and  is  therefore  independent  of  the  fonn  of  the  triangle  <^K 
Therefore 

LdU 


this  may  be  written 

Mp..:;{f(,vn.f(F+n-('|+f)f, 


44  OAuss. 

76.  We  shall  obtain  the  variation  of  the  whole  surface  U  by 
integrating  the  expression  for  the  variation  of  the  element  dU, 
For  this  purpose  we  shall  consider  separately  the  two  parts  of  the 
integral 

and 

Conceive  a  plane  perpendicular  to  the  axis  of  y  such  that  the 
value  of  y  belonging  to  it  is  comprised  within  the  limit  of  the 
extreme  values  which  y  has  throughout  the  surface  U.  This  plane 
will  cut  the  periphery  Pin  two,  or  four,  or  six, ...  points  of  which 
the  co-ordinates  parallel  to  the  axis  of  x  may  be  denoted  by  a?®,  x\ 
x'\  ...  Similarly  the  other  co-ordinates  of  these  points  may  be 
denoted.  Also  let  the  surface  be  cut  by  a  second  plane  parallel 
to  the  former  and  indefinitely  near  it,  so  that  its  co-ordinate  may 
be  denoted  by  y-\-dy]  between  these  two  planes  will  be  found 
elements  of  the  periphery  rfP®,  dP\  dP'\  ...  and  it  will  be  easily 
seen  that 

rfy=-r°rfp°=+r'rfP'=-r"rfP"=+r"rfP'" 

If,  further,  we  conceive  an  infinite  number  of  planes  perpen- 
dicular to  the  axis  of  a?,  then  to  every  element  dx  situated  between 
aP  and  x   or  between  x"  and  a?'",  and  so  on,  will  correspond  an 

element  rfZ/such  that  dU—  — r^ .     Hence  it  follows  that  the  part 

of  the  integral  A  which  corresponds  to  the  part  of  the  superficies 
situated  between  the  planes  determined  by  y  and  y  +  dy  will  be 
found  from  the  integral 

'^nvT'  dx   ^  dx  ^c^r^' 

the  integral  being  taken  from  a;  =  a;®  to  x  =  x\  then  from  x  =  x"  to 
x  =  x"\  and  so  on.  The  above  integral,  by  integration  by  parts, 
gives 
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ThoB  we  have  in  the  present  case 

This  we  may  denote  by 

where  the  sommation  extends  to  all  the  elements  dP  which  are 
situated  between  the  planes  y  and  y  +  dy,  and  the  integration  to 
all  the  elements  dU  which  are  situated  between  the  same  planes. 

Hence  the  complete  integral  A  is  equal  to 

where  the  first  integral  is  to  extend  over  the  whole  periphery  P, 
and  the  second  integral  over  the  whole  siuface  U. 

77.     In  a  similar  way  we  may  shew  that  B  is  equal  to 


\     dy  l;  dy       ^  dy      ^ 

Let  us  assume  that  for  any  point  of  the  periphery  P 

+  {Xv^-YS^Sz^^Q, 
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and  also  that  for  any  point  of  the  surface  U 

and  we  obtain 

SU=JQdP+JVdU, 

where  the  first  integral  is  to  extend  over  the  whole  periphery 
P  and  the  second  integral  over  the  ^whole  surface  U. 

78.     The  expressions  given  for  Q  and  V  admit  of  remarkable 
simplification.     By  using  the  equation 

the  expression  for  Q  may  be  put  in  a  synmietrical  form ;  thus 
In  order  to  simplify  F,  we  observe  that  since 


it  follows  that 


Hence 


And  since 


thus 


"^--1    and— 5 

d  f  __  d  7) 
e?y  f     dx  1^' 

dy  C      Kdy     ^dyX 

A^j^n  —  'l. 

^dy        dx  ^' 

d  i?*+S*_     d  1)     ndr)      d^ 
3^      ?     ~''dx^'^ldx^dx 

~^dxi     ^dx' 


lie  these  valaes  i 
coefficient  becomes 


tlie  coefficient  of  Bx  in  V,  and  that 


f(i- 


Similarly  llic  coefficient  of  6^  lu  Fmay  be  tmnsformett  into 


Thus  we  obtain 


r.{fs.  +  ,s,  +  £S.)(|  +  |) 


79.  Before  we  proceed  fuither,  it  may  be  convenient  to  illufi- 
tnite  the  expressionB  obtained  geometrically.  We  Bhall  refer 
the  varioua  lines  of  direction  which  occur  to  the  corresponding 
points  on  the  surface  of  a  sphere  with  radius  unity  described 
round  an  arbitrary  centre.  The  directions  of  the  axca  of  x,  y,  s 
will  be  denoted  by  the  [wints  (1),  (2),  (3)  respectively;  the 
direction  of  the  line  which  is  a  normal  to  the  surface  and  drawn 
tiutu'ardd,  will  be  denoted  by  the  point  (4) ;  the  direction  of  a 
line  drawn  from  any  point  of  the  surface  to  the  conesponding 
new  point  obtained  by  variation,  will  be  denoted  by  the  point  (5). 
The  variation  itself  which  is  equal  to  v'(Sj')"  +  (Sj)'-f  (S2)',  we 
sball  denote  by  Be  and  always  take  it  ponilim.  The  arc  joining 
two  points  of  the  spherical  surface,  as  for  example,  the  points 
(1)  and  (5)  we  shall  write  thus,  (1,  5) ;  this  arc  of  course  measures 
a  corresponding  angle. 


Thus  we  Iiave 
&c=Sf  cos  (I,  5), 


=  SfC03  (2,5), 


s  (3.  5). 


All  tiie  above  notation  applies  to  any  point  on  the  surface. 
On  ite  boundary,  that  is  on  the  periphery  P,  wo  have  two  other 
directions  that  require  symbols ;  first,  llie  direction  of  the  element 
rfPwhich  we  will  denote  by  the  point  (6);  nest,  the  direction  of 
R  line  which  is  normal  to  dP,  and  which  touches  the  surface 
and  is  drawn  so  as  to  fnl!  within  P,  and  this  we  will  denota 
by  the  point  (7).  By  hypothesis,  the  points  (C),  (7),  (4)  lie  in 
the  same  order  as  the  points  (1),  (2),  (3);  also  {4,  C),  (4,  7),  (6,  7) 
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subtend  right  angles,  that  is,  are  quadrants.    Thus  the  relations 
given  above  in  Art.  72  may  be  written 

i7Z-Cr=co8(l,  7),  ?Z-fZ=cos(2,  7),  fr-i7Z=cos(3,7). 

And  the  equations  which  determine  Q  and  Fmay  be  written 

^=  — 8eco8(5,  7) 

r=    a«coB(4.6)(|+|). 

Thus  Q  expresses  the  transference  of  any  point  in  the  periphery 
P,  from  the  plane  which  touches  this  periphery  and  is  normal  to 
the  surface  U,  and  the  transference  is  positive  when  in  a  direction 
outwards  from  P.  The  factor  Se  cos  (4,  5)  of  V  expresses  the 
transference  of  any  point  of  the  surface  U  from  the  plane  touching 
this  surface,  and  the  transference  is  positive  when  in  a  direction 
outwards  from  the  volume  of  which  Uis  b.  boundary. 

The  other  factor  of  V  is  also  capable  of  geometrical  illustration. 
For  we  have 


l^i^i^^ 


Thus 


\dx)  +  \dy)  • 

rff  _     y  cPz     dz  Jf 
dx  dx*     dxdx 

t^CL  Z        tt»f(*'  Z   ,     f^   t^    CL  Z 


da?  daf     ^     dxdy 

dq         ^.d'^z  .    i^d^z  .  «.  <,  ^« 


<iy  ^y*  %'  dxdy 


ax      fly 
This  expression  is  known  to  be  cqaal  to 


^m- 


where  R  and  B'  are  the  principal  radii  of  curvature  at  tlie  point 
of  the  surface  under  consideration.  These  quantltiea  are  considered 
positive  when  the  convexity  of  the  surface  is  turned  outwards. 

80.  A  careful  examination  of  the  above  investigation  will 
shew  that  thronghout  it  has  been  assumed  that  only  one  value 
of  z  corresponds  to  given  values  of  x  and  y,  and  that  f  is  positive 
for  the  whole  surface  U.    Nevertheless  the  final  theorem,  namely 

SU=-JSecoe(5,7)  dP+fSecoaH,5)  (^  +  J^)^^^> 

is  trne  generally,  and  not  limited  by  the  above  assumption.  If 
we  had  wished  from  the  first  to  have  attained  this  generality  it 
would  have  been  neceasary  to  adopt  a  different  method  or  to  enter 
into  some  prolixity.  But  the  result  may  now  be  established  as 
follows. 

The  investigation  does  not  assume  tltat  the  axis  of «  is  vertical; 
the  situation  of  tlie  axes  is  arhllritry,  and  the  truth  of  the  theorem 
is  established  for  all  surfaces  such  that  the  points  (4)  all  lie  in  one 
hemiflpherical  surface;  we  may  adopt  the  pole  of  that  hemi- 
^here  for  (3). 

^M|f  there  be  a  surface  which  does  not  fulfil  this  condition  it  may 
ited  into  two  or  more  parts  each  of  which  singly  does  fulfil 

idition.     Now  it  will  be  easily  seen  that  if  any  surface  be 

Mparated  into  two  parts,  the  truth  of  the  theorem  for  the  whole 
surface  follows  immediately  from  its  truth  for  each  part.  For  let 
the  surface  C  consist  of  the  two  parts  U'  and  U",  and  let  P'  bo  the 
periphery  of  U'  and  P"  the  periphery  of  U";  and  further  suppose 
f  and  P"  to  have  the  common  part  P'",  so  that  P'  consists  of 
i*"'«nd/*""  and  i"' consists  of  P"' audi* ;  it  is  therefore  obvious 


that  the  periphery  of  JJ  conaiata  of  P""  and  P'"".   Thua,  veahi 
hare 

/8e  COB  (5,  7)  t^P'  =/&C08(5,  7)rfi'"'  +  /Seco8(5,7)(ZP"", 
/8c  cos  (5,  7)  dP'-  =  5he  cos  (5,  7)  rfP'"  +;Se  cos  (5,  7)  dP 

It  moflt  however  he  observed  that  the  valae  of  the  integral 
/5e  cos  {5, 7)  dP'",  when  it  is  considered  as  a  part  of  the  fonner  ex- 
pression, is  exactly  the  opposite  of  its  value  when  cousidered  as  a 
part  of  the  latter  expression ;  for  to  every  point  of  the  line  P'", 
which  is  to  he  described  in  different  directions  in  the  two  cases, 
will  correspond  <y[^)oeite  situations  of  the  point  (7)  and  thus  opposite 
values  of  the  factor  cos  (5,  7).  In  addition  one  of  these  two  parts 
destroys  the  other ;  thus  we  have 

/&  COS  {5,  7)  dP'  +  JBe  cos  (5,  7)dP"  =  JBe  cos  (5,  7)  dP. 

Tlius  since  Sf/=  SU'-i'SU"  we  obtain  for  KU  &  value  exactly  cor- 
responding to  that  already  given  at  the  beginning  of  this  article, 
since  that  formula  is  supposed  to  hold  for  the  value  of  S£/'  and 
ofSt^". 

laastly,  we  may  observe  that  the  truth  of  the  expression  for  hU 
given  at  the  beginning  of  this  article  may  be  shewn  by  geometrical 
considerations,  and  indeed  more  easily  than  by  the  analytical 
method.  But  we  have  adopted  the  method  given  above  in  order 
to  take  an  opportunity  of  throwing  light  upon  a  subject  which 
has  liitherto  been  little  studied,  namely,  the  application  of  the  Cal- 
culus of  Variations  to  a  double  integral  with  variable  limits.  The 
geometrical  method  we  leave  to  the  reader. 

[This  geometrical  method  may  he  seen  in  a  memoir  by  H.  Ber- 
trand  in  LiouviUe's  Journal  dca  Matkhnatiques,  Vol.  ix.  page  119.] 

81.  It  remains  to  exhibit  the  variations  which  the  other  terms 
in  W  undergo  in  consequence  of  a  variation  of  the  form  of  the 
Bpace  s ;  and  first  we  will  consider  the  variation  of  the  space  s. 

Besume  the  two  triangles  considered  in  Art.  73,  and  join  corre- 
sponding points  of  the  sides  so  as  to  form  a  solid.  The  base  of 
this  solid  may  be  considered  to  be  dU,  and  its  height 

f&r  +  sjSy  +  {Ss  =  Se  coa  (4, 5) ; 
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ttis  expression  will  give  the  altitude  positive  or  negative  according 
as  the  transposed  triangle  lies  outside  or  inside  the  space  s,  that  is, 
according  as  the  whole  solid  lies  outside  or  inside  the  Bpace  s. 
Thufl  we  have 

hs  =  JdUBe  cos  (i,  5). 
Hence  it  follows  that  the  variation  oifzds  will  be 
/i(;f7^&co9(4,5). 

With  respect  to  the  variation  of  the  quantity  T  wc  observe  that 
since  P  denotes  the  common  boundary  of  the  surfaces  2"  and  U,  the 
transpositions  of  the  points  in  the  periphery  P  must  satisfy  the 
'condition  that  the  new  points  should  be  on  the  surface  of  the  vesaeL 
It  is  therefore  obvious  that  by  the  transposition  of  the  element 
dP  the  surface  T  experiences  a  variation  +  dPZe  sin  {5,  6),  and 
speaking  generally  the  sign  of  this  quantity  will  depend  on  the 
sign  of  the  quantity  cos  (4,  6).  But  this  variation  may  be  more 
neatly  expressed  by  introducing  a  new  direction,  namely,  that  of 
the  line  which  lies  in  the  plane  touching  the  surface  of  the  vessel, 
which  ia  normal  to  P,  and  drawn  outwards  from  the  space  s.  We 
will  denote  the  point  corresponding  to  this  direction  by  (8),  and  the 
variation  of  the  surface  T  which  arises  from  the  transposition 
of  the  element  dP  will  be 

^^86  003(5,8). 

Thus  BT=SdPSe  cos  (5,  9), 

where  the  sign  of  the  factor  cos  (5,  8)  will  at  once  decide  whether 
the  variation  is  an  increment  or  a  decrement. 

As  the  point  (6)  is  the  pole  of  the  great  circle  which  passes 
through  the  points  (7)  and  (8),  and  the  point  (5)  lies  in  the  great 
circle  which  passes  through  the  points  (6)  and  (8),  the  points  (5), 
(7),  (8)  form  a  triangle  right-angled  at  (8) ;  thus 

COS  (5,  7)  =003  (5,  8)  cos  (7,  8). 

Moreover  the  arc  (7,  8)  ia  the  measure  of  the  angle  between  two 
planes  which  touch  the  surface  of  the  space  s  and  the  surface  of  the 
vessel  at  their  intersection  P,  the  angle  being  formed  by  those 
portions  of  the  planes  which  include  a  vacant  space.     This  angle 
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we  will  denote  by  t,  and  thus  180°  — »  will  be  the  angle  between 
those  portions  of  the  planes  which  include  the  surface  s ;  thus  the 
above  equation  becomes 

cos  (5,  7)  =  cos  (5,  8)  cos  i. 

88.  From  all  the  above  results  we  have  the  following  equation 
for  the  variation  of  WT, 

BW^jdUSe  cos  (4,  5)  iz  +  a«  (^  +  -i-,)} 

-fdPSecoB  (5,  8)  (a* cos  »  -  a*  +  2)8^  ; 

the  first  integral  is  to  extend  over  all  the  elements  dU  of  the  free 
part  of  the  surface  of  the  space  s,  or  of  the  free  parts  if  there  are 
more  than  one ;  the  latter  integral  is  to  extend  over  all  the  elements 
dP  of  the  line  or  lines  which  separate  that  free  part  or  those  free 
parts  from  the  other  part  or  parts  contiguous  to  the  surface  of  the 
vessel. 

Now  in  the  position  of  equilibrium  the  value  of  TF  ought  to  be 
a  minimum,  and  so  ought  to  be  incapable  of  diminution  for  any 
indefinitely  small  change  in  the  figure  of  the  fluid  which  leaves  the 
volume  3  unchanged,  that  is,  which  makes  Bs  zero.  Hence  it 
follows  that  in  the  position  of  equilibrium  the  figure  of  the  super- 
ficies {7  ought  to  be  such  that  the  variation 

rfiZ&cos  (4, 5)  L  +  a"  (5  +  ;g>)} 

should  be  proportional  to  the  variation  Bs,  that  is,  to 

dUBe  cos  (4,  5). 
Thus  we  must  have 

For  it  is  manifest  that  if  this  proportion  did  not  hold,  the  value 
of  W  would  be  capable  of  diminution  by  a  suitable  mutation  of  the 
figure  of  the  superficies  27,  the  limit  P  remaining  unchanged. 

Gkuss  then  proceeds  with  the  examination  of  the  question  of 
fluid  equUibrium. 
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CHAPTER    IV. 

POISSON. 


83.  The  12th  Tolame  of  theJftmotVcs  de  V  Academie  RoyaU... 
containa  a  memoir  on  the  Calculus  of  Variations  by  M.  FoisBon. 
The  date  of  publication  of  the  volume  is  1833,  but  the  memoir  was 
presented  to  tJie  Academy  in  November  1831,  The  memoir  ex- 
tends over  pages  223 — 331  of  the  volume. 

Poiaaon  begins  with  a  sketch  of  the  Iiistory  of  the  anbject ;  at 
the  end  of  thia  sketch  he  indicates  the  object  of  his  own  memoir  as 
foflows:  "It  will  appear  singular  if  we  reflect  on  the  attention 
which  has  been  bestowed  on  the  Calculus  of  Variations  that  an 
essential  part  of  this  Calculus  is  still  in  a  state  of  imperfection, 
which  renders  the  solutions  of  many  important  problems  incomplete. 
In  fact,  if  the  question  be  to  determine  the  maximum  or  minimum 
of  a  simple  integral,  the  methods  which  Lagrange  has  given  in  the 
4th  volume  of  the  old  series  of  Turin  Memoirs,  and  also  in  the 
Lectures  on  the  Calculus  of  Functions,  leave  nothing  to  be  desired 
either  as  to  the  indefinite  equation  which  is  to  determine  the  un- 
known function  or  as  to  tlie  ])artieular  equations  which  must  subsist 
at  the  limits  of  the  integral,  Tlie  general  method  of  the  Calculus 
of  Variations  may  be  applied  also  without  difficulty  to  the  case  of  a 
double  or  multiple  integral  in  which  the  limits  are  fixed  and  given, 
BO  that  we  have  only  to  obtain  the  partial  diflcrential  equation  from 
which  the  unknown  function  must  be  determined.  But  the  case  is 
different  when  the  limits  of  the  double  iulegial  are  variable  and 
unknown.  In  the  present  state  of  the  science  we  know  neither  the 
nature  nor  even  tlic  number  of  tlie  equations  relative  to  each  of  the 
limits,  by  which  these  limits  are  to  be  determined,  so  that  they 
may  render  the  integral  a  maximum  or  a  minimum.  Lagrange  has 
considered  the  question  of  the  variation  of  a  double  integral  in  three 


S4 

places ;  n&mely,  in  tlie  Miscellanea  Taurinemia,  Vol.  II.  p.  188,  in 
the  iejwijt  jrwr  h  Calcitl  des  Fonctions.  ip.  471,  of  the  edition  of  180G, 
and  iu  the  Micanique  Anal^tigue,  eecond  edition,  Vol.  I.  pp.  97 
and  148,  He  has  however  never  investigated  in  a  complete  man- 
ner the  terms  of  the  variation  which  correspond  to  the  two  limits, 
and  he  has  not  formed  any  of  the  equations  which  relate  to  the 
limits.  This  defect  in  the  science  deserves  the  attention  of  mathe- 
maticians. It  has  heen  already  pointed  out  bj  M.  Lacroix,  in  the 
articles  on  the  Calculus  of  Variations  contained  in  his  treatise  on  the 
Differential  and  Integral  Calculus.  My  object  has  been  to  remove 
this  defect,  and  I  believe  that  I  have  succeeded  in  doing  so  in  the 
memoir  which  1  now  submit  to  the  Academy.  This  memoir  con- 
tains also  some  new  remarks  on  the  conditions  of  integrability  of 
differential  expressions  of  any  order,  and  also  an  expression  for  the 
integral  under  a  finite  form,  by  the  method  of  quadratures  when 
these  conditions  are  satisfied." 

84.     Three  remarks  may  be  made  on  Poisaon's  statement. 

(1)  He  says  that  in  a  double  or  multiple  integral  when  the  limits 
are  fixed  and  given,  there  is  no  difficulty  in  applying  the  Calculus 
of  Variations,  If  by  the  limits  being  fixed  is  meant  that  the  limiting 
Talnea  of  the  differential  coffficients  which  occur  are  given  aa  well  as 
the  limiting  values  of  the  variables  the  remark  is  obviously  true ;  if 
however  it  is  meant  that  only  the  limiting  values  of  the  variables 
are  given  the  remark  seems  scarcely  correct,  for  very  httle  appears 
to  have  been  effected  when  Poisson  wrote.  We  have  seen  in  Art. 
60,  that  Ohm  gives  an  expression  for  the  variation  of  a  double  intfr- 
gra!  in  a  particular  case,  but  even  there  the  equations  are  not  given 
which  must  hold  at  the  limits. 

(2)  It  is  not  obvious  in  the  above  statement  to  what  part  of 
the  treatise  of  Lacroix  Poisson  allndes.  But  from  an  article  by 
Poisson  in  the  Bulletin  de  Ut  Sociiii  Phihmatique  for  1816,  it 
ap^tears  that  the  allusion  is  to  the  part  of  which  we  have  ^ven  an 
account  in  Articles  39  and  40. 

(3)  It  is  curious  that  Poisson  makes  no  reference  to  the  me- 
moir of  Gauss,  which  was  the  subject  of  the  preceding  chapter  of 
the  present  work ;  it  is  the  more  curious  because  Poisson  published 
a  work  on  Capillary  Attraction  in  1831,  and  in  the  preface  he  refers 
to  the  memoir  of  Gatiss, 
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85.  The  memoir  of  Poisson  is  divided  into  two  parta;  tbe 
first  is  entitled  Variations  of  integrals  relative  to  a  single  inde- 
pendent  variable,  and  detennination  of  their  maxima  and  minima. 
The  second  part  is  entitled  Variations  of  integrals  relative  to  two 
independent  variables,  and  determination  of  their  maxima  and 
minima.  The  first  part  extends  from  page  230  to  page  286,  and 
the  second  part  from  page  286  to  the  end  of  the  memoir. 

In  the  first  part  Poisson  begins  by  establishing  the  ordinary 
formula  for  the  variation  of  a  single  integral ;  nothing  new  is  ob- 
tained but  the  method  is  different  from  the  ordinary  method.  Aa 
it  may  enable  the  reader  more  easily  to  understand  Poisson'a  mode 
of  finding  the  variation  of  a  double  integral,  to  which  we  shall 
hereafter  proceed,  we  will  give  at  full  Iiia  treatment  of  the  single 
integral. 

86.  If  JC  is  a  function  of  the  variable  x  and  other  quantities 
dependent  upon  x,  we  shall  represent  by  K',  K",  K'",  ...  the 
differential  coefficients  of  K  taken  with  respect  to  x  and  to  every- 
thing which  depends  upon  it;  so  that  we  shall  have 

dK    ^,    JK'     ^,.    dK" 

-5— =A,     — J— =  fi    ,    —1 —  =  it     ,    ... 
ax  ax  ax 

Let  the  two  limits  of  an  integral  with  respect  to  x  be  denoted 
by  *,  and  a:,,  then  the  values  of  any  quantity  H  with  respect  to 
these  limits  will  be  denoted  by  H^  for  the  limit  x^,  and  by  H^  for 
the  limit  a:,. 

Let  y  be  a  function  of  the  variable  x,  and  according  to  the 
notation  above  adopted  we  shall  have 

du       ,       dii        „      dy"       ,„ 

*  =  »■         to=^^        S-"'- 

Suppose  V  to  denote  a  given  function  of  x,  y,  y',  y", ...  op  to 
the  differential  coefficient  of  some  determinate  order;  and  let  a;, 
and  z,  be  two  constant  quantities.     Consider  the  definite  integral 


-/: 


Vdx. 


If  wo  regard  x  and  therefore  also  y  as  implicit  functions  of 
another  variable  u  we  can  suppose  that  y',  y",  y'", ...  have  been 
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expressed  in  terms  of  the  differential  coefficients  of  x  and  y  with 
respect  to  u,  bj  means  of  the  ordinary  rules  for  changing  the  inde- 
pendent variable.  Thus  FwiU  become  a  function  of  a?  andy  and 
of  their  differential  coefficients  with  respect  to  u.  Denote  bj  u^ 
and  u^  the  values  of  u  which  correspond  to  x=:x^  and  x^x^;  thus 
we  shall  have 


Vpdu. 
au 


Next  suppose  that  hx  and  hy  are  indefinitelj  small  and  arbi- 
tnuy  functions  of  u;  without  changing  u^  and  u^^  put  x-\-hx  and 
y  +  5y  in  the  place  of  x  and  y  under  the  symbol  /.  Thus  we 
deduce 

s^=|"'srgrf«+/"'r^rf« (^)- 

The  new  value  of  y  as  a  function  of  x  will  result  from  the  eli- 
mination of  u  between  the  values  of  a?  +  &c  and  y-\-^>  [That  is, 
we  may  put  a?  +  &c  =  X  and  y  4-  Sy  =  F;  then  X  and  Y  are  func- 
tions of  w,  and  by  eliminating  u  we  obtain  F  as  a  function  of  X.] 
At  the  same  time  the  new  limits  with  respect  to  x  of  the  integral 
U  will  be  a?o  +  &«j^  and  x^-^hx^^j  and  thus  although  we  have  not 
changed  the  limits  u^  and  u^  the  preceding  formula  will  give  the 
complete  variation  of  tZboth  with  respect  to  the  form  of  the  func- 
tion y  and  also  with  respect  to  the  limits  of  the  integration. 

Now  for  shortness  put 

^=Jf     ^=JV     ^=P      ^-Q        ■ 
dx      ""'     dy     ^'     dy'        '      dy"     ^'  "' 

we  shall  have 

8  7=  JI/Sk  +  J^Sy  +  i%' +  gSy"  +  . . . 

And  suppose 

8y  =s  y&c  +  a» ; 

then  it  will  be  shewn  presently  that  we  shall  obtain 

Sy'  =  y  8a;  +  «', 
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and  generallj 

gy(«)  ^yitfDg^  +  6>^«» (2). 

Hence 

SF=  (if + jvy' +  iV"  +  <2y'" + •••)  Sx 

The'  coefficient  of  Sx  is  the  differential  coefficient  of  V  with 
respect  to  x  considering  y,  y',  y", ...  as  functions  of  a?;  we  denote 
this  by  V\    And  we  have 

thus  *^^  =  ^^  +  (-^«  +  ^«>'  +  ^"  +  -)^- 


Thus  equation  (1)  becomes 

Juo\du  duj 


+j\N^+Pio'+Qa>''+...)^du. 


^j  dV^    .  j^dSx     d.V&c 

Now  -J-  Saj  4"  r -^—  =  — 3 —  • 

au  au         au 

If  then  we  transform  to  the  variable  x  the  second  integral  con- 
tained in  S  {7,  we  shall  have 

hU^  V,hx,  -  F,&c,  +  ['\Nm  +  P6>'  +  ga>"  + ...)  &?. 

Bj  the  process  of  integration  bj  parts  we  can  remove  the  dif- 
ferential coefficients  o>',  (o", ...  from  under  the  integral  sign.  For 
we  have 

f '*P6>'db  =  P,fo^  -  P,fi),  -  {''P'mdx, 

\''Q^"dx  =  (?.<  -  «.a>;  -  <?/«.  +  <2>.  +  \'"Q"i»dx, 
and  so  on. 
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Thus  we  conclude  finally  that 


where 


BU=T+(''Ha>dx (3), 

J  »Q 

+  (p,-«;+ii/'-...)«,-(P,-(2;+ii;'-...)a>, 
+ 

87.    It  onlj  remains  to  demonstrate  equation  (2). 
We  have 

du 

Put  x  +  Sx  and  y  +  Sy  in  place  of  x  and  y  in  this  fraction, 
subtract  the  original  value  t/  and  neglect  indefinitely  small  quan- 
tities of  the  second  order ;  thus 

dZy     dy  dBx 
^  ,      du      du  du 

du       \du) 
But,  by  hypothesis, 

differentiate  with  respect  to  u,  thus 

du  "  du  du     ^  du' 

Hence  we  have 

dy*  J,       ^     f  '^^ ^y\  ^^ 
^  ,     du        ,  du  ,  Y  du     du)  du 

^"-^+^+ T^y — ^5 

du        du  \du) 


7Z' 


^  dit~dk' 
llius  the  value  of  Sy'  reduces  to 

Starting  from  this  reatilt  and  from  the  equation 

% 

du 
we  shall  obtain  in  like  manner 

Bi/"  =  i/"'Sx  +  o>"; 
continuing  thus  we  shall  establish  equation  (2)  for  any  index  n. 

In  equation  (3)  we  may  replace  a  which  ia  under  the  integral 
sign  bj  its  value 

»  =  8y  —  y'Sx, 
and    in   the   terms   outside    the    integral   sign   we   may  replace 
w,,  a>,,  <u,',  0)',, ...  by  their  values 

Mj  =  Sy^  —  y,'&Co ,     w,,'  =  Sy,'  —  ^j"  &c, , . . . 
o>,  =  Jy,  —  y,'6j;, ,     oi,'  =  £y,' —  yi'&c, , ... 
TbuB  the  variation  of  the  integral   Z7  will  be  expressed  ex- 
plicitly in  terms  of  the  variations  of  x  and  y,  and  of  the  variations 
of  the  extreme  values  of  x,  y,  y,  y",  ...  up  to  the  differentia]  coeffi- 
cient of  the  order  next  below  the  highest  which  is  contained  in  V. 

88.  We  have  thus  given  Poisaon'a  method  of  establishing  the 
fondamental  formula  of  the  Calculus  of  Variationa  in  the  case  of 
a  simple  integral. 


Foisson  next  aheira  how  this  fundamental  formula  may  eJBO  be 
obtained  by  decomposing  the  integral  f/"into  ita  indefinitely  small 
elements.  Thia  is  in  fact  the  old  method  which  waa  used  be- 
fore the  invention  of  the  Calculua  of  Variations,  and  it  is  ex- 
pounded in  Euler's  MetAodus  inveniendi,...  Poisaon  however  extends 
the  old  investigation  ao  as  to  include  the  terms  relative  to  the 
limite  of  the  integral ;  this  according  to  Poisson  had  not  been 
done  before. 

89.  We  thus  arrive  at  the  end  of  the  fourth  section  of  the 
memoir.  In  hia  fifth  section  Poisson  shews  how  his  results  are 
applied  to  find  the  maximum  or  minimum  value  of  the  integral  V. 
He  says  he  will  not  consider  in  this  memoir  the  question  of  tlie 
distinction  of  a  maximum  from  a  minimum  value.  He  then  makes 
Bome  remarks  on  the  number  of  constants  wliich  will  appear  in  the 
solution  of  the  difTerential  equation  fiimished  by  the  condition  of 
maximum  or  minimum,  and  the  maimer  of  detennining  these 
constants.  He  draws  attention  to  the  obvious  fact  that  the  differ- 
ential equation  may  be  immediately  integrated,  once  if  ^"=0,  twice 
i{  N=0  and  P=  0,  and  so  on.  He  states  that  a  first  integral  of  the 
equation  can  also  be  obtained  when  the  independent  variable  does 
not  occur  explicitly  in  F;  because  then  if  we  consider  a;  as  a 
fanction  ofy,  thia  case  is  analogous  to  that  in  which  N=0.  He 
shews  however  that  this  integral  may  be  found  without  clianging 
the  independent  variable  in  the  following  manner. 

We  have 

dV=  Mths  +  Ndy  +  Pdy'  +  Qdy"  +  Rdf  + ... ; 
here  the  first  term  Mdx  by  hypothesis  vanishes ;  eliminate  Ndy  by 
means  of  the  equation 

^"-p'+g"-i^"■  +  ...=o, 

thus 

dV=PdiJ •>rP'dy-\-  Qdr/"-  Q"dy-\-Rdy"'  +  R"\ly^-... 
But  the  following  are  identically  true : 
Pdy-  +  P'dy  =  d.Py\ 
Qdy"-Q"dy  =  d{Qy"-Q'y), 
Sdy-  +  n-dy  =  d  {By-  -  Sy  +  B  "y) 


ThoH 

Mid  therefore 

where  C  ie  an  arhitrary  constant, 

90.  In  his  sixth  section  Poisaon  says  that  the  problem  of 
tlie  moximam  or  minimum  of  an  integral  may  be  decomposed  into 
two  parts  which  may  he  coiialdered  separately.  First  we  may  con- 
sider that  a^„,  y^,  y^', ...  and  .t,,  y^,  y,',--  are  given,  and  proceed  to 
find  the  valtte  of  y  in  terms  of  x  and  the  given  quantities  which 
makes  fa  maximum  or  minimum.  The  value  of  y  is  then  to  be 
found  firom  the  ditferential  equation 

N-P'+Q"-...  =  0. 
and  the  arbitrary  constants  must  be  determined  by  means  of  the 
given  values  of  a-j,,  ^j,  y„', ...  a;,,  y,,  y,', ...  Substitute  this  value  of 
y  and  the  consequent  values  of  %/',  %f", ...  in  V;  then  integrate  Vdx 
&om  x  =  x^  to  x  =  x^^,  thus  we  shall  obtain  the  maximum  or  mini- 
mum value  of  U,  with  respeet  to  the  form  of  tlie  function  y,  in 
terms  of  ar„,  y„,  y,',  ...  a-,,  y^,  y,',  ... .  We  may  then  seek  for  the 
values  of  these  latter  quantities  which  make  U  a  maximum  or 
minimum. 

If  we  are  able  to  integrate  the  ditferential  equation  and  also  to 

obtain  the  value  of  J     Vdx,  then  this  second  part  of  the  problem 

can  be  treated  by  tlie  ordinary  rales  of  the  Differential  Calculus. 
Poisson  then  shews  that  by  the  application  of  these  rules  we  obtain 
the  same  conditions  as  are  found  by  the  Calculus  of  Variations 
when  the  limits  of  integration  are  varied,  and  consequently  those 
terms  are  introduced  which  have  been  denoted  by  the  symbol  V  in 
Article  86. 

[91.  It  is  necessary  to  make  some  remarks  on  this  suggestion 
of  Poisaon's  about  di^Hding  a  jiroblem  In  the  Calculus  of  Variation* 
into  two  parts.  Suppose  we  have  a  problem  in  the  Calculiia  of 
Variations,  and  that  for  example  the  differential  equation 


N-P'+Q"- 


=  0 
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13  the  differential  eqa.ition  to  a  circle.     We  then   according  to 

Poisaon's  method  take  the  equation  to  a  circle  which  involvea  three 
arbitrary  conatants,  and  substituting  the  value  of  y  in  tcrma  of  x 

in  F  we  integrate  I     Vdx ;  then  by  ordinary  Differential  Calculus 

we  inveatigate  the  values  which  mnst  be  given  to  the  three  arbi- 
trary constants  in  order  to  make  the  last  integral  a  maximum  or 
minimum.  K  suitable  values  cannot  be  determined  we  conclude 
that  a  curve  having  the  proposed  maximum  or  minimum  property 
cannot  be  found.  But  even  if  suitable  values  can  be  found  we 
have  no  right  to  conclude  that  a  circle  does  possess  the  proposed 
maximum  or  minimum  property ;  because  we  do  not  compare  a 
circle  with  any  adjacent  curve  in  the  latter  part  of  this  method, 
but  only  one  circle  with  another  circle.  To  determine  whether  a 
circle  do^  poasess  the  proposed  maximum  or  minimum  property 
we  must  proceed  as  in  Article  fi,  or  in  some  similar  way.  In  fact 
Poisaon's  mefliod  will  be  unobjectionable  if  we  know  a  priori  that 
a  CTirve  having  the  required  maximum  or  minimum  property  must 
exist ;  but  it  will  not  be  valid  to  prove  that  we  have  found  auch 
a  curve  wlien  we  do  not  know  a  priori  that  the  curve  must  exist.] 

92.  In  his  seventh  section  Poisson  gives  the  usual  extension 
of  his  preceding  results  to  the  case  in  which  V  contains  two  de- 
pendent variables  y  and  z  and  their  differential  coefficients  with 
respect  to  the  independent  variable  x. 

We  will  give  Poisaon's  result,  because  it  explains  the  notation 
which  he  continues  to  nae  in  the  next  section.  Let  f  denote  a 
function  of  3!,  y,  z  and  the  differential  coefficients  of  y  and  2  with 
respect  to  x ;  abo  let 

"  Vc/x, 


f^=f''  Vd^ 


then       S?/=  r+ ['' jff^-y'&c)  +  K{U-zZx)l  ,/x, 

where  V  denotes  that  part  of  the  variation  of  IT  which  is  free  from 
the  integral  sign. 

93.     We  now  proceed  to  Poisaon's  eighth  section. 
In  a  certain  case  a  relation  exists  between  the  quantities  H  and 
K,  which  may  be  obtained  in  the  following  manner. 


The  case  ia  that  in  which  the  variable  x  does  not  occur  ex- 
pUotly  in  V,  and  when  we  have  moreoTev 

V=  Wz; 
TF  being  a  given  function  of  y  and  a  which  contains  likewise 
My 


d  — 

Jy  dz 


that  is,  the  qnantitiea 


which  we  will  denote  by  (',  (", ....  We  shall  have  then 

U={''Ws-dx={''Wdz. 

Now  by  means  of  the  last  expression  for  U,  we  may  exhibit  the 
Tariation  of  U  by  the  formula  (3)  of  Art.  86,  putting  z  and  W  in 
phiceofa;  and  V,  and  /',  (",...  in  place  of  y,  y", ...  The  second  term 
of  iU  will  therefore  be  of  the  form 

l''0{iy-az)dz, 

or,  which  is  the  same  thing, 

G  being  a  factor  which  is  independent  of  Sy  and  &z.  In  order  that 
this  may  coincide  with  the  second  term  of  the  value  of  Sf  in  the 
preceding  article  we  most  have 

^■{Sy  -y&c)  +  ^(&  -  z'hx)  =  G  {zhy-yhz). 
This  equation  resolves  itself  into 

H=  Oz\    K  =  '  ay',     Hy'  +  Kz  =  0 ; 
these  resnita  we  obtain  by  equating  the  coefficients  of  Sjt,  hy,  Sz, 
The  third  of  these  results  may  also  be  obtained  by  eliminating  ff 
between  the  other  two,  and  it  expreaaes  the  relation  between  3 
and  A*  which  was  to  be  obtained. 
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[94.  The  preceding  article  is  clear ;  in  what  follows  there  maj 
be  some  difficulty.  Poisson  proceeds  thus.  In  the  general  case 
where  Fis  any  ftinction  of  a?,  y,  y\  y\  ...z,  z*  z", ...  let  us  suppose 
a;  an  implicit  function 'of  another  independent  yariable  u^  and  let 
us  replace  therefore  y',  y", ...«',  2", ...  bj 

a;"       'a;"         ' x"  x'^ 

and  Vdx  by  Vx'du.  Let  us  denote  relatively  to  x,  x\  x'\  ...  by  X 
the  quantity  analogous  to  H  and  K,  then  we  shall  find  that  these 
quantities  are  connected  by  the  identity 

Xx'  +  Hy+Kz^O. 

Reciprocally  when  a  given  function  of  a:,  a?',  x\  ...y,  y',  y",  ... 
Zy  z\  z"y ...  satisfies  this  equation  it  will  be  reducible  to  the  form 
Vx\  so  that  without  changing  its  value  we  can  put  a;'=l,  a?"=0,... , 
and  regard  y  and  z  in  the  given  function  as  functions  of  x. 

It  may  be  remarked  here  in  the  first  place,  that  the  last 
sentence,  reciprocally  when  &c.  is  all  that  is  new.  Lagrange  had 
given  the  other  part  repeatedly ;  he  appears  to  have  thought  it  very 
important.  See  Miacel.  Taur.  Vol.  11.  page  183,  and  Vol.  iv. 
page  177 ;  also  Legona  sur  le  Galcul  des  Fonctiona,  page  412,  and 
page  456.  Lacroix  also  gave  the  theorem  Calc.  Diff.  et  Int,  Vol.  11. 
page  763.  In  the  next  place,  there  is  a  little  difficulty  as  to 
Poisson's  notation,  so  that  it  is  necessary  to  examine  the  point 
in  detail.  Let  V  denote  a  function  of  a;,  y,  z,  and  the  difierential 
coefficients  of  y  and  z  with  respect  to  x.  Transform  these  difierential 
coefficients  into  difierential  coefficients  with  respect  to  a  new  inde- 
pendent variable  m,  so  that  Fmay  be  transformed  into  a  function  of 
X,  y,  z  and  the  difierential  coefficients  of  these  variables  with  respect 
to  M ;  we  will  denote  the  transformed  function  by  v.     Then  put 

U=jVdx=jv^du  =  jv  ^du. 

We  have  now  two  modes  of  expressing  BU;  we  shall  confine  our- 
selves to  the  imintegrated  part.     This  may  be  written  thus 


Here   Y  and  Z  are  obtained  in  the  ordinary  way  from  V;  and 
A^B,  C  axa  obtained  in  a  simiJar  way  from  v  -j- . 

By  comparing  tlie  two  results,  remembering  that  the  integration 
in  the  6r8t  is  with  respect  to  j",  and  in  the  second  with  respect  to  «, 
we  obtain 


^. 


=  0. 


The  laat  reault  will  also  follow  from  the  first  three  by  eliminat- 
ing Y  and  Z. 

The  last  result  must  be  what  Poisson  denotes  by 
JKr'  +  ir^'  +  Kz'  =  0; 
hia  notation  ig  objectionable  however,  because  he  had  previously 
naed  H  and  A' for  what  we  denote  by  3' and  Z. 

Next  let  us  conaider  the  reciprocal    theorem   which   Poisson 

enancialeH.     Let  ^  denote  any  function  of  x,  r,  x", ...  y,  y',  y", ... 

«,  «',  »", ...  which  aatiafies  the  condition 

Ax'  +  By'  +  f'z'  =  0. 

dx 
Transform  the  independent  variable  from  u  to  x  and  let  -^  -r-  be 

wluit  0  become* ;  the  assertion  then  is  that  ^  will  be  free  from  u, 

that  i»,  ^  will  uot  contain  -?-  ,  -r-s  , .--   To  prove  this  we  observe 
'  ^  (tc     dx  ^ 

that  if  ^  did  contain  such  terms  we  should  have,  considering  only 

the  unintegrated  part  of  the  variation,  a  result  of  this  form 


4 


tUdx^fijiSu- 


ii:)+r[Ss-''£sr)  +  z 


dx" 
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But  again  taking  the  unintegrated  part  of  the  variation 
sj0rftt-||^(&r-^8«)+5(Sy-^8u)  +  C(8«-gsu)|rf«. 

Now  by  supposition  j'^^dx  =  ly^  --=-du=  l<l>du,  and  therefore 

the  variations  of  the  two  expressions  must  coincide.     But  Bu  dis- 
appears from  hj<\>duj  because  bj  supposition 

au         au  du 

Hence  Su  must  disappear  from  Bfy^dx;   and  thus  the  terms 

du    d^u  ,  .     , 

-7-  f  TTTi  9  •••  cannot  occur  in  y. 
dx    day 

This  proves  Poisson^s  statement,  but  there  appears  an  exception 
to  it  which  he  has  not  noticed.    The  terms  ^ ,  -^  ,...  might  occur 

in  -^  provided  they  occurred  in  such  a  manner  that  /  =  0 ;  for  then 

Su  would  disappear  from  Bfy^dx.] 

• 

95.  In  his  ninth  section  Poisson  alludes  to  the  case  where  Fis 
a  function  of  Xy  y,  z  and  the  differential  coefficients  of  y  and  z  with 
respect  to  x ;  these  functions  and  differential  coefficients  being  con- 
nected by  an  equation  Z  =  0.  He  gives  the  ordinary  method  of 
treatment  by  means  of  an  arbitrary  multiplier.  He  has  here  a  slight 
mistake,  for  he  says,  '^  having  regard  to  the  equation  JF^^O,  &c." 
Now  there  is  no  such  relation  as  dV=  0 ;  thus  the  expressions  for 

dV 
SF  which  follow  are  incorrect  because  the  term -7-  &»  is  omitted, 

dV 
where -7-  means  the  complete  differential  coefficient  of  Fwith  re- 
spect to  a:;  (see  Poisson's  second  section).     The  final  expression 
for  S  IT  is  however  correct. 

96.  Poisson's  next  three  sections  are  devoted  to  the  subject  of 
the  conditions  of  integrability  of  functions;  it  will  be  sufficient 
here  to  state  what  Poisson  proves.  Let  F  be  a  function  of 
a?,  y,  y\  y", ...  which  satisfies  identically  the  relation 


V  u  integrable  per  se.     This  FoissoQ  proves  ty  exhibiting 
the  integral  under  the  form 

fvdx=JF{x,  0,  0,  0, ...)  dx  + /'xM  '^« ; 

here  F(x,  0,  0,  0,  ...)  denotea  what  V  becomes  when  in  it  we 
pot  ^,  y',  y",  ...  all  zero,  and  x  (")  is  ^  complicated   fimction  of 

u,  X,  y,  y',  y",  ...    The   integration   in  I  ;^(w)(/m  ia  to  be  made 

on  the  supposition  that  every  thing  is  constant  except  u.  Next 
Poisaon  supposes  Fa  function  of  a;,  y,  y,  y", ..-  e,  z,  z", ...  Let  the 
equation 

JV-P'+g"-5'"+...  =  0 

he  denoted  by  S=  0,  and  let  a  similar  equation  with  respect  to  z 
be  denoted  by  jr=0;  then  Poiaaon  proves  that  if  ,ff=0  be  iden- 
tically true,  and  K=  0  be  true  when  y  =  0  whatever  z  may  be,  then 
^Vdjc  can  be  expressed  in  a  form  analogous  to  that  just  given. 
Two  forms  can  be  given  to  tlie  result  according  to  the  order  in  which 
we  consider  y  and  z.  By  comparing  these  two  forms  Poisson 
obtains  an  equation  which  must  hold;  also  he  infers  that  if  one 
of  the  two  equations  11=0,  K=  0,  be  identically  true  and  the  other 
true  when  one  of  the  variables  is  zero  for  all  values  of  the  other 
variable,  then  both  equations  are  identically  true.  These  two  re- 
sults are  verified  in  an  example. 

97.  Poisson's  next  three  sections  contain  some  remarks  on 
the  questions  in  which  one  expression  is  to  have  a  maximum  or 
minimum  valne  while  another  is  to  have  a  constant  value,  those 
qneationa  in  fact  from  which  the  name  of  Uoperimetriml  problems 
was  obtained  and  applied  to  the  problems  of  the  Calculus  of  Vari- 
ations; PoissoD  compares  the  different  considerations  which  have 
been  used  in  the  solution  of  such  problems. 

98.  In  his  sixteenth  and  seventeenth  sections  Poisson  adverts 
to  the  problem  in  which  a  closed  curve  is  to  be  fomid  which 
posaesses  some  maximum  or  minimum  property.  If  we  suppose 
that  the  function  V  does  not  contain  the  limiting  values  of  x,  y  or 
the  differential  coefficients  of  y,  then  the  term  F  of  the  fondamental 

5—2 
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formula  (Art.  86)  will  be  of  the  form  (i  —  5>,  where  ^  and  ^  are 
the  yalaes  which  a  certain  function  assumes  at  the  two  limits. 
Now  when  the  problem  refers  to  a  plane  curve  we  can  use  the 
polar  co-ordinates  r  and  0,  and  if  the  curve  is  closed  we  can  put 
the  origin  within  the  figure ;  then  the  limiting  values  of  0  may  be 
denoted  bj  0  and  27r.  Thus  if  the  angle  0  is  only  involved  through 
the  trigonometrical  Junctions,  as  these  functions  have  the  same  value 
for  the  values  0  and  27r  of  the  angle  we  obtain  5i  =  (J,.  Therefore  F 
vanishes.  And  the  same  result  follows  for  a  curve  of  double  cur- 
vature. 

Thus  in  questions  relating  to  closed  curves  the  equations  which 
depend  on  the  limits  of  the  integral  disappear  and  the  arbitrary 
constants  introduced  by  the  integration  remain  indeterminate. 

99.  For  example ;  required  to  determine  a  plane  closed  curve 
of  given  perimeter  which  shall  include  a  maximum  area. 

Let  I  denote  the  given  perimeter ;  then  with  the  usual  notation 


^^/^^'^='■ 


The  integral  which  is  to  be  a  relative  maximum,  is 


1  T' 
Let  a  denote  an  undetermined  constant ;  put 

then  £/^  is  the  integral  which  is  to  be  an  absolute  maximum. 

The  quantities  x,  y,  y'  of  the  fundamental  formulas  are  now 
replaced  by  0,  r,  r'  respectively;  thus 

^7-    dV  ar 

iV  =  -=-  =  r  + 


dr  V7+7*' 

p_dV_      ar 


dr'      -Ji^j^r-^' 


other  qoMitities  Q, 
mental  equation  becomes 
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R, ...  (Alt.  86)  arc  zero,  and  the  fund»- 


dV-Ndr  +  Fdr 


~  M 


dr  +  Pdr. 


Integrate  and  denote  the  arbitrary  constant  by  p ;  thus 

V-Pr+c. 
Substitute  in  this  equation  the  values  of  F  and  P,  and  aolve  it 
with  respect  to  t-  ;  thus 

dt^  ,>-%, 

dr^r./iaV-ir'-Stc)'' 


This  may  be  integrated  as  follows 


•■/; 


^ia'  +  Sc~(r-¥jJ 


2cV     J\^ 


where  e  = 
Therefore  ^  +  ^  =  hi 

wbere  ^  is  a  constant.     Hence 

r  +  —  =  V4a'  +  8c  sin  {$  +  A]. 


Vi? 


We  may  write  the  equation 

r'-2r  Va'  +  '2c  sin  {8  +  A)  +  2c  =  0. 

This  Is  the  eqoation  to  a  circle  of  which  the  radius  is  a ;  thus 

a  is  determined  aince  the  perimeter  of  the  curve  ia  given.   The  con- 

A  and  c  are  indeterminate;  it  is  obvious  that  they  depend 

ipotitCoH  of  the  circle  and  have  no  influence  on  its  area  or 

tter. 

If  the  curve  instead  of  being  closed  were  required  to  pasa 
through  two  fixed  points  and  the  arc  between  those  points  were 
of  a  given  length,  then  the  three  constants  would  all  be  determined. 
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For  we  should  have  two  equations  ariaing  from  the  fact  of  the  circle 

passing  through  the  two  given  points  and  one  ariHing  from  the 
given  length. 

[The  mode  of  integration  in  the  above  solation  is  more  simple 
than  that  used  hy  Poisson.] 

100.  We  now  arrive  at  the  second  part  of  Poisson's  memoir 
which  is  entitled  Variations  of  integrals  relative  to  two  independent 
variables,  and  determination  of  their  maxima  and  minima.  This 
forms  by  far  the  most  important  portion  of  the  memoir;  it  extends 
from  page  286  to  the  end. 

101.  In  the  eighteenth  section  Poisson  explains  the  notation  to 
be  used.  The  variables  are  denoted  by  x  and  y.  Suppose  A'  any 
function  of  x  and  y  and  of  other  quantities  which  depend  on  them ; 
then  K'  denotes  the  differential  coefficient  of  ^  with  respect  to  as 
and  to  every  thing  which  depends  on  x ;  and  K^  denotes  the  differ- 
ential coefficient  of  K  with  respect  to  y  and  to  every  thing  which 
depends  on  y.  And  so  generally  accents  above  indicate  differen- 
tlatioQ  with  respect  to  x,  and  accents  below  indicate  differentiation 
with  respect  to  t/.     Thus 

^=K      ^=K-     -^  =5"      —=K 
dy  ' '      da^  '     dxdy         ■ '       dy*  " ' 


dK 


and  so  on. 

The  limits  known  or  unknown  of  a  double  integral, 
JfKdxdy, 
will  not  be  indicated.  If  this  double  integral  extends  over  a  zone 
of  a  surface  comprised  between  two  closed  curves  which  will  gene- 
rally be  cmres  of  double  curvature,  then  x,  y,  z  may  denote  the 
co-ordinates  of  any  point  of  the  surface,  and  the  limits  of  the  inte- 
gration will  depend  upon  the  projections  on  the  plane  of  {x,  y)  of 
these  curves.  lu  order  to  indicate  what  a  quantity  becomes  at  the 
iiret  limit  we  shall  enclose  it  in  parentheses,  and  to  indicate  what  it 
becomes  at  the  second  we  shall  enclose  it  in  square  brackets.  Thos 
of  the  following  simple  integrals, 

{JKix),  (J Ms).   [/aV^],   [/ffrfj,], 
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I  first  two  belong  to  the  interior  curve  and  are  to  be  taken 
throughout  its  entire  length,  and  the  last  two  belong  to  the  exterior 
eurre  and  are  to  be  taken  throughout  its  entire  length.  The 
equations  to  these  curves  we  will  denote  for  the  present  hy  A  =  0, 

[Poisson  however  does  not  keep  to  the  meaning  of  the  symbols 
which  he  gives  here;  hereafter  he  really  uses  the  square  brackets 
for  points  on  the  upper  portion  of  a  curve  and  the  parentheses  for 
point3  on  the  lower  portion  of  that  curve.] 

If  we  replace  x  and  y  by  functions  of  two  other  independent 
Tariable^  u  and  v,  then  z  will  also  become  a  function  of  u  and  ti. 
Substitute  these  values  of  x  and  y  in  the  equations  to  the  limiting 
curves  ^  =  0  and  5=0;  we  thus  obtain  two  equatious  C=Oand 
J)  =  0,  which  determine  the  limits  of  the  integration  relative  to  u 
and  V,  Conversely  the  equation  to  the  surface  will  be  obtained  by 
eliminating  m  and  v  between  the  values  of  ar,  y,  e ;  and  the 
eqoationa  ^  =  0,  5  =  0,  of  the  limiting  curves  in  terms  of  x  and  y 
will  be  found  by  eliminating  u  and  «  between  the  values  of  x 
and  ^,  and  the  equations  (7=0  and  D=0, 

Now  let  us  denote  by  Bx,  Sy,  Sz  arbitrary  indefinitely  small 
functions  of  «  and  v ;  and  suppose  that  x,  y,  z  become  respectively 
a;  +  &r,  y  +  Sy,  z  +  hz.  Then  the  equation  to  the  new  surface  will 
be  found  by  eliminating  w  and  u  between  the  values  of  a;  +  hx, 
y  +  Sy,  it  +  Sz ;  so  that  its  form  will  differ  in  an  infinitesimal  but 
perfectly  arbitrary  manner  from  the  form  of  the  original  surface. 
At  the  same  time  if  the  equations  C=  0  and  D  =  0  have  not  been 
changed,  the  equations  to  the  new  limiting  curves  will  result  from 
the  oliraination  of  u  and  v  between  the  values  of  a)  +  Sj  and  y  +  Sy, 
and  these  equations  C=0  and  />  =  0.  Ilence  these  curves  will 
differ  in  an  infinitesimal  but  perfectly  arbitrary  manner  from  the 
primitive  limiting  curves  which  were  given  by  ^  =  0  and  B  =  0. 
Thus  by  varying  x,  y,  «  without  varying  the  limits  relative  to  u 
and  II,  the  zone  of  surface  over  wbicli  the  double  integral  extends 
undergoes  an  arbitrary  variation  both  in  its  form  and  its  boundaries. 

102.  In  his  nineteenth  section  Poisson  gives  some  important 
fbnniilsB  in  riuiationa.     Suppose  s  a  fimction  of  x  and  y,  and  let 
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Fbe  a  given  fui^ction  of  a?,  y,  «,  «',  «^,  «",  «/,  «^^,  ...  Denote  the 
complete  differential  of  V  thus 

+  Bdz'  +  Sdz;-^  Tdz,^  + 

80  that  Z,  Jf,  ^,  P, . . .  are  the  partial  differential  coefficients  of  V 
with  respect  to  a;,  y,  «,  2', ...  The  complete  variation  SFof  Fmay 
be  obtained  from  dV  hj  changing  d  into  S;  and  if  we  regard 
Sa?,  Sy,  S«  as  functions  of  x  and  y  which  are  arbitrary  and  indepen- 
dent of  each  other,  we  shall  have  to  form  the  corresponding  ex- 
pressions for  &',  hz^y  Bz"y  hz^j ... 

Consider  x  and  y  and  consequently  z  as  implicit  functions  of 
two  other  independent  variables  u  and  t;.  Differentiate  z  with  re- 
spect to  u  and  v ;  thus 

dz        ,dx         dy 
du         du       *  du  * 

&  _   ,  ^         c?y 
dv         dv        '  dv* 

From  these  we  obtain 

,  _  1  (dz  dy     dz  dy\ 
"  f  \du  dv     dv  du)  ' 

__  1  fdz  dx     dz  dx\ 

'  "  f  \dv  du     du  dv)  ' 

,  y ^dx  dy     dx  dy 

wnere  c  ^  ""7~  ~^~  ^  ~t"  — 7^  . 

du  dv     dv  du 

Now  if  we  represent  by  &c,  Sy,  Sjs  three  arbitrary  and  indefinitely 
small  functions  of  u  and  1;,  we  may  suppose  without  varying  u  and  v 
that  a?,  y,  «  become  simultaneously  a?  +  &c,  y  +  By^  z-\-  hz.  If  we 
differentiate  relatively  to  the  characteristic  i  the  preceding  value 
c^  »*  and  make  use  of  the  value  of  z^  we  obtain 

^  ,  _  1  fdy  dBz  ^  dy^  dBz\ 
f  \dv   du      du    dv ) 

—  —  (^  ^^  _  ^  ^^\ 
f  V<3?t;   du      du    dv ) 

_z^fdy  d^_d£  diy\ 
?  \dv   du      du    dv  )  ' 
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But  we  may  also  consider  u  and  t;  and  consequentlj  Sx,  Sy,  Sz 
as  functions  of  a;  and  y ;  then  we  have 

dSx  _  dSx  dx     dhx  dy 
du  ^  dx  du      dy  du* 

dSx  _  dSx  dx     dSx  dy 
dv       dx  dv      dy  dv ' 

dSy  __  dBy  dx     dSy  dy 
du       dx  du      dy  du^ 

dSy     dSy  dx     c^y  dy 
dv       dx  dv      dy  dv ' 

^z  _  dZz  dx     dhz  dy 
du"  dx  du      dy  du^ 

dSz  ^  dSz  dx     dhz  dy 
dv      dx  dv      dy  dv  * 

From  these  we  obtain 

dy  dBx     dy  dSx  _  yd8x 
dv  du      du  dv  ~     dx  ^ 

dy  dSy     dy  dSy     ydhy 
dv  du      du  dv         dx 

dy  dSz     dy  dBz  ^  ydtz 
dv  du      du  dv         dx  * 

Bj  means  of  these  values  that  of  hz*  becomes 

j^  ,     diz       fdSx        doy 
""  flte  dx       '  dx' 

For  shortness  put 

hz  —  zhx  —  z^hy  =  tt), 
thus 

iz'  =  z*tx  +  z^hy  +  tt)'. 

In  the  same  manner  it  may  be  shewn  that 

iz^  =  «/&»  +  «„Sy  +  «, . 

These  simple  expressions  for  iz  and  iz^  are,  as  we  see,  inde- 
pendent of  any  particular  relation  which  maj  be  established  between 
x  and  y  and  the  auxiliary  variables  u  and  v. 
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We  can  easily  dedace  expressions  for  8z'\  Sz*j  &,,,  .•* 

For  since  ;r-  =  <»'  ^^^  TT^^**  ^®  ^*^^  ^^  putting  its  value 
for  a> 


(1) 


These  equations  hold  for  anj  function  2;  of  a;  and  y,  so  that  we 
may  substitute  successively  z\  a^,  «", ...  in  place  of  «.  Put  z*  in 
place  of  z  in  the  first  of  equations  (1),  thus 

iz"  -  z'"Sx  -  z:'By  =  d{hz-^z"^-z:hy) 

But  by  differentiating  the  same  equation  with  respect  to  a?,  we 
obtain 

d  {iz'  -  z'hx  "  z;Sy)  ^  d^<D  ^ 

dx  ""  da?  * 

thus 

hz"  —  z"ix  —  z'/hf  =  ca". 

Similarly  if  we  put  z,  in  place  of  ;2;  in  the  second  of  equations 
(1),  we  shall  obtain 

Again,  put  z'  in  place  of  z  in  the  second  of  equations  (1) ;  thus 
8,;  _  ,;'&„  _  ,;8y  =  '^  ^^"' "  "?"  " '^'^^^  • 

By  differentiating  the  first  of  equations  (1)  with  respect  to  y, 
we  obtain 

d[hz'-'z"hx-z;hy)  ^  d'fp  , 
dy  dscdy' 

therefore 

Bz'  —  z"Sx  —  zJSy  =  tt)/. 

It  is  easy  to  see  that  by  continuing  this  process  we  shall  obtain 
for  all  values  of  the  indices  m  and  n 


This  resnlt  Foisaon  says  he  had  arrived  at  on  s  former  occaBion 

and  Kad  used  in  explaining  a  difficulty  in  the  Mf^anique  Analytique. 
See  Sulletin  de  la  SocUU  Philomatique  annee  1816,  page  82. 

[These  formulfe  supply  the  corrections  of  the  errors  indicated  in 
Arts.  39—41.] 

By  means  of  the  general  formula  proved  aliove  the  variation 
of  V  takes  the  form 

gF={/.+AV+i>!"  +  <?z;+flz"'+&;'+n,.'+...)&i! 

+  [M^  Nz,  +  Pz;  +  Qz„  +  Rs';  +  &,;  +  re „  + ...)  hy 
+  Na>  +  Pa>'  +  Qo3_+I(a)"+Sa;+  To),,+  ... 
or,  which  is  the  same  thing, 

S  V=  Vhx  +  V^y  +  Jtf"u  +  /to'  +  Cm, 

+  fl<B"+Sw;  +  rw„  + (2). 


103.     The  twentieth  section  contains  aome  reductions  of  the 
variation  of  a  double  integral.     Consider  the  definite  integral 

U=  ffVda^y. 
By  the  known  rules  for  the  transformation  of  double  integrala, 
if  we  consider  x  and  y  as  foncliona  of  two  other  variables  u  and  p, 
we  muat  put 

RO  that  we  have 

Now  put  X  +  Bx,  y-i-Sy,  z  +  Sz  in  place  of  x,  y,  s  under  the  in- 
tegral sign.  From  what  was  said  above  it  will  be  sufficient  that 
&x,  &y,  Sz  should  be  arbitrary  functions  of  m  and  r,  and  it  will  not 
be  necessary  to  vary  the  limits  relative  to  u  and  r  in  order  that  the 
integral  U  may  vary  in  the  moat  general  manner  both  with  re- 
Hpect  to  the  limits  relative  to  x  and  y,  and  with  respect  to  the  form 
of  the  function  z.  The  complete  variation  of  f/will  tlien  be 
dx  dy' 


I 


ff/<fe  '%_ 


dv  ^     tiu   I 


rdudv. 
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But  by  the  formul©  of  the  preceding  article  we  have 

dx  dSy     ^  dSy  _  fdx  ^  _  ^  §y\  diy 
du  dv      dv   du      \du  dv     dv  duj  dy  ' 

dy  dSx  _  dy  dhx  _  /^  dy  ^^  d^\  d&r 
dv   du      du  dv  ""  \du  dv     dv  du)  dx 

Hence 
that  is,  by  restoring  the  variables  x  and  y 


«^=//(«''+''S^  "§)*«*• 


In  this  formula  the  limits  are  the  same  as  those  of  U.  Now 
substitute  the  value  of  SK  given  by  equation  (2),  and  observe  that 

dx         dx 

'"  dy         dy      ' 

thus  8  £7-=  Tf  r&B  rfyl  -({nx  dy) 

+  nrSydos]  -  (jv^diej 
+ jj{N(o  +  Pa>'  +  Qw,-^  Bod"  +  Scd;  +  T(o^^+  ...)dxdy (3). 

By  the  method  of  integration  by  parts  we  may  remove  the 
differential  coefficients  of  oo  from  under  the  double  integral  sign. 
For 

jjPwdxdy:^  IjPwdy']  -  (JPwdy)  -- jjp'a>dxdy, 
ljQ(o,dxdy^\l  Qa>dx    -  (j  Qoodxi  -  jjQ^mdxdy. 
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By  two  auccessive  integrationa  we  have 


-  [/«■«%]  +  (/-«■«>%)  +jJB';«dxds, 
!JTm„icd}-  IJTa.d^'l  -  (!tu,i1x\ 

-  [JT,aJx]  +  (JT,«dx\  +  \\T„<^dxdy. 

By  integrating  lirat  with  [reapect  to  y  and  then  with  respect  to  a; 
we  obtain 

IISt,;dx dy-  \[ Soi'irl  -  {[  Sudi\ 

-  [Js,«rfy]  +  (!«,<.  dy)  +fjs:«  d,  dy  ; 
by  performing  tbe  integrations  in  the  reverse  order,  we  obtain 

IJSa;dx  dy  =  \\Ba>.  dy\  -  (j  So,,  dy') 

-  Us'wdx}  +  (js'adx)  +jjs;a>dxdy. 

For  the  sake  of  symmetry  we  may  use  the  half  sum  of  these 
equivalent  expressions,  that  is 

jjs^.dxdy  =  i  |^|sa ,jxj  +  i  Us.,dy']  - 1  (js^d^)  -  j (J&.,*) 

+ljs;a>dxdy. 

The  subsequent  terms  in  the  last  part  of  the  formula  (3)  may 
be  transformed  in  a  similar  manner.  Thus  the  expression  for  SU 
will  become  finally 

W=V-^iiUmdxdy { 
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where  for  shortness, 

+ 

The  two  expressions  which  have  been  foond  for  jlSw'dxdy 
must  be  identically  equal ;  hence  we  have 

rj/Swe&l  -  (JSw'dx^  -  r/>S,(»rfy]  +  (js,a>dyj 

=  Usw, dy]  -  (jSw^ dy\  -  [[^'©e&l  +  (Js'todx)  . 
This  may  be  written 

lj(8(o'  +  /S'ft))  (fel  -  (JfSw'  +  5'co)  (fo) 

=  [1(^0,,  +  8,c)  rfyj  -  ([(^a,,  +  5,co)  rfy) (5). 

This  will  be  verified  presently  (see  Art.  106).  We  may  ob- 
serve here  that  So)  +  8'w  is  the  partial  differential  coefficient  of  Sao 
with  respect  to  x  before  substituting  the  value  of  y  obtained  from 
one  of  the  limiting  equations.  But  the  value  of  {8m  -^S'wjdx 
after  we  substitute  for  y  its  value  is  no  longer  a  complete  differential 
with  respect  to  x  and  thus  cannot  be  integrated  immediately. 
Similar  remarks  apply  to  the  term  (/Sw^  +  8^w)  dy. 

[This  remark  guards  against  the  error  indicated  in  Art.  27.] 
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104.  The  tweiify-first  Bection.  For  £7  to  be  a  mftxtmnm  or 
minimum  we  must  linve  8(7=0.  The  double  integral  included  in 
equation  (4)  cannot  be  reduced  to  simple  integrals  because  oi  is  an 
arbitrary  functiou  of  x  and  y ;  it  will  tberefore  be  necessary  tbat 
the  two  parts  of  tliis  formula  should  separately  vanish.  Thus  we 
obtain 

r  =  o,  if=0, 

for  the  equations  which  must  be  satisfied  in  order  that  the  double 
integral  which  we  are  considering  should  have  a  maximum  or 
minimnm  value.  The  second  equation  will  serve  to  find  z  in  terma 
of  3!  andy;  this  equation  will  be  in  general  a  partial  differential 
equation  of  the  order  2n  if  V  be  of  the  order  ».  The  first  equation 
will  decompose  into  others  the  number  and  nature  of  which  in  the 
different  cases  which  may  occur  we  will  investigate  in  the  sub- 
sequent articles.     This  is  the  most  delicate  part  of  the  question. 

The  preceding  analysis  may  be  extended  without  difficulty  to 
triple  and  quadruple  integrals,  &c.  In  the  case  of  a  triple  integral, 
for  example,  we  shall  obtain  for  the  variation  an  expressioD 
analogous  to  that  in  equation  (4) ;  this  expression  will  consist  of  a 
triple  Integral,  and  of  another  part  containmg  only  double  integrals 
which  relate  to  the  limits  of  the  triple  integral  we  are  considering. 
"We  might  also  suppose  that  the  quantity  under  the  triple  integral 
sign  involves  unknown  functions  of  the  independent  variables,  and 
that  these  functions  are  independent,  or  that  they  are  connected  by 
gi^-en  partial  differential  equations.  We  sliall  not  stop  to  consider 
these  questions,  since  they  present  no  new  difficulties  and  no  useful 
applications. 

The  determination  of  the  relative  maxima  or  minima  of  mul- 
tiple integrals  can  be  reduced  to  the  determination  of  aiaoluU 
maxima  or  minima  by  the  method  of  the  thirteenth  section,  which 
is  obviously  applicable  whatever  may  be  the  number  of  the  ind*. 
pendent  variables.  Thus,  for  example,  if  the  first  of  the  double 
integrals 

jjvdxdi/,    jJTdxdy,     ijwdxdy,... 
ia  to  be  a  maximum  or  minimum,  and  at  the  same  time  the  ot 


are  to  liave  given  values,  the  problem  amonnta 
absolute  maximum  or  minimum  value  of 


3  investigating  the 


jj{V+aT+bW+&c.)dxdi,; 


where  a,  J, ...  are  unknown  cotfstauta  wLich  must  be  determined 
ty  means  of  the  given  values  of  the  integrals.  We  suppose  here 
that  these  integrals  and  the  first  integral  arc  all  taken  between 
the  same  limits. 


105.  The  twenty-secoud  section.  [The  results  from  this 
point  to  the  end  of  the  memoir  were  not  known  before  the 
publication  of  tJie  memoir.]  Let  us  now  examine  the  equations 
relative  to  the  limits  of  U  which  are  necessary  for  the  maximum  ot 
minimum  of  this  double  integral,  and  which  must  be  deduced  &om 
the  condition  T  =  0. 

In  order  to  render  the  reasoning  easier  to  follow,  we  will  sup- 
pose that  X,  y,  s  are  the  rectangular  co-ordinates  of  any  point  of  the 
surface  determined  by  H=0,  and  that  the  integral  U  corresponda 
to  a  zone  of  this  surface  comprised  between  two  closed  curves 
which  will  be  given  or  which  will  have  to  be  determined.  Let 
ABC  be  the  projection  of  the  exterior  curve  upon  the  plane  of 
{x,  y),  and  DEF  that  of  the  inteiior  curve  upon  the  same  plane 
{see  fig.  2),  The  integral  relative  toaiandy  which  8  f  represents  will 
extend  to  all  the  elements  dx  dy  of  the  plane  area  intercepted  be- 
tween these  two  curves.  It  may  however  also  be  considered  to 
represent  the  excess  of  a  double  integral  extended  to  all  the  ele- 
ments of  area  enclosed  by  the  cun-e  ABC  over  the  same  double 
integral  extended  to  all  the  elements  of  area  enclosed  by  the  curve 
DEF.  Now  hfJ  reduces  to  T  since  by  supposition  11=0;  and 
r=r"'— r""'  where  F"'  denotes  that  part  of  Sf  which  arises 
from  the  area  bounded  by  ABC  and  F'"'  that  which  arises  from 
the  area  bounded  by  DEF.  Since  these  two  limits  ABC  and 
DEF  are  in  general  independent  of  each  other,  the  equation  F  =  0 
will  decompose  into  two  others,  namely, 
r"'  =  U,     r'"'  =  0. 

It  will  be  sufficient  to  consider  one  of  these ;  the  other  will  be 
of  the  same  fonn  and  susceptible  of  the  same  transformations. 


"We  had  in  the  tweutieth  section  tlie  equation 

[It  has  been  already  intimated  in  a  remark  on  Art.  101,  that 
Poisson  does  not  uae  his  syrabob  in  the  sense  whicli  lie  assigned  to 
them ;  the  terms  in  square  brackela  refer  to  the  upper  portions  of 
a  curve,  and  those  in  parentheses  refer  to  the  lower  portions  of  the 
aajne  curve.] 

If  this  double  integi-al  relates  to  the  area  ABC,  the  integration 
relative  to  y  which  has  been  eft'ected,  is  to  be  extended  from  one  to 
the  other  of  the  two  ordinates  PM  and  PM',  which  correspond  to 
the  same  ahsciaaa  x.  We  will  suppose  that  it  is  extended  from 
the  smaller  ordinate  PM'  to  the  greater  PM;  that  is,  we  consider 
the  variable  y  to  increase  and  so  d'y  to  be  positive.  As  the  element 
of  area  dicdy  is  essentially  positive,  it  follows  that  dx  must  lie 
regarded  na  positive  in  the  two  simple  integrals  which  are  indicated. 
The  first  will  correspond  to  the  part  AMB  of  the  curve  ABC  and 
the  second  to  the  part  AM'B  supposing  tliat  A  and  B  are  the  two 
points  of  tiie  curve  where  the  tangents  are  parallel  to  the  axis  of  ^. 
Let  s  denote  the  length  of  an  arc  of  the  curve  ABC  measured  from 
any  fixed  point  of  the  curve  up  to  the  point  M,  and  let  I  be  the  com- 
plete perimeter  of  the  curve.  Then  we  shall  consider  a  to  increase 
from  s  =  0  to  «  =  /,  and  thus  the  differential  ds  to  be  positive. 
liCt  P  be  the  angle  comprised  between  the  exterior  normal  MN  and 
the  produced  part  of  the  ordinate  PM.  Since  dx  is  the  projection 
oida  on  the  axis  of  a;,  we  shall  have 

dx=±  cos ^ da; 
the  upper  or  lower  sign  must  be  taken  according  as  cos  /3  is  positive 
or  negative.   But  the  angle  /9  is  acute  in  all  the  part  AMB  of  the 
curve  ABC  and  obtuse  in  all  the  piirt  AM'B;  hence  we  shall  have 

clx  =  C09  ^ds  throughout  the  extent  of  the  integral  I  Vty  dx  ,  and 
dx^  —  coi^ds  throughout  the  exteut  of  the  integral  (I  VSi/dxj . 

Hence  we  conclude  that  their  difference  will  reduce  to  a  single 
integral  relative  to  s  which  will  extend  throughout  the  whole 
canre ;  that  is,  we  shall  have 
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rfp^ydo;  I  -  (jvSydx)  =  J*  VcoafiSyds. 

Similarly  we  shall  have 

rjFSajrfyl  -  (jrSxdyj  =  [  VcoBaBxds, 

where  a  denotes  the  angle  which  the  exterior  normal  MN  makes 
with  the  produced  part  of  the  abscissa  of  tlie  point  M.  By  similar 
reasoning  we  may  reduce  to  a  single  integral  each  of  tlie  differences 
of  two  homologous  integrals  of  which  the  expression  T  is  composed. 
Thus  the  equation  F  ***  =  0  will  be  transformed  into  the  following : 

1    V[  coa  a  8x+ cos  fiSyjds 
+  r [f^- ^' -  I  ^.  +  •••)  cos  a  +  r^-  r,  -  i  /S'  +  ...)cos^l  a>ds 
+  1  fjBcosa+ -/Scos^— ...](»'{& 

+  1    [rcos^  +  - fi^cosa  — ...jcD^efo 

+  ...  =0 (6). 

The  figure  supposes  that  each  line  parallel  to  the  axis  of  y 
meets  the  closed  curve  ABC  in  only  two  points ;  but  this  trans- 
formation of  the  equation  F  ***  =  0  would  still  hold  if  the  number 
of  intersections,  which  must  be  even,  were  greater  than  two ;  we 
should  then  take  successively  for  the  two  ordinatcs  PM  and  PJ/' 
which  correspond  to  the  same  abscissa,  tliose  of  the  first  and  second 
intersection,  those  of  the  third  and  fourth,  and  so  on. 

106.  In  his  twenty-third  section  Poisson  verifies  equation  (5) 
of  the  twentieth  section. 

In  fact,  as  we  have  just  seen,  the  part  of  this  equation  which 
belongs  to  the  exterior  curve  is  the  same  thing  as 


lere  the  parentheses  denote  that  each  partial  diiFerential  coefficient 
is  takea  with  ivspeut  to  one  of  the  variables  x  oi  jf  before  we  suh- 
stitute  in  So)  the  value  of  the  other  variable  deduced  from  the 
equation  to  the  curve  ABC.  If  we  differentiate  with  respect  to  x 
afler  sabatituting  the  value  of  i/,  we  have 


d.8i»_ 
dx    ' 

ils    ~ 


(d.  8a)\      rd.  Sa\  dy 
\   dx   /"'"I   dy    jdx' 

d.  8ro  dx      d.  Sti} 


and  since 

it  follows  that 

Now  I     '        ds=  Sa>  +  constant ; 

and  aince  So>  has  the  same  value  at  the  two  limits  s  =  0  and  3=  t 
which  belong  to  the  same  point  of  the  closed  curve  ABC,  it  follows 
that 

Ileace  the  equation  reduces  to 


/.'r-#)-^^- 


-/:(" 


if)i"'^*- 


By  help  of  thia  result  we  sec  that  tlie  equation  which  wc  s 
to  verify  may  be  written  thus, 


L\   dy   )\d.e 


CI3&P+  C03ft[  (7s  =  0. 


But  if  a  and  b  denote  the  angles  wliich  the  tangent  at  any 
point  M  of  the  curve  ABC  makes  with  the  axes  of  x  and  y,  we  can 
take  in  this  equation  where  the  differentials  dx  and  dy  may  be 
poeitiTe  or  negative, 

dx  =  COB  a  d»,    dy  ^  coa  h  da. 
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ThuB  the  equation  ie  transformed  into  the  following ; 

1   |~^-^)  J  cosa  coaa  +  cosS  cos  Jf ^=0; 

J^\   di/    /[  )  cosn 

this  result  is  obviously  true  since  the  factor  cos  a  cos  a  +  cob  ^  cos  J 
is  the  cosine  of  tlie  angle  comprised  between  the  tangent  and  the 
normal  at  the  same  point  M  of  the  curve  ABC,  and  is  therefore 
equal  to  zero.  It  is  evident  this  verification  applies  in  the  same 
way  to  the  part  of  equation  (5)  which  belongs  to  the  interior 
curve. 

107.  In  his  twenty-fotu^h  section  Poiason  effects  some  trans- 
formations of  the  equation  (6)  of  Art.  105.  Tlie  applications  of  the 
preceding  formulEe  to  geometry  and  mechanics  relate  to  problemB 
where  the  function  V  depends  on  the  inclination  of  tangent  planes 
and  on  the  magnitude  of  radii  of  corvature.  In  order  then  to  avoid 
useless  complication,  we  will  suppose  that  the  highest  differential 
coefficient  contained  in  Fia  of  the  second  order.  In  this  case  the 
equation  ff  =  0  involves  partial  differential  coefficients  of  the  fourth 
order,  and  the  first  member  of  equation  (S)  Is  reduced  to  its  first 
four  terms.  But  in  order  to  be  able  to  deduce  from  this  equation 
(6)  the  conditions  relative  to  the  second  limit  of  U,  it  is  necessary 
to  transform  its  third  and  fourth  terms,  and  to  reduce  the  threo 
variations  u,  w',  and  o>,  to  two  only. 

All  the  terms  of  equation  (6)  are  integrals  relative  to  the  arc  a 
of  the  curve  ABC,  where  s  is  the  independent  variable  and  ds  is 
constant  and  positive.  Under  the  integral  sign  e  is  regarded  as  s 
function  of  x  and  y,  which  is  obtained  from  the  equation  to  the  re- 
quired surface,  that  is,  from  the  complete  integral  of  the  equation 
H=  0,  The  variables  x  and  y  are  implicitly  supposed  to  be  functions 
of  a  determined  by  the  equation,  known  or  imknown,  of  the  curve 
ABC.  Thus  by  differentiating  m  with  respect  to  »,  we  have 
d(6  _    ,dx  dy 

da  da        'da' 

hence  since  d3^  +  dy'  =  da',  we  may  write 

,_^rfm     ^dif  _di/  dai      .dx 

ds    da  ds  '        '      ds    ds  ds  ' 

where  6  is  an  indeterminate  variation. 


The  difierentials  dx  and  dy  are  as  in  the  preceding  article 
capable  of  changing  sign  in  the  covirae  of  the  integration,  that  is, 
as  we  proceed  from  point  to  point  of  the  curve  ABC.  Since  the 
angles  a  and  ^  relate  to  the  exterior  part  of  the  normal  MN  it  ia 
caay  to  see  that  we  shall  have  at  any  point  M, 
dy  n     dx 


Substitute  these  values  and  those  of  cu'  and  q 
and  it  becomes 


in  equation  (G), 


-/>-«)  SIS* 

[By  some  accident  Foisson  himself  omits  the  last  line;  the 
error  is  noticed  by  Bjiirling.  In  conseqncncc  of  this  omission  two 
of  Poisson's  subsequent  formulte  in  this  section  are  incorrect ;  the 
necessary  alterations  have  accordingly  been  made.] 

By  integration  by  parts  we  have 


■(f- 


d7\d^  ^ 

ds)  da  da 


+  {R-T) 


dx  d*y  +  dy  d^a 
d? 


-    tods; 


for  the  terms  outside  the  integral  sign  vanish  since  they  are  the 
difference  of  two  values  of  the  Bame  quantity,  one  relating  to  the 
limit  a  =  0,  and  the  other  to  the  limit  8  =  1,  that  is  to  the  same  point 
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of  the  closed  curve  ABC.    [Similar  treatment  may  be  applied  to 
the  term  which  Foisson  omits.]    Moreover 

da  da        *  da^    da  da        '  da  ^    da  da        'da' 

Let  us  suppose  for  shortness  that 

„  da?        ,rn       •n\  ^'^ 


2^  H  ds      2    'els'     °  <W~^' 


Q-l^'-T.h*§)*B.^£HR-T)^ 


1  gy,  da?     1  Q  dx  dy       q  d^x  _  -y 

[The  value  of  Z  agrees  with  Poisson's ;  those  of  X  and  Y  diflfer 
since  Foisson  omits  the  last  three  terms  of  each.] 

Thus  equation  (6)  finally  becomes 

+  f  Z0da=:O (7); 

Jo 

and  this  is  the  simplest  form  it  can  take. 

108.  The  twenty-fifth  section  relates  to  the  case  in  which 
some  condition  is  given.  In  the  problems  to  which  this  equation 
can  be  applied,  it  will  sometimes  happen  that  the  length  of  the 
exterior  curve  to  which  it  relates  is  to  have  a  given  value ;  or  more 
generally  that  one  or  more  integrals  taken  throughout  this  length 
are  to  have  given  values.  It  will  be  sufficient  to  consider  one  of 
these  integrals ;  for  similar  remarks  would  apply  to  the  others.  For 
greater  simplicity  we  will  suppose  that  the  differential  function 
which  occurs  imder  the  sign  of  integration  is  only  of  the  first  order. 

At  any  point  of  the  exterior  curve  then,  let 

dx  ^    ,     dy  ^    , 
di"^'    d'z'^' 
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let  W  denote  a  given  fanction  of  x,  y,  ss,  x',  y',  and  suppose  that 

o  being  a  gi\'en  constant,  and  the  integral  extending  throughout 
this  curve,  eo  that  it  is  the  aame  thing  as  |   W-pds.    In  order  to 

introduce  this  condition  it  will  be  sufficient  according  to  the  remark 
in  tiie  thirteenth  section  to  add  to  Z7the  integral  JWdz  multiplied 
by  an  undetermined  constant  wliich  we  will  denote  by  c.  Thus 
the  first  member  of  equation  (7)  is  angmented  by  the  term  cS/Tf'rfz. 
Now  if  we  put 

dW^         dW^        dW^         dW^ 
dm      ^'      di/        '     dx         '     dy'        ' 
tliis  term  has  for  its  value 

considering  x  and  y  aa  functions  of  z  in  the  formula  of  tlie  seventli 
section  (Art.  92)  and  observing  that  the  part  outside  the  integral 
sign  vanishes  because  the  curve  which  we  are  considering  ib  a 
closed  curve. 

Suppose  tbat  this  curve  is  to  lie  on  a  am-face  which  we  will 
denote  by  the  differential  equation 

dz  =  pdx  +  qdy, 
where  p  and  ;  are  given  functions  of  x,  y  and  z.  We  shall  see 
presently  (Ait.  1 14)  how  the  case  of  a  curve  unrestricted  is  com- 
prised in  the  present.  The  co-ordinates  3^,  y,  z  of  any  point  in 
this  curve,  and  also  the  varied  co-ordinates  x  +  hx,  y  +  Zy,  e-(-Sa 
must  satisfy  the  equation  to  the  given  surface ;  we  may  therefore 
differentiate  that  equation  relatively  to  the  characteristic  S;  thus 
we  shall  have 

&z  =jjix  +  qiy 
as  well  as 

de  =pdx  +  qdy. 

Hence  ^~^'^  =  !?(^^~^  ^^j  • 


If  then,  for  abbreviation,  we  put 

dm      ,  dn      , 

az  dz 

the  term  which  is  to  be  added  to  equation  (7)  becomea 


c£(/.^-A2)(; 


hx\ds. 


Thus  it  has  the  same  foim  aa  the  first  term  of  this  equation ; 
consequently  in  order  to  introduce  the  condition  that  the  integral 
/  Wdz  is  to  have  a  constant  value,  we  have  only  to  change  in 
equation  (7)  Finto  V-\- c{kp  —  hq).  The  constant  o  will  have  to 
be  determined  in  every  case  from  the  value  <r  of  the  integral 
iWdt. 


109.  The  twenty-sixth  section.  Let  us  now  observe  the  re- 
sults which  may  be  deduced  from  equation  (7)  thus  modified  if 
necessary.    Let  ua  put 


^h£=  cosaSx  +  C08/3Sy  =  c, 


<u  =  Jb  -  b'&c  -  zpij  =  .^\/l  +  z"+e,'. 
The  point  M  of  the  curve  AUG  whose  co-ordinates  are  x  and  y 
being  transferred  to  the  position  indicated  by  the  co-ordinates  x-^Sos 
and  y  +  S^,  we  see  by  the  value  of  e  that  this  variation  denotes  the 
displacement  of  M  projected  on  the  normal  MN.  The  cosines  of 
the  angles  which  the  normal  to  the  required  surface  at  the 
point  (j;,  y,  z)  makes  with  the  co-ordinate  axes  are  respectively 


1 


VH 


vn 


■JXT~z 


Thus  the  variation  ^  is  the  projection  on  this  normal  of  the 
displacement  of  this  point  (x,  y,  x)  when  its  coHsrdinates  become 
x  +  h^,  y  +  ty  and  a+Se;  and  in  equation  (7)  this  displacement 
belongs  to  any  point  of  the  exterior  cur>-e.  As  to  the  third  arbi- 
trary variation  contained  in  equation  (7),  namely  6,  this  depends 
on  the  change  of  inclination  experienced  by  the  tangent  plane  to 
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the  reqnired  emface  at  any  point  of  the  exterior  curve.     [In  fact 
we  have  from  the  equations  in  which  d  firat  occurred 


uk]  if  we  insert  the  valuea  of  &>,  and  a 


from  Art.  102  we  have 

■■  -  z"8cc  - 


'.%)!■ 


TIius  0  involves  Sz,  and  Be  and  ia  thoa  connected  with  the 
change  of  inclination  of  the  tangent  plane.] 

Now  ii'  the  second  limit  of  U  is  not  restrained  by  any  given 
condition,  the  three  variations  e,  tf>,  8  will  be  completely  arbitraiy 
and  independent ;  hence  in  order  that  equation  (7)  may  subsist  it 
will  be  necessary  that  the  coefficients  of  these  variations  under  the 
integral  sign  should  be  separately  zero.  Thus  we  shall  obtain 
three  equations, 

Y'^-xf.O,    Z-O 

da  da 


-0, 


..(8). 


\Vlien  the  second  limit  of  U  has  to  satisfy  some  given  con- 
ditions the  three  variations  c,  ^,  8  are  no  longer  independent;  then 
the  equations  (8)  or  at  least  one  or  two  of  them  will  not  hold  and 
must  be  replaced  by  others.  The  following  are  the  principal  cases 
which  may  arise.  [Five  cases  are  considered  which  will  occupy  the 
following  five  articles,  extending  to  the  end  of  Poisson's  twenty- 
sixth  section.] 

110.  Suppose  that  the  exterior  carve  is  fixed  and  given,  and 
let  us  represent  its  two  equations  by 

f{x,  y,  z)=0,     F(x,  y,  *)  =0 (9). 

From  the  signification  of  e  and  <f>  it  follows  that  these  quantitiea 
now  vanish ;  thus  the  first  two  terms  of  equation  (7)  disappear. 
The  first  two  equations  of  (8)  will  now  no  longer  be  necessary  and 
tfaey  will  be  replaced  by  tlie  equations  (9). 

Let  ua  further  suppose  that  the  required  surface  is  lo  touch 
throughout  the  perimeter  of  the  exterior  curve  a  fixed  and  given 

face,   as   for  example   the  surface   which  has  for  its  eqoation 
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F{x,  y,  z)  =  0,  and  the  differential  equation  of  which  we  will  repre- 
sent by 

dz^pdx'\-qdy. 

It  will  be  necessary  on  account  of  this  contact  that 

for  every  point  of  the  exterior  curve.  These  however  are  not 
two  new  independent  equations ;  for  since  the  curve  is  abeady  the 
intersection  of  the  required  surface  and  the  given  surface,  the  dif- 
ferential dz  taken  along  its  direction  has  the  same  value  whether 
it  be  obtained  from  the  equation  to  the  first  surface  or  from  the 
equation  to  the  second  surface;  thus  we  have  already  the  rela- 
tion 

pdx  +  qdy  =  zdx  +  z<dy ; 

and  by  means  of  this  relation  one  of  the  equations  j?  =  «'  and  q  =  z^ 
is  a  consequence  of  the  other. 

On  the  other  hand  the  variation  ^  and  consequently  to  will 
be  zero,  not  only  for  all  the  points  of  the  exterior  curve,  but  also 
for  all  those  of  an  indefinitely  narrow  zone  of  which  this  curve  forms 
part ;  we  may  therefore  differentiate  the  equation  ©  =  0  along  the 
direction  of  this  curve  and  along  any  other  direction ;  thus  we  shall 
have  throughout  the  whole  perimeter  of  the  curve 

—  =  0,    6)'  =  0,    6),  =  0; 

thus  the  quantity  6  which  occurs  in  the  twenty-fourth  section 
vanishes,  and  the  third  term  of  equation  (7)  vanishes. 

Thus  in  this  first  case  the  three  variations  €,  ^,  6  being  zero, 
the  equation  (7)  vanishes ;  the  equations  (8)  which  were  deduced 
from  (7)  do  not  hold,  and  they  must  be  replaced  by  the  equations 
(9)  which  will  be  given  in  each  particular  problem,  and  by  one  of 
the  equations  ^  =  2?',  j  =  «,. 

111.  Suppose  that  the  exterior  curve  is  fixed  and  given,  so  that 
€  =  0  and  ft)  =  0,  and  suppose  that  the  second  limit  of  ?7  is  not 
restrained  by  any  other  condition.  The  equation  o)  =  0  can  now  be 
differentiated  only  along  the  direction  of  the  given  curve;  we 
have  then 


0*/ 


the  factor  6  remains  indeterminate,  and  we  must  have  Z=  0  in  order 
to  aatisfy  equation  (7)  which  now  consista  of  only  its  third  term. 

In  this  second  case  the  third  of  the  equations  (8)  holds,  and  the 
other  two  are  niplaceil,  as  in  the  first  case,  by  the  two  given  equa- 
tions of  the  exterior  curve. 

112,  If  this  curve  is  not  fixed  but  only  constrained  to  lie  on  a 
given  surface  which  is  determined  hy  the  equation 

F{x,y,z)=^ (10), 

then  the  co-ordinatea  x,  y,  z  and  also  x-\-Zx,  y  +  Sy,  z  +  Sz  must 
satisfy  this  equation.  We  may  therefore  differentiate  with  respect 
to  the  characteriatic  S ;  thus  if  we  represent  the  ordinary  differential 
equation  by 

dz  =  p'fx  +  qif)/, 
we  shall  also  have  simultaneously 

Sz  =pSx  +  qZy. 
Hence  the  variation  u  will  he  given  by  the  equation 
<^  =  {p-  z)Zx+  {q-z)  hj. 

Suppose  moreover  that  the  required  surface  ia  to  touch  the  giveu 
surface  throughout  the  perimeter  of  the  exterior  curve.  We  shall 
have  the  two  relations  p=z'  and  q  =  z_,  one  of  which  is  a  conse- 
quence of  the  other,  as  we  have  shewn  in  the  first  case.  These 
relations  will  make  q>  vanish  for  all  points  in  an  indefinitely  nai> 
row  zone  comprising  the  exterior  curve ;  hence  as  in  the  first  case 
we  conclude  that  5=0.  Since  the  variations  w  and  6  are  zero  the 
equation  (7)  ia  reduced  to  its  first  term ;  and  in  order  that  it  may 
hold  wiiatevcr  may  be  the  value  of  the  iudetermiuate  variation  s  we 
muBt  have  V=  0 ;  or  ratlier 

r+c(J^-Ay)=0 (11), 

if  we  suppose,  as  before,  that  the  value  of  a  certain  integral  jWdM 
is  given. 

Thus  in  this  third  case  the  equations  (8)  are  replaced  by  tlie  equar- 
tiona  (10)  and  (U)  together  vrith  one  of  the  two  relations  p  =  b' 
and  J  =  t, . 


I 
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113.     Suppose  that  the  exterior  curve  is  atill  conetrained  to  lie 

on  the  surface  determined  by  equation  (10),  but  that  the  tangent 
plane  to  the  required  surface  is  not  subject  to  any  restriction 
throughout  tlie  perimeter  of  the  exterior  curve ;  the  expression  for 
to  given  in  the  preceding  case  will  still  hold,  but  there  will  be  no 
resulting  limitation  for  the  quantity  0,  which  will  remain  altogether 
arbitrary  and  independent  of  Sx  and  8y ;  the  coefficient  of  ^  in 
equation  (7),  that  is  Z,  must  therefore  be  zero.  8ubstitute  the 
expression  for  u  in  this  equation  and  it  will  become 

But  as  the  two  variations  Sx  and  Bi/  are  arbitrary  and  incl&> 
pendent  their  coefficients  must  be  separately  zero ;  if  we  add  then 
to  V  the  part  which  arises  from  supposing  tiie  integral  JWdz  to 
hare  a  given  value  we  shall  obtain 

){i-'.)-[vfHh'-h)]^- 

But  one  of  these  equations  is  a  consequence  of  the  other ;  for  if 
we  multiply  them  crosswise  and  suppress  the  factor  common  to  the 
two  products  we  obtain 

{p  -z')dx=  (a,  -q)dy; 
and  this  equation,  as  we  have  seen  in  the  first  case,  follows  from 
the  fact  that  the  required  surface  and  the  given  surface  intersect  in 
the  csterior  curve  which  we  are  considermg.     These  equations  may- 
be written  in  the  following  manner 

T{p-z')d^=\_X{p'z')  +  V-\-c{lcp-qh)-\  dy, 
X{q-z)dti={Y{q~z)-\-V+c{lcp-qh)]dx; 
multiply  these  equations  and  reduce,  thus  we  obtain 

V+c{hp-qh)  +  X{p-z')+Y{3'-z:j=Q (12)., 
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Thus  m  this  fourth  case  tlie  third  of  equations  (8)  holds,  and 
the  two  others  will  be  replaced  by  equation  (12)  together  with  that 
of  the  given  surface  of  which  the  difTerential  equation  is  represented 
by  dx  =pdx  +  qdy. 

114.  Lastly,  suppoae  that  the  tangent  plane  to  the  required 
surface  may  vary  arbitrarily  throughout  the  perimeter  of  the  ex- 
terior curve,  and  that  this  curve  is  not  constrained  to  remain  upon 
a  given  surface.  The  equation  Z=  0  will  atill  hold.  We  may  write 
eqoation  (12)  in  the  form 

V+c{kz--hz)-^{X  +  ck){p-z')  +  {Y-ch){q~z)=0; 

multiply    by  dx,    and  put   (a,  —  q)  dy   for    [p  ~z')dx;    thus   we 
have 

[V^c{lcz' -hsy\dx+[Ydx-Xdy  -c{hdx-¥Mny\{q-z)^Q. 

But  the  quantity  q  is  altogether  arbitrary,  since  now  the  surface 
which  had  for  its  differential  equation  dz=pdx  +  qdi)  is  not  given; 
the  preceding  equation  must  therefore  separate  into  two,  and  con- 
necting them  with  Z=  0  we  shall  Iiavc  for  the  three  equations  be- 
longing to  tlus  fifth  and  last  case 

Ydx-Xdy-c[hda:-^kdy)=<i,  \ (13). 

Z=0.  J 

These  equations  coincide,  as  they  should  do,  with  the  equations 
(8),  when  we  put  f  =  0;  this  amounts  to  suppressing  the  condition 
relative  to  a  given  value  of  the  integral  fWdz ;  so  that  now  there  is 
no  longer  any  given  condition  by  which  the  second  limit  of  t/"  is 
restricted. 

116.  The  twenty-seventh  section.  The  reasoning  already 
given  applies  equally  to  the  first  limit  of  C;  and  by  the  details 
which  have  just  been  given  we  see  that  the  conditions  of  a  maxi- 
mum or  minimum  of  this  double  integral  consist  in  this,  that  for 
each  limit  the  required  surface  must  satisfy  simultaneously  three 
known  equations  which  will  cither  be  directly  given,  or  which  may 
be  formed  for  the  different  cases  which  can  occur  in  the  manner  we 
have  explained.     These  two  systems  of  three  equations  will  serve 


for  Uie  determination  of  the  four  arbitrary  functions  involved  In  the 
complete  integral  of  tlie  equation  I£=  0. 

When  the  differential  fiinction  V  is  only  of  the  firat  order  we 
Bhall  alao  have 


S  =  0, 


=  0,    T=0; 


the  partial  differential  equation  11=  0  will  not  be  of  a  higher  order 
than  the  aecond ;  we  shall  have 

X=-P,     Y=Q,    Z=0; 
and  the  equations  of  the  preceding  article  will  simplify  and  will 
reduce  to  two  for  each  limit  of  U. 

If  we  wish  to  apply  the  formiilffi  of  the  preceding  article  to  the 
case  of  a  single  integral,  we  must  suppose  tliat  the  quantity  F  is  a 
function  only  o(  x,  z,  z',  «";  hence  we  shall  have 

Q=o,  s=o,  r=o. 

It  will  be  necessary  at  the  same  time  that  the  zone  of  the 
Teqnired  surface  to  which  the  intcgi'al  U  will  belong,  should  be 
comprised  between  two  planes  parallel  to  that  of  {y,  a).  The 
Curve  ABC  will  then  reduce  to  two  straight  lines  parallel  to  tlie 
axis  of  y,  the  limits  of  two  oval  curves  of  which  one  dimension  is 
indefinitely  increased ;  and  aa  in  the  equations  with  which  we  are 
concerned  the  diiferentiala  of  x  and  y  relate  to  this  curve  and  the 
differential  ds  is  supposed  constant,  we  must  put 

(ic  =  0,   d'a:  =  0,   dif^tb,   d'ff  =  0. 

The  condition  relative  to  the  length  will  no  longer  hold,  so 
tiiat  we  ajso  must  suppress  the  terms  which  thence  arise,  that  is, 
put  c=  0.  Under  these  circumstances  the  equations  of  the  twenty- 
sixth  section  will  coinade  in  all  cases  with  those  which  would 
be  derived  from  the  fifth  case  (Art.  114),  observing  that  the  quan- 
tities which  were  represented  by  ;/  and  Q  in  that  section  are  now 
represented  by  z  and  J?,  and  that  the  fimction  F  being  supposed  of 
the  second  order,  the  quantities  R,  S,  &c.  of  that  section  are  zero. 
This  coincidence  would  supply,  if  that  were  needful,  a  confirmation 
of  our  analysis  with  respect  to  double  integrals. 

116.  In  his  twentj'-eighth  section  Poiason  makes  some  remarks 
on  the  mode  in  which  the  arbitrary  functions  are  to  be  determined 
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in  some  problems.  There  arc  particular  problems  in  which  the 
carve  which  Ibrnis  the  inner  boundary  of  the  required  surface  accord- 
ing to  the  hypothesis  of  the  twenty-second  section  (Art.  105)  does 
not  exist,  and  in  which  consequently  the  conditions  relative  to  this 
cnrre  must  be  replaced  by  others,  in  order  that  the  arbitrary  func- 
tions which  arc  involved  in  the  general  integral  of  the  equation 
H=  0  may  not  remain  undetermined,  and  that  these  problems  may 
be  completely  solved. 

This  circumstance  might  occur,  for  example,  in  the  question 
where  we  have  to  find  a  surface  of  which  the  area  should  be  a 
minimum  between  certain  limits.  The  equation  11  =  0  is  tlien  a 
partial  ditferential  equation  of  the  second  order,  and  its  integral 
involving  two  arbitrary  fiinelions  is  known  in  a  finite  form.  Now 
if  the  minimum  area  is  to  be  a  zone  included  between  two  given 
curves,  we  see  that  these  two  curves  through  which  the  required 
surface  is  to  pass  will  theoretically  serve  to  determine  the  two 
arbitrary  functions  which  occur  in  the  equation  to  the  surface,  that 
is,  in  the  integral  of  the  equation  //=  0,  the  only  difEcalty  being 
that  which  arises  from  the  complicated  fonu  of  this  integral.  We 
see  too  that  these  two  curves  might  be  exchanged  for  other  pairs 
of  conditions.  But  if  we  require  that  the  minimum  area  should  be 
all  that  ijortion  of  the  surface  which  is  bounded  by  the  e,.xterior 
curve,  it  aeema  then  that  the  integral  of  the  equation  11=0  will 
have  a  greater  degree  of  generality  than  the  problem,  and  that  the 
given  curve  will  not  be  sutiieient  for  tlie  determination  of  the  two 
arbitrary  functions. 

117.  In  order  to  remove  this  apparent  indcterminateness,  sup- 
pose we  exchange  the  rectangular  co-ordinates  .r  and  y  for  polar  co- 
ordinates r  and  0,  where  r  is  the  radius  vector  and  0  the  angle  which 
r  makes  with  a  fixed  line  drawn  through  the  origin  in  the  plane  of 
(x,  s).  Put  the  origin  within  the  boundary  formed  by  the  projec- 
tion DEFoi  the  interior  curve  {Art.  105}  when  such  curve  exists. 
Let  r=/{S),    ^  =  4>i0), 

two  equations  of  this  curve ;  and 

r=-F{0),    z  =  <i>(0}, 
the  exterior  curve  of  which  ABC  Is  the  projection. 


For  the  zone  of  minimum  area  tlie  values  of  r  wUl  extend 
r  =f{0)  tor  =  F(e),  and  those  of  0  from  0  =  Oia0=iv,  and  the 
arbitrary  functions  which  occur  in  the  integral  of  lf=0  most  be 
determined  ao  that  s  should  become  <p(0)  and  ^{d)  for  r=f{0) 
and  r  =  F{S)  respectively.  Outside  the  zone,  that  is,  for  values 
of  r  less  than  f{B)  or  greater  than  F{0)  whatever  6  may  be,  the 
ordinate  e  will  be  subject  to  no  limitation  and  can  become  infinite. 
But  if  the  minimum  area  ia  to  be  all  that  portion  of  the  surface 
the  projection  of  which  is  bounded  by  the  curve  ABC,  the  values 
of  r  will  extend  from  r  =  0  to  r  =  F{0)  for  every  value  of  0,  and 
throughout  this  extent  the  ordinate  b  must  be  finite.  We  shall 
therefore  suppress  in  tins  case  that  portion  of  the  Integral  of  ff=  0 
which  would  become  infinite  when  i-  =  0 ;  and  the  integral  thus 
modified  will  be  reduced  to  the  degi'ee  of  generality  which  the 
problem  has ;  so  that  the  single  condition  that  z  should  be  equal 
to  4>(^)  when  r  is  equal  to  F{0)  will  suffice  for  completing  the 
solution  of  the  problem. 

Thus  the  solution  of  the  question  of  the  minimum  area  and  of 
similar  questions,  separates  into  two  problems  wliich  are  quite  dia- 
tlnct  BO  far  as  relates  to  the  determination  of  the  arbitrary  fimctions. 
I  only  here  indicate  this  distinction  which  I  will  take  Dp  on 
another  occasion. 

If  the  required  aiu-face  is  closed  on  all  aides,  so  that  for  example 
we  have  to  find  the  surface  of  greatest  area  which  incloses  a  given 
volume,  the  conditions  for  this  relative  maximum  will  not  furnish 
any  equation  suitable  for  determining  the  two  arbitrary  fiinctions 
which  the  complete  integral  of  the  equation  H=  0  when  applied 
to  this  problem  will  involve.  It  is  by  means  of  other  considerations 
that  this  integral  must  be  reduced  so  as  to  contain  only  three 
arbitrary  constants,  namely  the  three  co-ordinates  of  the  centre  of 
the  sphere  which  solves  the  problem ;  the  radius  of  the  sphere  will 
be  determined  by  means  of  the  given  volume.  I  propose  to  con- 
sider this  particular  questioa  in  another  memoir. 

[It  does  not  appear  that  Poisson  ever  returned  to  the  two 
problems  which  he  proposed  in  the  above  section  to  consider  at  a 
future  period,] 


118.     In  the  remaining  three  sections  of  the  memoii'  FoLbsoq 
discusses  an   example.      In   an   addition    to    the   work    entitled 

Melhodug  inceniendi    Uneas Euler  determines  the  figure  of  the 

elastic  lamina,  properly  so  called,  by  means  of  a  principle  commu- 
nicated to  him  by  Daniel  Bemouilli,  namely,  that  the  integral  I  -j 

taken  throughout  the  length  of  the  curve  should  be  less  than  for 
any  other  curve  of  the  same  length  ;  ds  being  the  differential 
element  of  the  sought  curve  and  p  its  radius  of  curi'ature.  In  order 
to  give  an  example  of  the  employment  of  the  preceding  formulffi, 
we  will  extend  this  principle  by  induction  to  the  figure  of  equi- 
librium of  an  elastic  lamina  which  is  curved  in  every  direction  and 
the  points  of  which  are  not  acted  ou  by  any  given  force.  Thus 
denoting  by  p  and  |  the  two  principal  radii  of  curvature  at  any 
point  of  tliis  surface,  or  more  generally  the  radii  of  curvature  of 
two  normal  sections  at  right  angles,  and  by  da  the  differential 
element  of  the  surface,  we  shall  suppose  that  among  all  surfaces  of 
the  same  area  the  elastic  surface  is  that  which  gives  a 

'Vrftf. 


[This  ia  what  Poisson  saya, 
-^dxdy;  the  two  however 


value  to  the  integral      (-  + t 

but  he  really  takes  the  integral 

coincide  to  the  order  of  approximation  which  he  finally  jirescrvea.] 

By  the  theory  of  the  curvature  of  surfaces  we  know  that  the 

BUm  -  +  ^  has   the  same  value  for  every  pair  of  normal  sections 

at  right  angles  passing  through  the  same  point.    With  the  notation 
already  adopted,  we  have 

1      l_(l+g')2"-2/g,a;+(l+z'')z.. 
or,  which  is  the  same  thing, 


P^r 


Vl  +«' 


We  have  also 


+  2cw, 


rfo-  =  V 1+  a""  +  3  •  dc  rfy. 
Let  c  denote  an  undetermUied  constant,  and  pat 
V=  (u'  +  vf  +  2c  VI +8'  + 8,'; 

then  tlic  question  amounts  to  making  the  integral  JJVdasdy  ap 
alisolute  minimum,     (See  Art.  104.) 

The  quantity  N  of  the  nineteenth  section  (Art  102)  will  te  zero, 
and  P,  Q,  B,  S,  T,  will  have  for  values 

It  will  be  sufficient  to  substitute  these  values  and  their  first 
and  second  diiferential  coefficients  with  respect  to  x  and  t/  in  the 
equation  3"=  0  of  the  twenty-first  section  (Art.  104),  in  order  to 
obtain  the  indefinite  equation  to  the  elastic  surface ;  this  equation 
Trill  be  a  partial  differential  equation  of  the  fourth  order.  We  must 
also  substitute  these  same  quantities  iu  the  equations  of  the  twenty- 
aixth  section,  in  order  to  obtain  the  equations  relative  to  the  peri- 
meter of  the  elastic  sorface  in  all  the  cases  which  can  occur. 

We  wiU  confine  ourselves  to  writing  these  equations  for  the 
case  where  the  elastic  surface  differs  but  httle  horn  a  plane  figure 
parallel  to  the  plane  of  x  and  y ;  and  we  shall  neglect  consequently 
the  terms  in  I'  of  the  fourth  degree  with  respect  to  partial  differ- 
ential coefficients  of  «.  Thus  the  values  of  P,  Q, ...  and  therefore 
the  equations  in  question  will  be  exact  as  far  as  quantities  of  the 

i  order. 


^ 


poiasos. 
lava  we  hare,  simply 

V=  {z'+  B,,)'  +  2C  +  C  {3'+ 1^, 
horn  which  we  obtain 

N=Q,     P=2cz,     Q=2cz_,     fi=  7'=  2  («'■  +  «„),    S  =  0; 
thus  the  equation  ^  =  0  will  become 

z""+  28,,"+  z„„  -  e  (e"  +  a ,)  =  0. 

If  we  denote  by  f  a  new  variable,  we  may  replace  this  eqnatioii 
by  the  following  system  of  two  eqaations  of  the  second  order: 

^"t^„=i:,  r+L=cs (a). 

In  consequence  of  these  values  of  H,  S,  T,  the  quantity  2  of  the 
twenty-fourth  section  (Art  107)  will  be  equal  to  2^.  In  order  to 
fix  OUT  ideas,  I  will  suppose  that  the  limits  of  the  elastic  surface 
in  equilibrium  axe  curves  fixed  and  given,  but  that  the  tangcat 
plane  to  this  surface  is  not  restricted  by  any  condition  throughout 
the  perimeters  of  these  curves ;  hence  it  will  follow  from  the 
second  case  of  the  twenty-sixth  section  (Art.  Ill),  that  we  must 
combine  with  the  two  equations  of  each  limiting  curve  the  equation 
^=0  or  f=0,  in  order  to  form  the  two  systems  of  simultaneooB 
equations,  which  with  the  given  area  of  the  elastic  lamina  will 
serve  to  determine  the  constant  c  and  the  arbitrary  functions  con- 
tained in  the  integrals  of  equations  (a).  The  area  of  the  lamina 
cannot  differ  much  from  tliat  of  its  projection  on  the  plane  of 
X  and  y ;  denote  the  area  of  the  projection  by  X,  and  that  of  the 
lamina  by  X[l  +  (?)  so  that^  is  a  very  small  positive  fraction;  we 
shall  have 


Ml+5)=//^^ 


I  Vl  +s'*  +  2/(ic(/y, 

or  to  that  order  of  approximation  which  we  have  adopted 

V7-i//(»"+ «,■)<&* (*)• 

119.  We  may  give  another  form  to  the  equations  {a)  and  (ft) 
by  ohaQging  the  rectangular  co-ordinates  into  polar  conardinates. 
Let  T  be  the  radius  vector  of  the  projection  of  any  point  of  the 

7—2 
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« 

surface  upon  the  plane  of  x  and  y,  and  6  tiie  angle  which  this 
radius  makes  with  the  axis  of  x,  so  that 

a  =  r  cos  ^,    y  =  r  sin  ^. 

The  ordinate  z  will  become  a  function  of  r  and  6,  and  we  shall 
have 

T-  =  «  cos  0  +  «,  sm  &| 


dr 

dz 
dd 


^z^r  ooaO  —  zr  ainO'f 


hence 


z' 

dz 
~dr 

cos 

e 

dz 
d6 

BvaO 
r 

'. 

dz 
~d^ 

sin 

e 

,  dz 

coaO 

• 

r     ' 

and  as  the  element  dx  dy  will  be  replaced  bj  rdr  dO^  the  equation 
(&}  will  become 

v^/s)'-^®]-*^' (* 

If  we  put  z'  in  the  place  of  «;  in  the  value  of  z\  we  shall  have 

„     dz'        ^     dz'  BinO 

^^di^'^^-W-T' 

by  differentiating  the  value  of  z'  in  succession  with  respect  to  r  and  d, 
we  obtain 

dz'  _d^       /!«.  ^*^     sing     <fe  sin tf 
TlF^df^^^^'WddlT'^dd^i^' 

dz'       d'z         ^     d^z  sing     dz   ,    ^     dz  cosO 

^==5^^'^-^  -;: — Tr'^^-d0-7-' 

hence 

"     ^«       s/i     »  ^''^    sing  cos  g     £?■«  sin"g 
z=-^cos0-2^^—^ +  38' -P- 

(&  sin"  0      ^dz  sin  g  cos  0 
dr     r  dd        V 


We  aliall  find  in  the  same  way  tbat 

z-^.me+'ij^ — ;: — +W  ■  . 

de  COS*  0        tbs  sin  ScoaO 
'*"d?  ~r~~     Te         r'        ■ 

The  same  tranaformationa  will  apply  to  the  differential  coeffi- 
cients f "  and  f„ ;  thua  the  equations  (a)  will  be  changed  into  tho 
following : 

rf^      1  d^     1  (fz     „    1 

dP'*'?W'  .    „. 


•'■r  1  d-iidi 


SJ+p; 


■  * 


-=f 


From  the  hypothesis  of  the  preceding  article  and  the  supposition 
that  the  exterior  and  interior  curves  wliich  bound  the  required  sur- 
face are  determined  hj  the  same  equations  aa  those  in  the  twenty- 
eighth  section  {Art.  117),  it  follows  that  the  valne  of  e  which 
we  shall  obtain  by  the  integration  of  equations  (rf)  muflt  satisfy 
simnltaneously  the  three  equations 

r  =  F{B),    a  =  *(^,     ^=0 (e) 

relative  to  the  exterior  limit  of  the  surface,  and  most  satisfy  simal- 
taneoualy  tho  three  equations 

r=/(«),     ..+  («),     !:=0 (/) 

relative  to  the  interior  limit.  In  the  moat  usual  caao  this  second 
limit  will  not  exist ;  according  to  what  has  been  explained  above 
we  shall  then  replace  the  equations  {/)  by  the  condition  that  the 
valne  of  s,  which  corresponds  to  t-  =  0,  shall  not  become  infinite ; 
and  the  same  must  hold  with  respect  to  ^,  since  we  have  supposed 
in  the  preceding  article  that  the  partial  differential  coefficients  of  z, 
and  therefore  f,  are  veiy  small  quantities  through  the  whole  extent 
of  surface  which  we  are  considering.  In  order  that  there  may  not 
remain  any  doubt  on  this  last  case  I  will  complete  the  investigation 
on  the  simplest  hypothesis,  namely,  supposing  that  the  elastic 
lamina  is  circular  and  that  its  figure  of  equilibrium  is  that  of  a 
Bar&ce  of  levolation. 
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120.  If  we  take  tbe  axis  of  the  em-face  for  that  of  0,  tlie 
quantities  f  and  z  will  be  independent  of  6,  and  tlie  equations  [d) 
will  reduce  to 

(?■«  ,  \de _^     d'tld^_ 


^'2"{- 


-Is)- 


Let  a  denote  the  given  radius  of  the  projection  of  the  lamina 
on  the  plane  of  the  co-ordinatea  r  and  0 ;  we  shall  have  X  =  ira*. 
[It  does  not  appear  why  «  is  said  to  be  tfivc/i.]  Tlie  double  in- 
tegral contained  in  equation  (p)  will  extend  from  0  =  0  and  r  =  0 
to  (*  =  Sir  and  r  =  a,  and  this  eqnation  will  become 


,dz 


=  a,  or  in  other  words  the 


inclination  of  the  tangent  plane  of  the  lamina  to  the  plane  of  pro- 
jection at  any  point  of  the  perimeter.  When  this  inclination  ia 
given  we  can  immediately  deduce  the  value  of  1  +  j,  which  ia  the 
ratio  of  the  area  of  the  lamina  to  the  area  of  its  projection;  and 
reciprocally.  [It  is  difficult  to  comprehend  this  equation  g  =  J^S" ; 
the  equation  (c)  ia 

^4/x(i)''*^^='/:(S'""- 

Poisson  seems  to  put  this  =Tr  f-j- j  I    rdr,  which  is  not  justifiable. 

However  he  only  refers  to  this  equation  once  again,  see  page  104. 
Moreover  if  he  takes  ,3  as  given  he  has  no  right  to  the  equation 
f=0  at  the  limit;  see  the  first  case  of  the  twenty-sixth  section, 
Art  110.]  We  may  suppose  that  the  plane  of  the  co-ordinates 
r  and  0  is  that  of  the  boundary  of  the  lamina ;  the  equations  (e) 
will  then  be 

r  =  a,    2  =  0,     ?=0 (A). 

According  to  what  I  have  found  in  another  memoir  {Journal 
de  I'Ecole  Polytechm^m  19'  cahier,  page  475)  the  complete  integral 
of  the  second  eqnation  (y)  is 

f  =  a  J  V"^— rf« -I- 5 1'e-''^"- log  (r  sin* «}  rfo) ; 
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two  arbitrary  constantB,  and  e  the  base  of  the 
Napierian  logarithms.  It  ia  indeed  easy  to  verify  that  this  valne 
of  f  aatiafiea  the  second  equation  (ff) ;  for  we  deduce  immediately 

d-S    ld{         f-rv;„.      ,     ,       ov/Jf 


+  Je[V"^— c. 


By  intcgratioii  by  parts  we  have 


;  {r  sin*  w)  (^w 
og  (r  flin'  w)  (£» 


-  c  I  e"'"''"""  sill'  0*  log  (c  sin'  w)  c?«. 
Thus  the  preceding  equation  is  reduced  to 


and  thia  coincides  with  the  eocoud  equation  (c)  by  reason  of  the 
value  of  £^ 

I  put  J  =  0  and  suppress  the  second  term  of  the  value  of  f; 
otherwise  f  would  become  very  large  near  the  centre  of  the  li 
and  infinite  at  the  centre  itself.     We  have  then  simply 

or,  which  18  the  same  thing, 


t=  a  rV"^™-  di»  +  aj'c"^— d 
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By  reason  of  tbe  tliird  equation  {h)  we  shall  have 


Jo  J  n 


and  if  we  replace  co?  by  another  constant  —  7*,  we  shall  have  for 
determining  7  the  equation 


/, 


s 

0 


COS  {ycoB(o)  cfQ)  =  0 (1). 

The  value  of  f  will  become 


w 


t- ,/;, 


TTCOSft)  , 

COS aft), 


where  -  is  put  instead  of  a.    I  substitute  this  value  in  the  first 

equation  (g) ;  then  integrating  we  have 

»  «• 

dz     aa  P  .    TT cos 0)   <2ft)       ao?f^L  7rcos6)\     da>        O 

;?-=—     sm-^^ -J-       1-cos-^ — r-  +  -; 

dr      r)fj^  a       coso)     YrJ^\  a      /  cos' ft)     r    ■ 

dz 

C  being  the  arbitrary  constant.  In  order  that  -j-  should  not  be- 
come very  large  for  very  small  values  of  r,  and  infinite  for  r  =  0, 
we  must  have  (7  =  0.    For  r  =  a  we  shall  therefore  have 


y 


^     aa  r«  .    ,  .    dft)       aa  f*,^  ,  %.    dm 

p  =  —  I  sm  (7  cos  ft)) •  — 5  I    {1  —  cos  (7  cos  a))]  — f—  J- 

y  Jo  'coso)     tJo  ^^cos'o)^ 

this  equation  will  serve  to  determine  the  constant  a,  fix)m  the  known 
value  of  fi  or  V2^.  Integrate  again,  and  denote  the  arbitrary  con- 
stant by  /;  thus  we  shall  have  for  the  equation  to  the  required 
surface 

w 

0  ,  oaf  ["^  f^  yr  cos  <o\    d<o 

■.g^'fTrfi-cos^""^^)^!-^. 

"f  Jo  U\  a      /   r  J  cos' ft) 

If  we  suppose  that  the  integral  with  respect  to  r  which  is  in- 
dicated in  the  last  term  of  this  formula  begins  with  r,  the  constant 
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/■mil  be  the  BagittA  of  this  surface,  that  ia  to  saj,  the  valiie  of  the 
ocd'mate  z  correaponding  to  its  centre,  that  is,  to  f  =  0.  From  the 
second  equation  (A)  the  value  of^/"  will  be 


fl^  r*r.  /  .T     da) 

-  -J-      11  —  COS  h  COS  w)l  — i— 
7*  Jo  •■  ^'  '■■  cos'm 


\dr-\     da, 


We  can  replace  by  convergent  series  the  deftaite  integrals  which 
occnr  in  these  different  formulie.  In  this  manner  the  equation  (t) 
will  become 


1-7-  + 


(1.2)'     (1. 


.=0  . 


•  W, 


where  2f  has  been  put  for  7.  The  values  of  7*  which  can  be  de- 
duced from  this  equation  arc  known  to  be  infinite  in  number,  and 
all  real  and  positive;  the  Icaat  of  them  is,  very  nearly, 

7*=  1-46796491. 

This  number,  which  occurs  in  several  problems,  has  been  cal- 
culated by  M.  Largetcau,  secretary  of  the  Bureau  des  hngiludea, 
[PoisBon  gives  no  reference  with  respect  to  the  roots  of  the  equation 
just  coQBtdered;  the  statements  are  proved  in  the  memoir  by 
Fourier  entitled  Tkforte  dit  Mouvftnent  de  la  Chaleur.  Mem.  de 
VAcad.    Tome  iv.  1819,  1820,  page  432.] 


We  shall  have  at  the  same  time 


f-' 


dr' 


.a. 


■f^ 


■f-' 


'f*- 


(1.2)'a 

(1 

.2 

3)"» 

•"•■■)■ 

1        '''■ 

■fr 

+ 

'3(1.2 

•a- 

n 

1.2. 

3)V  '  ■■■) 

■fr"^ 

7V 

■/■' 

4a'      9  (1 .2)'a'     16(1. 2. 3)' a' 
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The  eqnatibns  on  which  the  values  of  d  ahd  /depend  will  be 

'^^""T  r"2"^3(1.2)«     4(1.2.8)*"^  •••)' 

.     TToa'f        7^._7*  y  ,       1. 

^'^'^TV      4"*"9(1.2)*     16(1.2.3)«"^"*r 


Traa* 


[thatis,/+-g-sr  =  Oby(A)]; 

this  shews  that  cceteria  partbus  the  sagitta  /  will  be  proportional 

to  the  radius  of  the  lamina  a ;  if  we  take  the  smallest  value  of  7* 

We  shall  hav6 

/=- 0^/8  (1-60197). 

For  this  value  of  7*  the  ordinate  z  will  have  the  same  sign  as  / 
throughout  the  lamina;  and  there  will  be  no  sinuosity  in  the 
lamina;  hence,  disregarding  the  sign,  »  will  decrease  continually 
from  the  centre  to  the  perimeter ;  and  thus  it  is  that  /  has  the 
contrary  sign  to  /8. 

dz 
[We  have  to  ishew  here  that  -j-  cftnnot  be  zero  for  the  smallest 

value  of  ff  except  when  r  =  0.     Let  -^(7)  denote  the  left-hand 
member  of  equation  {Jc),  so  that 

Hence  if  -7-  could  vanish  for  a  value  of  r  between  0  and  a,  we 
dr 

should  have  F'{^)  =  0  for  a  value  of  7*  less  than  1*46796491.    But 

this  is  impossible  for 

2  f^ 

F{r^)  =  -  I    COS  (27COS  oo)  d(», 

4  r? 

F'(y)=i /    sin(27COsa»)cosa>{2a>) 

and  ^'(7)  ^  certailily  negative  so  long  as  87  cos  a>  is  less  than  tt, 
and  is  therefore  negative  if  7^  lies  between  0  and  1*4679649. 


IW 


W«  may  udd  that  the  equation  F'  {7)  =  0  will  have  real  roots, 
namely,  a  root  between  each  consecutive  pair  of  roots  of  F{y)  =  0 ; 
tbia  will  be  useful  to  remember  in  reading  Poisson'a  next 
paragraph.] 

If  we  substitute  succeasively  in  the  expression  for  e  different 
values  of  7*  derived  from  equation  {k)  we  shall  obtain  as  many 
different  fifpires  of  equilibrium  of  the  circular  lamina.  Their 
number  will  be  infinite  like  that  of  the  figures  of  the  ordinary 
lamina  which  is  curved  in  only  one  direction ;  and  the  number  of 
their  sinuoailies  will  augment  more  and  more  with  thfe  value  of  7* 
which  ia  used.  This  number  will  be  zero,  aa  just  stated,  and  there 
will  be  no  inflexion  of  the  lamina,  for  the  smallest  value  of  7*.  In 
all  cases  the  inclination  of  the  tangent  plane  will  be  zero  at  the 


centre  of  the  lamini 
when  r  =  0. 


ds 


121.  Here  Poisson's  memoir  closes.  The  last  eleven  pages  of 
the  memoir  have  been  spent  on  a  problem  which  ia  only  a  case  of 
a  single  integral.  It  may  be  useful  then  to  give  a  solution  of  the 
problem  in  a  simpler  form  than  Poisson's. 

Let  Oz,  Or  be  two  axes  at  right  angles  and  suppose  a  surface 
formed  by  the  revolution  of  a  curve  round  the  axis  of  z.  (See 
figure  3.)  The  principal  radii  of  curvature  at  any  point  of  a  suiv 
face  of  revolution  are  the  radius  of  curvature  of  the  generating 
curve  and  the  length  of  the  normal  at  the  point  between  the  point 
and  the  axis  of  revolution.     Denote  theae  by  p,  and  /), ;  then 

^  dz 

1  rfr^  1  dr 

The  expresaioQ  which  we  have  to  make  a  minimum  Is 
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If  we  adopt  the  approximation  of  Poisson,  that  is,  if  we  reject 
terms  of  the  fourth  degree,  we  get 

Thus  we  may  put 


or 


where  P'^'j-y  *^^  ^®  h^ye  to  make  /  Vdr  a  minimum.    By  ordi- 
nary rules  then  we  have 

therefore  c«  -  -/  --2  -  ^  constant  =  C\ 

at     r  ' 

cPz     1  dz  ^, 

or  X?  +  "  J--CZ-C . 

dfr     r  at 

C 

Now  put  z =  v ;  thus 

d^v  ,  1  ^  _ 
df^     r  dr 

Hence  assuming  Poisaon's  integral  of  this  differential  equation 
we  get  the  value  of  t; ;  and  thus  finally 

z^A  [ V'^^-  rfo)  +  J5  f 'c-*^^- log (r sin* w)  rfo)  +  (7, 

•'o  •'o 

where  A^  B^  C  are  arbitrary  constants. 


The  integrated  part  of  B  j  Vdr  is 

P-S.  +  .(,J+,)(V-|8.). 

We  have  now  to  determine  the  constants  A,  B,  C  and  c. 

We  may  obviously  give  C  any  value  wc  like,  for  this  amounts 
to  pushing  the  surface  along  tlie  axis  of  s  without  making  any 
change  in  the  value  of  any  clemeitt  of  jVdr.     Suppose  then 
C  =  0. 

Now  by  hypothesis  the  area  ia   given,  that  is,   to  our  order 
of  approximatioa  the  value  of  the  integial 

extended  over  all  admissible  values  of  r  is  given.  Let  ua 
enppose  with  Poisson,  that  the  boundary  of  the  surface  is  a  circle 
of  ladius  a ;  then 


HMm 


rdr  =  a  given  finite  quantity. 


Now  unless  B  =  0  tliis  integral  will  be  infinite  and  therefore 
cannot  be  equal  to  a  given  finite  quantity.  We  must  therefore 
have  B=0,  and  then  the  fact  of  the  area  being  given  supplies 
a  condition  for  determining  A  in  terms  of  c.  We  must  examine 
the  integrated  part  of  the  variation.  Since  the  limits  of  r  are 
fixed,  namely  0  and  a,  the  variation  Si*  is  zero  at  both  ttmits. 

Also  r-r+p  =  0  when  r  =  0;  thus  to  make  the  integrated  part 

vanish  all  that  is  necessary  is  that  r-^  +p  should  vanish  when 

r  =  a.     This,  by  reduction  as  in  Poisson,  leads  to 


and  shews  that  c  must  really  be  a  negative  quantity ;  from  this 
equation  c  must  be  found  in  terms  of  a. 
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The  results  of  this  solution  are  thus  the  same  as  those  of 
Poisson's  if  we  omit  that  statement  of  his  that  -7-  is  given  at 

the  limit.     If  -=-  were  given  at  the  limit  the  integrated  part  of 
BJVdr  would  all  yaniah ;  and  instead  of  the  equation 


/. 


'e-^^"""da)  =  0, 


for  determining  c  we  should  have 


J  A 


MjCCOSODdCD^Pj 


dz 
where  fi  is  the  given  value  of  -v-  when  r  =  a.    The  constant  a 

in  Poisson's  solution  ought  to  be  foijmd  from  the  circumstance 
of  the  area  being  given. 

It  should  be  observed  that  some  of  Poisson's  expressions  might 
be  put  in  a  simpler  form  than  he  has  adopted.  For  from  the  values 
of  ^  and  z  at  the  bottom  of  page  105  we  see  that 

This  might  also  be  obtained  from  eqjiations  (g);   for  thej  will 
give 

d\^^cz)     1  dj^^cz) 

~d?       ■*■;        dr       *"' 

and  by  integrating  and  determining  the  constants  we  shall  obtain 
the  above  value  of  z.   And  with  that  value  of  z  we  can  give  simpler 

forms  for  -7-^  fi,  z,  and^  in  terms  of  a  definite  integral,  than  those 

on  pages  104  and  105. 
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CHAPTER   V. 


OSTKOGRADSKY. 


122.  On  the  24tli  of  Januaiy  1834,  a  memoii-  was  c 
cated  by  M.  Oatrogradaky  to  the  Academy  of  Sciences  of  St  Peters- 
burg, entitled  M£moire  sur  le  Calcul  des  Variations  des  JntegraUs 
multiples.  This  memoir  is  published  in  the  sixth  series  of  the 
meffloiiB  of  tlie  Academy  of  St  Petersburg ;  the  volume  is  dated 
18S8,  and  U  called  the  third  volume  of  the  section  comprising  the 
mathematical,  physical,  and  natural  sciences ;  it  is  also  called  the 
Jtrst  volume  of  a  section  including  only  the  mathematical  and 
physical  sciences.  The  memoir  occupies  twenty-four  pages.  The 
memoir  is  also  published  in  Crelle's  Journal,  Vol.  xv. 

We  shall  give  here  the  whole  of  Ostrogradsky's  memoir ;  its 
object  will  be  seen  from  the  introductory  paragraphs.  Ostrogradsky 
confirme  some  of  the  results  obtained  by  Foisson  which  hare 
been  given  in  tlie  preceding  chapter  of  the  present  work ;  and  he 
points  out  the  error  of  Euler  and  Lacroix  which  has  been  alluded 
to  io  Articles  39  and  40.    We  now  proceed  to  the  memoir, 

123.  The  application  of  the  method  of  variations  to  functions 
which  comprise  integrals  with  resjicct  to  only  one  variable  may 
be  considered  perfect  with  respect  both  to  simplicity  and  to  gene- 
rality. But  this  is  far  from  being  the  case  when  we  have  to  obtain 
the  variation  of  a  multiple  integral  which  involves  different  vari- 
ables. Certain  questions  relating  to  this  case  seem  to  require  more 
generality  than  is  possessed  by  the  Calculus  of  Variations  as  La- 
f;range  has  exhibited  it.  This  might  lead  us  to  believe  that  the 
principles  of  that  great  mathematician  have  not  been  suitably 
Applied,  or  that  the  principles  themselves  are  not  always  sufficient. 
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It  ia  doubtless  for  tiiia  reaaon  that  M.  Poiason,  in  a.  meiaoir 
which  he  read  to  the  Academy  of  Sciences  at  Paris,  on  November 
10th,  1831,  thought  it  necessary  to  add  to  the  principles  of  the 
Calculus  of  Variations  which  were  cBtablished  by  Lagrange,  a  sort  of 
new  principle,  which  consists  in  regarding  the  independent  variables 
of  the  question  as  functions  of  other  auxiliary  variables.  The  latter 
disappear  of  themselves  in  the  course  of  the  investigation ;  but  by 
making  use  of  tliem  in  the  case  of  two  independent  variables  x  and 
y,  M.  PoisBon  has  not  been  compelled  to  consider  the  variation  Bx 
as  a  function  of  a;  only,  and  the  variation  By  as  a  function  of  y  only; 
a  limitation  which  all  mathematicians  who  have  investigated  the 
variation  of  the  partial  differential  coefficients  of  a  function  of  two 
variables  have  been  in  some  way  forced  to  make  by  the  nature  of 
their  process. 

Nevertheless  the  supposition  that  Bx  is  Independent  of  y,  and  that 
iy  is  independent  of  x,  seems  to  follow  from  the  most  simple  and 
elementary  principles  of  the  differential  calculus ;  and  so  long  as  it 
remains  unproved  that  these  principles  are  insufficient  or  that  an  in- 
accurate application  has  been  made  of  them,  it  would  be  a  question 
whether  the  formulae  given  by  JI.  Poisson  for  the  variation  of  the 
partial  differential  coefficients  of  a  function  of  two  variables  ought 
to  be  preferred  to  those  of  Eulcr  and  other  mathematicians  which 
have  the  same  object.  It  is  true  that  the  latter  are  a  particular  case 
of  the  former ;  but  perhaps  this  particular  case  is  tliat  which  must 
always  exist. 

We  now  decide  this  question  in  favour  of  the  formulte  of  M, 
Poisson.  We  shall  shew  that  the  mathematicians  who  have 
treated  of  the  variation  of  double  integrals,  including  Euler  himself, 
have  not  differentiated  the  partial  differential  coefficients  of  the  prin- 
cipal variable  with  regard  to  the  symbol  B  correctly.  But  at  the 
same  time  it  will  be  seen  that  the  introduction  of  auxiliary  variables 
into  this  kind  of  question  is  not  necessary.  The  memoir  of  M. 
Poisson  on  the  Calculus  of  Variations  will  always  be  cited  in  the 
history  of  differential  analysis.  There  for  the  first  time  was  given 
the  complete  variation  of  a  double  integral;  it  is  deduced  from  the 
consideration  of  auxiliary  variables.  But  it  is  quite  possible  to 
restrict  ourselves  to  the  principles  of  the  immortal  author  of  the 
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\tM$eami^ie  Analytiqus ;  for  those  priitc!plca  combine  extreme  sim- 
plicity with  all  the  necessary  generality. 

We  will  first  point  out  the  inaccuracy  which  haa  escaped  the 
notice  of  mathematicians  who  have  investigated  the  variation  of  the 
partial  differential  coefficienia  of  a  function  of  two  variables;  and 
we  will  then  indicate  a  method  for  finding  the  variation  of  any  mul- 

*  tiple  integral. 

124.     Let  US  denote  by  z  any  function  of  the  two  independent 

TunableB  x  and  y :  and  put  -t-=z  ,    -r  =  s.,    -r-;  =  ».     j — r  =  «,  i 
[  "'  ^     dx  fiy       ''    dn?        ^    dxdy 

,  and  so  on.     Then  let  us  give  to  the  quantities  x,  y,  z, 

rely,  the  simultaneous  increments  Sx,  Bt/,  Bs,  which  we  will 
*T^*rt  as  indefinitely  small  arbitrary  functions  of  x  and  t/ ;  in  con- 
sequence of  these  increments  the  quantities  e',  2,,  z",  ...  will  become 
respectively  i' +  8«',  z^  +  Se_,  z"  +  &s", .,,:  wo  proposp  Mien  to  de- 
termine the  variations  Sx',  £2,,  Bz", ... 


'  Consider  first  &s'.  Since  «'  =  j-  it  was  supposed  that  in  order 
to  obtain  Bz'  it  was  necessary  to  differentiate  in  the  common  way 
the  quantity  j-  with  respect  to  8 ;  and  this  gave  the  inaccurate  re- 

milt&e'  =  ^-s'^.     [See  Art.  39.1      In  order  to  discover  the 

dx  dx 

source  of  this  error  we  have  only  to  ascend  to  the  origin  of  the 
quantity  Be';  let  us  denote  for  an  instant  x  +  Bx,  1/ +  Sif,  z  +  Sz, 
respectively  by  X,   Y,  Z;  we  shall  then  have  obviously 

.^,,     dZ 


_dZ_ 
'dX 


The  partial  differential  coeffidcnt  z  is  taken  on  the  supposition 
that  y  is  invariable;  and  the  partial  differential  coefficient  ^  on 
the  supposition  that  I'  is  invariable,  that  is,  on  the  supposition 
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that  y  +  Sy  is  invariable.    But  it  was  supposed  that  the  differential 

coefficients  z*  and  T^p^were  both  obtained  oh  the  same  supposition, 

namely,  that  c^y  ==  0 ;  and  this  is  the  inaccoracj  to  whidi  we  have 
referred. 

Restore  for  X,  F,  Z  their  values  a?  +  &»,  y  +  Sy,  »  +  &r.     We 
shall  obtain 

^  ,  _  d{z-\-tz)  _  ,  _  d{z'\-hz)-z'd[x-\'ix) 
^^  "  dix-^hx)     ^""  d{x^-hx) 

the  differentials  d{z-\-hz)  and  e?  (a;  +  Sec)  are  to  be  taken  on  the  sup- 
position that  rf  (y  +  Sy)  =  0. 

But       d{z  +  h.)^(z'  +  ^-^)d^+{z,^^)dy, 

substitate  these  values  of  (2  (2  +  82)  and  (2  (a;+  &b)  in  the  last  value 
of  hz' ;  we  shall  obtain 

(dhz      ,  dix\  J    .  (      ,dht       ,  dix\  , 


he'  = 


[^^i^)^^^^y 


fe-^^^ 


and  at  the  same  time 

diy 
die  "^  *  V*  *    dy 


o  =  ^^  +  (n-f)rfy. 


Eliminating  dx  and  dy,  we  have 


(dZz       ,^_    ^^  /,  ,  ^y\  _  f^e      ,dSx       dSy\  <% 
.,     \dx      '  dx     ''dxjy^  dy)      [dy     "'^'"''^J  dx 


8«'  = 

<^y  /      dy   dx 


Trr^TT+^^T^w 
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And  horn  tbJa   bj  including  only  small  terms  of  the  first 
order  we  have 


If  we  compare  this  value  Se'  with  the  former,  namely, 


Bee    that   by   asauming  dy  =  0  instead  of  d(y  +  St/)=0,   we 
which  ia  of  the  same  order  of 


1  Sz'  the  term   . 


dx 


magnitude  as  Sz',  and  which  by  the  principles  of  the  DifTerential 
CalcoluB  ought  to  be  retained. 

Suppose  that  the  quantity  Bi/  is  independent  of  ^;  we  shall 

have  -j^  =  0,  and  5z*  =  ^ s'^— ,  which  is  the  result  obtained 

ax       '  itx         ax 

by  differentiating  in  the  ordinaty  way  the  quanti^  -?-  with 
respect  to  8.  And  it  is  easy  to  see  that  on  the  hypothesis 
-^  =  0  the  common  differentiation  is  allowable :  for  since  then 
*'  (y  +  ^)  =  ( '  +  ^^]  fiy^  if  we  put  ti  (y  +  8y)  =  0,  we  have  ob- 
viously dy  —  0;    then  in   the   expression  Sg'  =  , ,    ,  b,  { ~  ''i  "*6 

partial  differential  coefficients  z  and  -,-.-  --  <,  are  both  formed 
on  the  same  supposition,  namely,  that  dy  =  0. 


It  is  evident  that 

^  ,  _  dix       ,  dSx        dStf  _   „ 
dx  dx       '  dx 

We  shall  obtain  in  the  same 

is,  =  z^'tx  +  z,.8y  +  - 


rf(gj-a&e-z, 


g'&c  -  xfy) 
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For  the  differential  coefficients  of  the  second  order  we  hare 

^.„  _d{z'  +  Sz')       „ 
^'  -d{x  +  hx)  "*  ' 

^_,_d(z'-\-hz')      _._d(z,  +  Zz) 
'~d(^  +  Sy)      ""''dix+Sx)     '•' 

.    __d(z,  +  Bz) 

Then  we  shall  obtain  the  variations  Sz'\  S«/,  Bz^^  by  changing 
z  into  «'  or  z^  in  the  values  of  Bz  and  Bz^.    Thus  we  shall  have 

Bz"  =  z"'Sx  +  z/'By  +  ^  ^^'' - ''"^  -  <^)  ^ 
Bz!  =  zrSx  +  z',M  +  d{if^--z"^-z:By)  ^ 

Bz;  =  z:'Bx  +  <,8y  +  '^^^"'""^"""^^  , 
Therefore 

&  =/  Bx  +  z  By  +  ^' (^' - "'^ - ''^^ . 

II         II  ^^  *  ^iti  %f   '  /7«' 

And  similarly  we  can  find  the  variations  of  the  differential 
coefficients  of  the  higher  orders. 

[These  results  agree  with  Poisson's;  see  Art.  102.] 

125.  The  preceding  method  shews  sufficiently  how  by  direct 
application  of  the  characteristic  B  to  the  partial  differential  coeffi- 
cients z\  z^,  z'\  ...  we  can  find  the  variations  of  these  differential 
coefficients.  But  it  is  better  to  seek  the  variations  Bz\  &,,  &",  ... 
by  the  use  of  total  differentials. 


0STR0QRAD8KT.  117 

In  order  to  consider  the  subject  with  due  generality,  let  us 
designate  bj  u  a  function  of  as  many  quantities  Xj  y,  z^  ...  as  we 
please,  and  suppose  that  the  variable  u  and  the  independent 
quantities  9,  y,  is****  receive  simultaneously  the  increments  Sti, 
Sxj  Sjfy  Szf ...  which  we  shall  consider  as  arbitrary  functions  of 
all  the  independent  variables. 

In  order  to  find  the  variations 

^du    ^du    ^du 
^di'     dy'     dz'''' 

due  to  the  increments  huy  Sxy  Sy,  Bz^ ...  let  us  take  the  funda- 
mental equation 

8du=idSu ; 
put  for  dSu  its  value 

dBu  ,      dSu  ,      dSu  , 
and  for  du  its  value 


du  J       du  J    ,  du  y 


develop  Sdu^  that  is, 


\dx  dy 

in  the  following  manner; 


KS'*"+S'^y+S'^+-)' 


""  \  db  dx  "Sx      dy  dx  dz  dx  **  / 

/^  ^  du  dZx     du  dSy  du  dSz  \   , 

\   dy     dx  dy      dy  dy  dz  dy  '" )    ^ 

\  d^     dx  dz      dy  dz  d^  dz  *'/ 

"t"  •  •  •  I 
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"Sow  equate  the  coefficients  of  the  arbitrary  qnantitieg  dx,  dy, 
dzj  •••  and  we  haye 

^  du     dSu  du  dSx     du  dBy  du  dSz 

dx      dx  dx  dx      dy  dx  da  dx      *'*' 

^du     d8u  du  dSx     du  dSj/  dudSz 

dy      dy  dx  dy      dy  dy  dz  dy      '**' 

t^da^  d8u  du  dSx     du  dSy  du  dSz 

dz"  dz  dx  dz      dy  dz  "cU  dz      ***' 


It  is  easy  to  gire  to  these  expressions  the  following  form ; 

^du       d^u   5    ,    d^u   ^    ,    d*u   ^    , 
ax       axT  dxay  *^      axaz 

m 

y  f^       du  ^       du  ^       du  ^  \ 

dx 

^  du      d^u  jv        ^u  ^         d^u 
dy'^ dxdy  dy^    ^     dydz 


+ 


rffSu  — -T-8a5  — -T-8y  — -T-  hz  —  ...j 


^du _  d*u  g^       d*u  gy  ,  ^  g-5^... 
dz      dxdz  dydz^       ds^ 


d[8u-^Sx-^Sy-^Bz-...) 


M 


For  abbreviation  put 

^.  ^du      d*u  ^    ,    rfV   ^    .    <^w    ^    ,        ,  dDu 

thus     0  j-=  :7-F  to+  jf   J  oy+  j    ,   &?  +  ...  +  --7— 
oa?      aor  ooray  ^     dxdz  ax 
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^du       rf'u   .        d'ti  .         d'u    - 

dDu 

4"-S^-^^-S^-- 

We  may  remark  that  the  tenns  wliich  do  not  involve  Dii  in  the 
preceding  formulae  are  the  ordinary  differentials  of  tlie  qnantitiea 

du    du    dii  -1      1         p        .  „ 

*''  dx'  di'  dz^ '"  '^'*''^"^*''™  *"  lonctions  of  x,  y,  e, ...  and  sup- 
posing that  the  differentiala  of  a;,  y,  s, ...  are  Zx,  By,  Sz, ...  Kthea 
we  denote  by  the  Byrabol  A  the  differential  of  a  function  of  a:,  y,  z,  ... 
due  to  the  inciementa  Sx,  Sy,  Ss,.„  we  shall  have 

£u  =  Au  +  Du, 

fi—     A  ^**     ^^ 
dx  dx       dx   ' 

f,du      .  du     dDu 
</y         dy      dy 

S!^=A— +  — * 
dz  dz       dz    ' 


It  is  not  difficult  to  find  the  variations  of  the  higher  differential 
coefficients ^j  ,  -j  ,  , ...;  it  may  he  easily  seen  tliat  we  shall 
have  generally, 

t  (fw  .  (fw  .         d'Du 


dJdy'dz'...      "  d^dy'dz'^...^  dJdy-dz'... ' 

[The  method  of  this  Article  appears  less  clear  than  that  in 
Art.  124;  there  is  a  want  of  defimlt'on  of  what  is  meant  by  such 

a  Bjrmbol  as  S  -p ,     In  tiie  first  method   definition  is  given  and 

consequences  deduced  from  it ;  the  formulas  given  in  the  present 

Article   may   ho   obtained   by   the  first    method.  Aa   additional 

advantage  in  the  first  method  is,  that  we  can  see  more  easily  to 
what  order  of  approximation  the  results  are  true.] 
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126.  What  has  now  been  given  will  suffice  for  finding  the 
variation  of  a  function  U  which  involves  u,  a?,  y,  «, ...  and  the 
differential  coefficients  of  u  with  respect  to  the  variables.  We  have 
only  to  take  the  differential  of  27  supposing  that  all  the  quantities 

x^y^Zj...  tt, -T-,...   receive    their    variations    denoted    by    the 

symbol  5.     But  since  the  variations  of  each  of  the  quantities 

u,  -T-  , ...  is  composed  of  two  indefinitely  small  quantities,  we  may 

by  the  principles  of  the  Differential  Calculus  augment  a?,  y,  0, ... 

by  &r,  Sy,  Be^ ...   and  give  ^  ^»  7~  9  ••»  ^^  ^^  ^^7  the  former 

parts  of  their  variations,  namely  Au,  A  ^  , ...  Thus  we  shall  ob- 
tain an  increment  for  U  which  will  form  the  first  part  of  the 
variation  BU.  Then  without  changing  a?,  y,  0, ...  we  can  augment 
u  and  its  differential  coefficients  by  the  second  part  of  their 

variations  Bu,  —^ — , ... ;  the  increment  which  the  function  U  will 

in  consequence  receive  will  form  the  second  part  of  the  variation 
of  K 

The  first  part  of  the  variation  SZ7  will  evidently  be 

^80:+^-%  +  -^  8.+  ..., 

JTJ 

where  -r-  means  the  complete  differential  coefficient  of  U  with  re- 
spect to  Xy  and  -7-  the  complete  differential  coefficient  with  respect 

to  y ,  and  so  on.  Let  us  denote  hj  DU  the  second  part  of  the 
variation  h  U;  this  part  is  due  to  the  increment  Du  of  the  quantity  u, 
this  increment  being  ascribed  to  u  wherever  it  occurs  in  U.  We 
shall  then  have 

SCr=^Sx  +  ^Sy  +  ^&+...+i>K 

We  abstain  from  writing  the  development  of  the  differential 
DU. 
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127.  Let  OS  now  proceed  to  £nd  the  variatioii  of  the  definite 
integral 

V=jUdxdi,de... 
taken  for  all  the  values  of  x,  y,  «  ...  which  Batiafy  the  inequality 

L<(S, 
L  being  a  fanction  of  x,y,  z,... 

The  variation  of  the  integral  JU/ixdyde  ...  is  obvionBly  eqn^ 
to  the  sum  of  the  variations  of  all  its  differential  elements ;  thus  in 
order  to  obtain  8  F  we  have  only  to  take  tlie  integral  of  the  variation 
i{UdxdydB...);  thia  will  give 

iV=h{Udxdyde...). 

But  by  the  principle  of  the  Differential  Calculus 

&{Udxdydz  ...)=hUdxdydz  ...  +  m[dxdyds  ...); 
thus  by  the  preceding  article 
i(^Udxdydz...)  =  \ 


dU^ 


'  dz  ' 


..\dxdydz... 


Therefore 


+  m  {dxdydz ...)  +  DUdxdyds ... 


-/{f^ 


dU.  ,Mdxdydz...)lj    ,    , 

^  +  ^B.  +  ...  +  U±^^^^\dxdydz... 

+  lDUdxdyde... 
We  shall  presently  prove  that 

«(^i,*...).(f+f+f....)<fc**-.- 

hence  it  will  follow  that 

SF=/|^  +  lffl+!^  +  ...}&<;,A... 
iJDUJxdsdi... 
Tlie  differential  coefficient  — ^ — -  h  total  with  respect  to  ^ 


d) 


is  total  with  respect  to  y,  and  so  on. 
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128.  We  will  now  investigate  the  variation  S{dxdffdz ...). 
Suppose  x  +  8x  =  Xy  y  4-  Sy  =  F,  z  +  Sz  =  Z, ...;  we  shall  have 

h{dxdydz  ...)  =^dXdYdZ ...  —dxdydz  ... 

The  quantities  JT,  Yy  Z ...  are  functions  of  a:,  y,  «,,..;  to  obtain 
dX  we  have  only  to  differentiate  X  in  the  ordinary  way  and  sup- 
pose F,Z,...   constant.     Thus 

.     dYj      dY,      dY.  ^ 

dZ  m       dZ  f       dZ  f 


From  these  we  shall  derive 

^fdX  dY  dZ    \j 
jjT         \aa;    dy    dz      ) 

— Bi^M  .\    ' 

\dy  '  dz  "  / 

We  have  followed  the  notation  of  M.  Cauchy,  and  denoted  by 

fl*  (a,  J,  c  ... ) 

the  result  of  eliminating  the  quantities  p,  j,  r, ...  which  satisfy  the 
equations 

0  =  Jp  + Jij  +  i/'  +  •••> 
0=  <y  +  Cjj+c,r+ ..., 


We  suppose  that  the  term  ab^c^...  in  the  result  is  taken  with 
the  positive  sign. 

To  obtain  dYwe  must  differentiate  Fand  suppose 
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^     dZ  J    .  d2/  y 


o  ( -T— . -J— •••  J  rfy 
whence  dY^        ^  ,39 


\dz"') 


We  shall  obtain  in  the  same  manner 

dZ 


dZ-     ^ 


«(f-) 


dz 


and  80  on.    The  denominator  of  the  last  differential  will  be  unity ; 
for  if,  for  example,  Z  were  the  last  variable,  we  should  have  had 

dZ=  -J-  dz, 
dz 

Now  form  the  product  dX.  dY.  dZ... ;  we  have 

dX.dY.dZ ...  =  ^ItT"*  7/ — •"X'"' )  dxdydz  ... ; 
therefore 

i{dxdydz...)  =  l^f;^— •  -j-  .-^  •••j  —  vt  dxdydz  ... 

The  principles  of  Differential  Analysis  require  that  in  calcu- 
lating the  coefficient 

gfdX  dY  dZ    \     ^ 
\dx  *  dy  '  dz  '*  / 

we  should  take  account  only  of  infinitely  small  quantities  of  the 
first  order,  because     \    ,^,    "    is  «i  indefinitely  small  quantity  of 

the  first  order.    But  except  the  term  -r-  •  tt-  •  -x*  —  *U  ^^  terms 

'  QM    ay    az 
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in  s(^.^.^...)  are  of  the  second  order  at  least;  thus  the 
\dx     ay    dz     / 

following  is  true  as  far  as  quantities  of  the  first  order : 

gfdXdYdZ    \dXdYdZ 
\dx  '  dy  '  dz  "  /      dx'  dy  '  dz  '" 

Hence      S{dxdydz ...)  =  ['j-'T'  -jZ  •••  —  Ijdxdydz  ... 

Restore  for  X,  F,  Z, ...  their  values  aj  +  &c,  y  +  %,  z  +  Szy ... ; 
we  shall  then  have 

Therefore  retaining  only  small  quantities  of  the  first  order 
h(dxdydz  ..,)  =  ( -r-  +^  +  'T~+  •••  jdxdydz... 

[This  result  may  be  simply  found  as  follows;   suppose  for 
example  three  variables,  and  take  the  equations 

dx  f       die  f      dx  y 

^  =  -^^+-^^^+-31^^'' 

^     dZ  J    .  dZ  J    .  dZ  J 

The  second  and  third  equations  shew  that  dy  .and  dz  are  of 
the  second  order  compared  with  dx\  for  -^  and  ;?-'are  indefinitely 

small  while  -y-  and  -3-  are  finite.    Hence  if  we  reiect  terms  of 

dy  dz  •* 

the  third  order 

dx 
Similar  equations  hold  for  rfFand  dZ-,  therefore 

dXdYdZ^-j-.-j—.'-Y'dxdydz 

dx    dy    dz         ^ 
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where  terma  of  the  second  order  aie  rejected.     Thus 

With  respect  to  aoiiie  of  the  pointa  suggested  by  thia  article 
the  student  U  referred  to  Chapter  si.  of  the  Treatise  on  the  Integral 
CalcnluB.] 

129.  Before  proceeding  further  we  will  determine  the  limits 
of  the  variables  x,  y,  z ...  in  the  integral 


/  Udx  dydz.. 


when  extended  to  all  the  valties  of  x,  y,  b  ...  which  satisfy  the 
ineqnality  i  <  0  so  that  at  the  limits  of  the  integral  we  have  i  =  0. 
We  propose  to  integrate  first  with  respect  to  x,  then  with  respect 
to  y,  tlien  with  respect  to  z,  and  bo  on. 

Assume  that  the  equation  X  =  0  when  solved  with  respect  to  x 
gives  only  two  values  for  this  variable  a',,  and  a;,.  These  values 
arc  the  limits  of  the  variable  x,  and  supposing  that  the  function  L 
continues  negative  for  values  of  x  comprised  between  x^  and  a^, 
we  must  integrate  the  expression 


iudxdyd 


from  x  =  x^  to  a-  =  a;, ,  supposing  x„  less  than  a:, .  As  to  the  quan- 
tities y,  z, ...  we  must  ascribe  to  them  all  values  which  allow  x^ 
and  a;,  to  be  real,  and  we  must  exclude  all  values  winch  make  Xg 
and  a;,  imaginary ;  but  in  passing  from  real  to  imaginary  values 
the  roots  x^  and  x,  become  equal,  as  we  know  liom  the  theory  of 
equations;  therefore  at  the  limits  of  y,  z, ...  we  shall  have  simul- 
tuieouflly 

i-O,    f  .0. 
dx 

If  we  eliminate  x  between  these  two  erjiuitions  we  shall  obtain 
an  equation  in  y,  z, ... ;  this  equation  we  will  suppose  gives  two 
values  of  y,  say  y^  and  y,,  whicli  will  be  the  limits  betiveen  which 
we  muat  integrate  fUdxdydz...  with  respect  to  y;  we  take  the 
integral  from  the  less  of  the  two  values y„  and^,  to  the  greater. 


126  OSTROGRADSKT. 

We  shall  arrive  at  the  same  result  in  the  following  manner ; 
after  having  integrated  with  respect  to  a;  we  ought  to  integrate 
with  respect  to  y  obviously  from  the  least  to  the  greatest  value  of 
this  variable,  supposing  x  and  y  connected  by  the  equation  Z  =  0, 
and  considering  z^ ...  as  constant;  differentiating  on  this  hypo- 
thesis we  have 

^     dL     dL  dy 

dx      dy  dx' 
in  order  that  y  may  be  a  maximum  we  must  have  ;7  —  0,  and  this 

gives  to  determine  the  limit  of  y  the  equation  -=—  =  0;  this  coin- 
cides with  the  result  already  found. 

To  obtain  the  limits  with  respect  to  js  we  must  treat  the  equa- 

JT 

tion  which  resxdts  by  eliminating  x  between  L=:0  and  -j    =0 

precisely  as  we  have  already  treated  the  equation  £  =  0.    But  we 
may  suppose  that  this  result  of  the  elimination  of  the  variable  x 

between  Jt  =  0  and  -p  =  0  is  the  equation  £  =  0,  in  which  we  put 

JT 

for  X  its  value  found  from  -7-  =  0.    In  order  then  to  find  the 

cCx 

limits  of  z  we  must  differentiate  the  equation  L  =  0  with  respect 

to  y,  considering  a;  as  a  function  ofy;  this  will  give 

dL     dJj  dx  _ 
dy      dx  dy       ' 

JT  jr 

and  therefore  ;t-  =  0  since  -j-  =  0.     By  eliminating  y  between 

JT 

i  =  0  and  -^  =  0  we  shall  obtain  an  equation  which  will  furnish 

the  limits  for  z.    By  proceeding  in  this  way  we  shall  find  the 
limits  for  all  the  variables  which  occur  in  the  integral 


lUdxdydz  ... 


Thus  we  have  the  following  conclusion ;  the  limits  of  x  are 
given  immediately  by  the  solution   of  the  equation  i  =  0  with 
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Inspect  to  x;  the  limits  of  y  are  determined  by  solving  with 
respect  to  y  the  equation  which  results  from  the  elimination  of 

JT 

X  between  X  =  0  and  ^  =  0 ;  the  limits  of  z  are  determined  hj 

solying  with  respect  to  z  the  equation  which  results  from  the 
elimination  of  x  and  y  between 


and  so  on. 


We  have  supposed  that  the  equations  relative  to  the  limits 

of  the  integral 

f  Udxdydz  ... 

give  only  two  vahies  for  each  of  the  quantities  x,y,Zf,,.  but  it 
would  be  easy,  from  what  has  been  given,  to  treat  the  case 
where  the  equations  have  more  than  two  roots.  The  number 
of  limiting  values  for  each  variable  x^y^z^ ...  including  if  ne- 
cessary infinite  values,  must  be  an  ev^n  number, 

130.    We  now  return  to  the  variation 

+  jDUdxdydz  ... ; 

for  shortness  put  £78x  =  P,  f^Sy  =  Q,  USz  =  -B, ... ;  we  shall  have 
then 

BV=^j(^+^  +  ^+...yxdydz...  +  JDUdxdydz.... 
Consider  first  the  part 

of  the  preceding  variation ;  suppose  that  x^  is  the  greater  of  the 
two  values  x^  and  x^  which  are  obtained  by  solving  the  equation 
i  =  0  with  respect  to  x.    We  have 

l-j-  dxdydz  ...      =  1{P^^P^)  dydz  ... 
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By  Pj  we  denote  the  value  of  P  when  x^  is  put  in  it  for  x^ 
and  by  P^  the  value  of  P  when  x^  is  put  in  it  for  x. 

Since  the  function  L  has  a  positive  value  before  it  vanishes 
when  a?  =  iCo,   and   a  negative   value   before  it   vanishes  when 

aj  =  a?j,  it  follows  that  the  differential  coefficient  -j-  is  negative 

for  a?  =  a?o»  *°^  ^  positive  for  x=^x^\  therefore  if  we  take  the 

radical  ./f-r-^J. positively  we  shall  have 

dL 

when  aj  =  a?o, 


when  a?  =  a:.. 


Substitute  these  values  in  the  equation 

{-^dxdydz  ...       ^jiP^-P^dydz..., 


and  we  shall  have 


dL 


f^dxdydz...       =  y—^rfyefo..., 

the  integral  on  the  right-hand  side  includes  only  those  values 
of  Xyyy  Zy  ...  which  satisfy  the  equation  Z  =  0. 

In  the  same  way  we  shall  obtain 

dL 


l-T'dxdydz  ...      =    / — rrfffrdxdz  ...  . 


^dL 


j^dxdydz...      =  j-j^dxdy 
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Thna, 

(A) 


l{^ 


■dP     dQ     dR 


pdL 


77(1)" 


..\dxdjjdz 
dh 

dxds 

The  integraU  on  tte  right-hand  side  mast  be  taken  for 
those  values  of  x,  y,  z, ...  which  satisfy  ^^  eqoation  L  =  Q> 
Consider  two  of  these  integrals,  for  example, 

S  /■«? 

dydz...      and     /  — i  Jy.   dxdz.. 


h 


S 


V(f) 


from  the  preceding  article  we  may   easily  see  that  their  limits 
with  respect  to  z, ...  are  the  same;  further  we  bare 


(ic 


'  dy 


dy  =  G 


for  all  the  elements  of  these  integrals  in  which  the  variables  i 
dL  , 


eqnal,  neglecting  the  sign.     Thus  if  we  take  the  increments  dx 
and  dy  positively  and  also  the  radicals,  we  have 


and  therefore  multiplying  by  dz  . 

di/dz  ...       d'dz  .. 


\/[d?)  \/(^) 
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It  is  easy  to  deduce  that  in  general  we  shall  have 
dydz ...  __  dxdz ...  ^  dxdy  ...  ._ 

Hence,  if  for  shortness  we  pnt 

ds  =^ ^{dff' ds? ...  +  da? ds^  ...  +da?df/'...+  ...), 
dydz  ...       dxdz  ...      dx dy  . . .   


Bj  means  of  these  eqtialities,  equation  (A)  will  become 

We  may,  in  order  to  facilitate  the  integration  of  the  differ- 
ential 

instead  of  the  variables  x,  y,  e,  ...  connected  by  the  equation 
L  =  0  introduce  other  variables  a,  5,  c,  ...  which  are  independent. 

We  must  transform  by  the  usual  method  all  the  elements 
dydz...f  dxdz...y  dxdy...,  into  elements  proportional  to  the 
product  da  db  ...;  we  shall  have  such  results  as  dydz  ... 
=  A  da  db  ...y  dxdz  ...  ^Bdadb  ...^  dxdy ...  ^  Cdadb ...,  where 
Ay  By  Cy...  y  are  finite  functions  of  a,  by  »••;  thus 

ds^dadb  ...  V(-4'  +  5'+  C* +...). 
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If  for  example  we  wiah  to  integrate  with  respect  to  the 
variables  y,  a,  ...  we  must  observe  with  respect  to  the  elements 
dxde  ...,  dxdr/ ..., ...  that  we  mufit  take  the  difTerential  of  the 
variable  x  in  the  first  considering  y  alone  as  variable,  in  the 
second  considering  z  alone  as  variable,  and  so  on ;  hence 


"^" 


"S" 


..;  thus 


/rdU     dV     dL' 


■/ 


>ii«f+^^-- 


In  the  formula  (B)  restore  for  i*,  Q,  li, ...  their  values  VSz, 
Uty,  VSs, ,..;  we  shall  then  have 


/I 


\di.mi)  ^  dims}  ^  d{usz)  ^ 

dx  dy  ds 

(dL.       dL^       dL 


Vdxdydz. 


■I- 


//rfz,'  dU  in}     \      ' 


/i^-=^-'-^' -■••}**■"■■ 


■\7 


UZLdt 

■dl' ,  dU  ,  JL' , 


IW.dJl 
W      d,j'  ■ 
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and  therefore 

-'V  v^"^"^    "5?     "7 

131.  We  now  proceed  to  indicate  the  reductions  to  be  made 
in  the  term  JDUdxdydz ...  of  the  variation  BV;  these  redactions 
consist  in  making  as  many  as  possible  of  the  partial  differential 
coefficients  of  the  quantity  Du  disappear  under  the  integral  sign. 

By  means  of  the  formula  (B)  of  the  preceding  article  it  will  be 
easy  to  replace  the  integral  jDUdxdydz ...  bj  the  sum  of  the  two 
integrals  JWDudxdydz ...  and  j^ds^  the  first  of  which  like 
JDUdxdydz ...  relates  to  all  the  values  of  a;,  y,  «, ...  which  satisfy 
the  inequality  Z  <  0,  and  the  second  of  which  comprises  only  those 
values  of  the  variables  which  satisfy  the  equation  X  =  0.  The 
.function  W  does  not  include  the  variation  Du ;  on  the  other  hand, 
the  function  %  ^oes  include  it  as  well  as  its  partial  differential 
coefficients  with  respect  to  a?,  y,  2;, ... ;  the  differential  ds  is  the 
same  as  in  the  preceding  section ;  that  is, 

ds^isjifly^ds?  ...-Vdafdz^ ...  -{-dofdy^ ...  +  ...). 

Thus  we  shall  have 

I  DUdxdydz  ...  —  \WDudxdydz...  4-|Qe&; 

and  therefore 


hV 


^jWDudxdydz...+  (         M,     ^^     ^j, -+jSds. 

W\^'^dy''^d?'^'") 


The  integrals        I  WDu dxdydz  ... 


are  not  susceptible  of  any  reduction,  but  the  integral  /©<fe  may  be 
still  reduced. 
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t  the  redaction  ofJ%dn,  we  must  iirst  of  all  replace  the 
variablea  x,  y,  z,  ...  which  are  connected  by  the  equation  i  =  0 
b/  other  quantitiea  a,  fi, ...  which  are  independent.  The  number 
of  these  quantities  a,  J, ...  must  be  one  less  than  the  number  of  the 
original  variables  x,  y,  z,  ... 

Now  considering  x,y,  z, ...  aa  functions  of  o,  i, ...  let  us  trans- 
form the  element  ds  into  an  element  proportional  to  the  product 
dadb  ...-.  we  shall  thus  obtain 

<l8  =  Kdadb... 


differential   coefficients   - 

dDu     dDu 
into 


we  shall  have  for  this 


where  ^  is  a  finite  function  of  a,  h, ...     Let  us  also  transform  the 

dPu  dDu     dDu  d'Pu     d'Du 

dx  '     dy   '     dz   '  ""    dx"   '   dxdy' "" 

^Du  d*Du 

db   '  ""    rfn'   '  da<S> ' 
end 

dDu  _  dDu  dx  dPudy     dDu  dz 

da        dx   da  dy   da       dz   da 

^Ou^dDudx  dDudy     dDudz 

db        dx   dh  dy    db       dz    db 


d'Du  ^  d'Du  do?     ^  d'Da  dx  dy 
da'         dx"   da*        dxdy  da  da 


u  _  d'Du  dx  dx     d'Du  /dx  dy     dx  di/\ 
b       d^d^M'^^^ylidb'^'dbd^)'^'- 


Bnt  since  the  preceding  equations  are  not  enough  to  obtain  the 

,        f    „  ,1  .-.-      '^^*    f^^"    '^^"        ^^>*    f^Ou 

Taloe  01  all  the  quantities  — =— ,  — y— ,  — , — ,  ■■■     ,~s- ,  -y—r  , ... 
^  dx        dy        dz  da^      dxdy 

some  of  these  differential  coefficients  will  remain  indeterminate ; 
the  others  can  be  expressed  in  terms  of  these  and  of  the  quantities 
dDu     dDu  d'Du     d'Du  ,  ,     ,  .,    . 

--r-,   "IT  ^  ■■■•    ]^   I    jT^Ti  ■■■•     instead  of  coosidenng  some 

,   .,        ,.„       ...         a:  ■     .     dDu      dDu      dDu  d'Du 

of  the    dtSerential    coefficients    -,     ,    ^r-i    ^j~. .  j-, 

dx  dy         dt  dsr   ' 
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-^-T- , ....  as  indeterminate,  it  is  convenient,  for  the  sake  of  sym- 
metry, to  introduce  as  many  linear  functions  p,  j,  r,  •••  of  —^j 

dDu     dDu         d^Du     d^Du  .„  ,  .         , 

-^— ,  -^— , ....  -T-j-i    7    T  , ....  as  will  be  necessary  m  order 

11    xi-             x.-^       ^^      dJ^     ^^^  ^^ 

to    express   all  the   quantities    -^ — ,    -^ — ,    -^-> 7^  » 

^^» "^  *^™'  ^^^'  ^'  ^' >  -^^   -W 'lUT' 

,    ,,, ,  and  it  will  be  the  quantities  jp,  j,  r, ....  which  will 

remain  arbitraiy. 

But  the  introduction  of  the  quantities  /?,  ;,  r, ...  amounts  to 
imagining  among  the  variables  a,  (, ...  one  variable  more  to ;  thus 
the  number  of  quantities  q>,  a,  5, ...  is  equal  to  that  of  the  variables 
Xi  iff  Zy..^.  Considering  then  or,  y,  is, .»»  as  functions  of  q>,  a,  &, ... 
we  have  the  equations 

dDu  _dDudx     dDudy     dDudz 
dm        dx  dm      dy   dm       dz   dm     '**^ 

dJDu  _  dDu  ^     rf2?u  dy     e?-Dw  cfe 
da  "  dx  da       dy  da       dz   da     ""' 

i^jPu  _  dDu  dx     dDu  dy     dDu  dz 
dh  "  dx   dh^'dfdb'^^Sz'dh^^''' 


d^Du     d}Du  da?     ^  d^Du  dx  dy 
dm         da?   dm*       dxdy  dm  dm      "  ' 

d?Du  _d?Du  dx  ^     d^Du  /dx  dy     dx  ^\ 
dadm       da?   dm  da     dxdy\dmda     da  dm) 

There  will  be  as  many  of  these  equations  as  are  necessary  in 
order  to  express  .^,  -^,  -^,. ...-_,  __,...  m  terms 
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Of -^ — ,  -J— J  —77-,  ...■  -7-^-.  -J-  j"  . .-.;  but  as  the  vanable  a 
aw       cla        do  aco       aatda 

really  does  not  exist  we  muat  look  upon  the  differential  coefficients 

dsB     dy     th  , .  , 

■^,  ^1  -J-, as  quantities  which  we  may  aasame  at  our 

1  ^      ■      vi-    ,1  f  dDu    dDu    dDu 

pleasure  so  aa  to  simplify  the  expression  of  —j — ,  -5 — ,  -j— ,  ... 


The  differential  coefficients  — ?— ,      ,  ,  , , 
da        dor 


d'Du  d'Du 
dai?  '  dxdy 
rcnuun  entirely  indeterminate. 

Having  expressed  the  differential  coefficients 
dDu     dDu     dDu         d^Du     d'Dtt 
dx  '     dy   '     ds    '  '"    etc*   '   dxdy'  '" 
in  terms  of 

dDu     dDu     dDu  d'Du     d'Du 

dfii  '     t/n  '     db   '  '"     du^  '   dtoda' 
we  must  put  these  values  in  the  integral 

j@d8  =  j&Kdadb.... 

Then  by  making  use  of  the  formula  (B)  and  putting  for  short- 
ness 

ds'  =  >J{db'...+da'...  +  ...) 

we  can  replace  the  integral /©^rfa rfi  ...by  the  sum 

The  first  of  these   integrals  is   not  susceptible   of  reduction ; 
the  second  may  be  reduced  in  the  same  way  as  J&ds. 

Thus  we  shall  have 
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We  may  treat  the  integral  j^ds  as  we  treated  /Btfe ;  we  may 
decompose  it  into  two  integrals,  tlie  first  of  whicli  is  completely 
reduced,  and  the  second  is  susceptible  of  reduction ;  proceeding 
in  this  way  we  shall  exhaust  the  reductions  which  can  be  effected 
in  the  integrals,  and  thus  the  variation  S  V  will  be  in  the  proper 
shape  for  applications. 

132.  Since  the  integral  j^ds  of  the' preceding  article  relates 
to  the  values  oi  x,y,z,...  which  satisfy  the  equation  L  =  (i,  we 
may  consider  one  of  these  quantities  as  a  function  of  all  the  others, 
and  the  latter  as  independent.  Suppose,  for  example,  tliat  we 
consider  a;  to  be  a  function  of  y,  a,  ...;  we  shall  have  {by 
Article  130) 

pot  for  shortness 


V(S' 


<i!i' 


V  (&?) 


lecla  =  hdyd 


We  stall  obtaio  the  equation  relative  to  the  limitaof  y,s, 

ax 
The  function  ^  contains  the  partial  differential  coefficients 


dDu 

dx  ' 


dDu 


dDu 

-3r' 


■     da?  ' 


dxdy ' 


taken  relatively  to  x,y,z,...  on  the  hypothesis  that  these 
variables  are  all  independent ;  but  after  the  differentiation  we 
must  put  for  x  its  value  furnished  by  the  equation  X  =  0.  It 
ie  advisable  to  eliminate  these  partial  differential  coefficients  as  far 


M 
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as   possible ;   to  this  end  considering  x  zs  a  function  of  tf,  s,  . 
we  shall  have 

dPu  _  (dDii\      (d^\  dx 
dy  -[dyJ'^Xdxjd!,' 

dDu  _  fdDu\      (dDu\  dx 
dz  ~\dz)'^\dx}  dz' 


\dx)  _  (d\Du\      fd'Dii\  dx 
~"3S  [dxdeJ  '^[dj^J  dz' 


d'Du  _  fd*Du\        {d'Du\  dx     fd'Du\  d^     (iP^\  ^ 
«V   ~\  rfy  l'^    \dxdy)  dy'^\  d^  )dy''^\dx)  rfy" 

d*I)u  ^  /^^\      /d*Du\  dx      /d'J>a\  dx 
dyda     XdydfcJ      \dxdy)  dz      \dxdz}  dy 

/d'Vu\  ^  ^     /dDu\   d*x 
V  da^  J  dy  dz      \  dx  J  dydz' 

d'Du  _  fd*I>u\        (d*Du\  dx     fd^Du\  da?      /dDu\  d^x 
rfa*   ~  VdP') "'"     [d^zj  di  "*"  \d^)  ds''^[dx}  dz" 


the  brackets  indicate  partial  differential  coefEcienta  of  Du  taken 
on  the  BQpposition  that  x,y,z,...  are  independent. 

From  the  preceding  equations  we  deduce  the  following,  putting 

for  abbreviation  .  for  (-^)  and  {£j  for  (-^) 


/dDu\  _  dDu  _  dx 
\dy  }~  dy  dy' 
/dDu\     dDu       dx 
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\dxdy)  ~  dy     \dx)  dy  ' 

(d^Du\  ^dv^_  (dv\  ^ 
\dxdz)     dz      \3x)  dz  * 

fd^\^dWu^dv^fdv\^        d}x 
\df}       df  dydy^\dx)  df      ^df' 

/d*Du\  _ d'Du ^dv  dx^^dx     /dv\  dx dx 
\dy  dz)  ^  dydz     Ky  dz     dzdy     \^J  dy^"^ 

fd^Du\  _  d^Du        dv^dx     fdv\daf        d'x 
Kd^J"  dz"       ^dzdz'^[dx)dz^''^d?' 

p  .  ^  dx     dx         d'x      d^x       d^x 

^^^^^^       dy'  dz''-'  ^'   dfdz'    ^'••• 

their  valaes  found  from  the  equation  £  =  0;  thus 

dL  (dDu\  _  dL  dPu        dL 
dx  \dy  J"  dx   dy  Ity' 

dL  /dDu\  _  dL  dPu        dL 
dx\dzj^dxdz  dz' 


d'x 
dzdy' 


dL  fd^Du\  _dLdv  dL  /dv\ 

dx  \dxdyj  ""  dx  dy  dy  \dx)  ' 

dL  fd^Du\  _dLdv^  dL  fdv\ 

dx  \dxdzJ  "  dx  dz  dz  \dx)  ' 


dU  (d^Du\     dL  (dU d^Du        dLdLdv     dU  (dv\\ 
da?\dj^  J^dx  \da?    dy"   ^     dx  dy  dy^  df  \dx)) 

{dDd}L   ^dL dL  d^L      dVd}L\ 
\dof  dj^         dx  dy  dxdy     dy^  da?)  ' 

dl^  fd^IhA  ^dL  (dU d^Du     dLdLdv     dLdLdv     dLdL  fdvVi 
dx^  \dy  dz)     dx  {da?  dydz     dx  dz  dy     dx  dy  dz      dy  dz  \dx)) 

(dUd^^dLdLd^^dLdLd^      dL  dL  d^L) 
[da?  dydz     dx  dz  dxdy     ^  dy  dxdz      dy   dz  da?)  ' 
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dX'  fd*I>a\  _ ^  [dD d'Du  .^^I^dLih     dU  /dv\\ 


ds?  \  df?  }     dx  Xdic'    (/z*  dx  dx  dz 


m 


^  (dU  ^_    dLdL  d'L      dV  d'LX 
{di^  dz'  dx  dz  dxdz      de'  da?) 


Sutstitutc  these  values  in 


/e<&=  [*(fy(fc... 


and  uae  the  formula  (C)  of  Art.  130  j  thus  we  replace  the  integral 
j^dydz...  hj  the  Bum  of  two  integrals,  namely, 

the  first  of  these  integrals  ia  completely  reduced,  the  second  is  atill 
BUflceptible  of  rednction.  The  second  integral  ia  with  respect  to  the 
vartahles  n, ... ;  its  limits  depend  on  the  equation  which  will  be 
obtained  by  eliminating  x  and  y  between 

1  =  0,  ^-0,     ??  =  0. 
dx  ay 

In  fact  this  integral  resembles  the  integral  ^dydz  ...  and  may 
be  treated  in  the  same  way. 

We  have  merely  indicated  the  transformations  which  must 
be  applied  to  the  portion  fDUdxdt/dz  .,,  of  the  variation  SV; 
because  since  these  tranaforraations  reduce  to  integration  by  parta 
they  belong  to  the  Integral  Caleulns  rather  than  to  the  method 
of  variations.  It  ia  true  that  one  of  the  fundamental  principles  of 
this  method  consists  in  removing  as  much  aa  possible  the  dif- 
ferential coefficients  of  the  variations  which  occur  under  the  in- 
tegral aign ;  but  the  calculus  of  variationa  only  indicates  this 
operation  and  refers  the  execution  of  it  to  the  Integral  Calculua. 


133.  The  Academy  of  Sciences  at  Paris  proposed  the  follow- 
ing as  the  subject  of  competition  for  their  great  mathematical  prize 
in  1842 ;  To  find  the  limiting  equations  which  must  be  combined 
with  the  indefinite  equations  in  order  to  determine  completely  the 
maxima  and  minima  of  multiple  integrals,  the  formulee  to  be  applied 
to  triple  integrals. 

Four  memoirs  were  sent  in  which  were  examined  by  MM, 
Liouville,  Sturm,  Poinsot,  Duhamel,  and  Caucliy.  The  prize  was 
awarded  to  M.  Samis,  and  honourable  mention  was  made  of  M. 
Delaunay. 

With  respect  to  M.  Sarms  the  judges  said  that,  hy  the  aid  of  a 
new  symbol,  which  he  calls  a  sign  of  sabstitution,  he  has  esta- 
blished elegant  and  general  formulffi  which  furnish,  under  a  conve- 
nient form,  the  variations  of  multiple  integrals  and  enable  us  to 
apply  in  all  cases  the  process  of  integration  by  parts ;  he  has  thus 
contributed  in  a  remarkable  manner  to  the  improvement  of  analysis, 
and  deserves  the  great  prize  for  mathematics. 

"With  respect  to  M.  Delaunay  the  judges  said  that,  although  he 
has  not  given  to  his  processes  all  the  generality  which  could  be 
desired,  yet  he  deserves  honourable  mention  on  account  of  the 
elegance  of  hia  formula,  especially  by  reason  of  the  applications 
which  he  has  made  of  them,  and  his  researches  upon  the  distinction 
of  masima  and  minima, 

{Comptes  Bendus,  Vol,  xviii.  page  315.) 

We  shall  give  an  account  of  the  memoir  of  Delaunay  in  the 
present  chapter,  and  of  the  memoir  of  Sarms  ia  the  next  chapter. 
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134.  The  memoir  on  tlie  Calculus  of  Variations,  by  M.  Charles 
Delaunay,  was  published  in  the  29th  Cahier  of  the  Journal  de 
VEcoh  Poli/techtiiqiie,  which  is  dated  1843.  The  memoir  extends 
over  pages  37 — 120.  Some  introductoiy  observHtions  are  given  in 
the  first  seven  pages.  Delaunay  refers  to  the  method  which  was 
used  in  the  solution  of  problems  in  the  Calculus  of  Variations  by 
those  who  first  studied  the  subject ;  these  writers  considered  any 
proposed  integral  as  the  sum  of  an  indefinitely  large  number  of 
terms  depending  on  the  values  of  the  ordinates  of  the  different 
points  of  a  curve,  and  they  investigated  the  change  produced  in  the 
sum  by  varying  one  or  more  of  the  ordinatea.  By  this  method  they 
obtained  the  differential  equation  of  the  required  curve,  but  they  did 
not  obtain  the  equations  which  must  hold  at  the  limits.  It 
was  first  shewn  by  Poisson  in  his  memoir,  which  waa  presented 
to  the  Academy  of  Sciences  in  1831,  that  the  old  method  could  be 
made  to  famish  the  equations  which  must  hold  at  the  limits  as  well 
as  the  general  differential  equation. 

The  method  of  Lagrange  gives  the  terms  which  exist  at  the 
limits  in  the  case  of  a  double  or  multiple  integral,  but  not  in  a  con- 
venient form;  ihey  require  transforming  so  as  to  shew  how  many 
arbitrary  variations  they  involve,  and  to  put  them  in  a  convenient 
shape  for  a])plication,  Poisson  led  the  way  in  these  researches,  by 
giving  in  the  memoir  already  cited  tlie  terms  at  the  limits  in  the 
case  of  a  double  integral.  Delaunay  concludes  his  introductory 
observations  with  the  following  sentences.  The  Academy  having 
proposed  for  coinpelition  the  question  of  determining  the  terras  at 
the  limits  for  maltiplc  integrals,  I  have  investigated  the  subject,  and 
I  present  this  memoir  aa  the  result  of  my  researches,  which  I  hope 
leaves  nothing  to  be  desired.  -Vfter  my  task  waa  completely 
finished,  I  became  acquainted  witli  a  memoir  by  M.  Ostrogradsky, 
in  which  he  overcomes  the  principal  difficulties  of  the  question  pro- 
posed by  the  Academy ;  and  his  method  is  nearly  the  same  as 
mine.  But  lie  stops  there,  and  does  not  deduce  from  his  method 
the  formulae  which  may  be  used  in  applications.  M.  Ostrogradsky 
and  myself  have  taken  for  a  guide  in  our  researches  the  memoir  of 
M.  Poisson ;  the  coincidence  of  our  results  proves  then  only  one 
thing,  and  tliat  is  that  the  course  liad  been  so  well  traced  out  by  the 
illustrioiw  French  mathematician,  that  it  was  impossible  to  wander 
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from  it,  and  thus  to  liim  must  belong  the  merit  of  the  autaequent 
discoveries.  [The  memoir  by  M.  Ostrogradsky,  to  which  alluaion 
is  made,  is  that  which  we  have  given  in  Chapter  V.] 

135.  The  first  part  of  the  memoir  ia  called  variation  of  a  defi- 
nite integral;  it  extends  over  pages  43 — 79.  Delaunay'a  investiga- 
tions apply  to  multiple  integrals ;  hia  method  will  be  sufficiently 
illustrated  by  the  case  of  a  triple  integral,  to  which  we  shall  confine 
ourselves,  and  we  shall  not  use  exactly  the  same  notation  ae 
Delaunay. 

Let  there  be  a  definite  triple  integral 

JffdxdydzK, 


1  supposed  a  function  of  x,  y,  i 


in  which  K 

do? '   dxdy'  

The  integration  ia  supposed  to  extend  over  all  the  values  of  x,  y, 
and  z  which  render  a  certain  function  f{x,  y,  z)  negative.  Wc 
shall  denote  the  triple  integral  by  U. 

If  we  put  a  given  function  of  x,  y,  z  in  the  place  of  u,  and  if 
f[x,  y,  z)  be  a  known  function,  then  i7can  be  calculated.  It  will  be 
necessary  to  effect  successive  integrations,  and  to  take  each  integral 
between  appropriate  limits,  and  these  can  be  determined  in  the  fol- 
lowing manner. 

The  order  of  the  successive  integrations  being  arbitrary,  we  can 
suppose  that  we  integrate  first  with  respect  to  z,  then  with  respect 
to  y,  and  then  with  respect  to  x.  In  the  first  integration  y  and  x 
are  regarded  as  constants,  and  the  integration  with  respect  to  z 
extends  over  all  the  values  of  z  which  render  f{x,  y,  z)  negative ; 
80  that  we  must  take  for  limits  the  valnca  of  z  which  aotisfy 

n==,s,')='> (!)■ 

The  result  of  the  first  integration  will  be  a  known  function  of  x 
and  y  and  will  form  the  element  of  a  new  integral  with  respect  to 
these  variables,  and  this  integral  must  extend  over  all  the  values  of 
*  and  y  which  make  the  values  of  z  found  from  (1)  real.     These 
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limiting  values  of  x  and  1/  then  are  such  that  if  we  give  one  of 
them  a  suitable  indefinitely  small  change  the  roots  of  (1)  pass  from 
real  values  to  imaginary  values.  The  limiting  values  of  x  and  y 
roust  therefore  be  such  as  to  introduce  equal  roots  into  (1),  bo  that 
(1)  must  have  some  roots  in  common  with  the  derived  equation 
relative  to  z. 

The  limiting  values  of  x  and  t/  must  therefore  satisfy  the 
cqaatioD 

/.(^,y)  =  o (2), 

which  is  ohtained  hy  eliminating  z  between 

If  the  sign  of  the  left-hand  member  of  (2)  has  been  properly 
chosen  we  may  say  that  the  new  definite  integral  must  extend  over 
all  the  values  of  x  and  y  which  render/,  {x,  y)  negative. 

There  is  no  difficulty  in  determining  the  limits  of  the  integra- 
tions which  remain  to  be  eficcted.  For  by  proceeding  as  before 
we  find  that  we  must  integrate  with  respect  to  y  considering  x 
constant,  and  then  the  limits  of  y  are  given  by  (2).  Lastly  the 
limits  of  n;  are  given  by  the  equation 

/M  =  » (3), 

which  is  obtained  by  eliminating  y  between 

Suppose  that  the  equation  (1)  gives  only  two  values  of  z,  and 
denote  them  by  z^  and  z, ;  suppose  that  equation  (2)  gives  only 
two  values  of  y,  and  denote  them  by  y^  and  y, ;  suppose  that  equa- 
tion (3)  gives  only  two  values  of  x,  and  denote  them  by  x^  and  a-,. 
Then  the  definite  triple  integral  may  be  thus  written  with  the 
limits  expressed, 


U=j''dxj''e/yj''d!sK. 


Here  «,  and  z^  are  fimctions  of  x  and  y ;  y^  and  y,  are  functions 
of  a; ;  ar,  and  x,  are  constants. 
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If  any  of  the  equations  (1),  (2),  (3)  give  more  than  two  v&Ines 
of  the  unknown  quantitj  with  respect  to  which  it  is  to  be  aolved, 
then  in  order  to  express  the  liinita  of  the  integrations  it  will  be 
necessary  to  decontpose  U  into  several  definite  integrals,  and  the 
limits  for  these  integrals  will  be  determined  by  the  equations  (I), 
(2),  (3).  This  decomposition  of  U  presents  no  difficulty,  and  we 
will  not  delay  upon  it ;  we  shall  reason  hereafter  on  the  supposition 
that  each  equation  (1),  (2),  (3)  has  two  roots,  and  it  will  be  easy  if 
necessary  to  modify  this  supposition. 

136,  Suppose  that  after  having  given  to  m  a  particular  value 
in  terms  of  x,  y,  z,  we  augment  the  value  of  u  corresponding  to 
each  system  of  values  of  a-,  y,  z  by  an  indefinitely  smaU  quantity ; 
or,  which  comes  to  the  same  thing,  suppose  that  we  augment  the 
general  expression  for  u  in  terms  of  x,  y,  z  by  an  arbitrary  inde- 
finitely small  function  Bu  of  the  quantities  x,  y,  z.  Suppose  raor&- 
over  that  we  give  an  indefinitely  small  variation  to  the  function 
f{x,y,z).  By  these  changes  the  triple  integral  Fwill  assume  a 
new  value  which  differs  by  an  indefinitely  small  quantity  from  its 
original  value;  this  indefinitely  small  difference  we  shall  now 
calculate. 

The  part  depending  upon  the  variation  of  K  is  easily  expressed 

by  well-known  methods,     lip  denote  any  of  the  quantities  w,  t-  , 

T- then  the  corresponding  term  ■ 


137.  The  only  part  of  ZU  to  which  we  need  give  special 
attention  is  that  which  arises  from  the  variation  of  the  limits  of 
the  integrations.  The  part  of  £  I/' which  arises  from  the  variation 
of  the  limits  of  z  is  obviously 

l''dx  C'dyK.Sz,  -  f'dx  {"'dyK^Sz^, 

J't         Jilt  J*ii        JVt 

where  K^  and  K^  represent  what  K  becomes  when  we  put  «,  and  z^ 
respectively  for  z. 
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the  teims  ariaing  from  the  rariation  of  the  limits  y, 

and  y^  we  must  iu  the  integral   I     dzK  replace  y  by  y,  and  y, 

reapectivelj,  then  multiply  the  first  result  by  %,  and  the  second 
by  Sy,  and  subtract  the  second  product  from  the  first,  and  finally 
integrate  with  respect  to  x  between  the  limits  s-,  and  x^. 

Bat  Tphen  y  =  y,  and  also  when  y=ya  the  limits  2,  and  s, 

become  equal,  so  that  the  integral  I    dzK  vanishes;   thus  the 

terms  in  SC  which  arise  from  the  variation  of  j/„  and  y,  arc  zero. 
Similarly  SJJwill  not  contain  any  term  arising  from  the  variation 
of  x^  and  x,.     Thus 

138.  A  remark  may  be  made  with  respect  to  the  resalt  just 
obtained,  namely,  that  it  is  only  the  variatitm  of  the  limits  of  the 
jErs(  integration  which  gives  rise  to  a  term  in  B  U.  The  student 
may  easily  provide  himself  with  a  geometrical  illustration;  sup- 
pose that/{x,  y,  a)  is  -i  +  ^+-;i  — 1,  so  that  the  triple  Integral 

extends  throughout  the  interior  of  n  certain  ellipsoid.  Let  the 
value  oi  f{x,  y,  r)  be  changed  by  variation  into 


^+^?- <'+")•, 


vhere  ft  may  be  supposed  indefinitely  small,  so  that  the  varied  triple 
integral  extends  throughout  the  interior  of  a  new  ellipsoid  which 
is  similar  to  the  former  and  similarly  situated  and  concentric  with 
it.  Tlien  the  part  of  SPwhich  arises  from  the  variation  of  y„  and 
y,  will  be  easily  seen  to  be,  not  absolutely  zero,  bat,  an  indefinitely 
small  quantity,  which  may  be  called  of  the  second  order  if  that 
part  which  arises  from  the  variation  of  a,  and  2,  be  called  of  the 
order.     Alao  that  part  of  5  f7  which  arises  from  the  variation 

10 
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of  »„  and  fc,  will  "be  an  indefinitely  small  quantity  which  may  be 
called  of  the  third  order. 

Thus  it  will  be  observed  that  by  supposing  the  triple  integral  U 
to  be  extended  over  all  the  values  of  x,  y,  z  which  render  _/'(arj  y,  e) 
negative,  tho  variation  5i7  is  free  from  any  terms  arising  from  the 
variation  of  the  limits  of  the  integrals  except  those  which  arise 
from  the  variation  of  the  limits  of  the  first  integration.  Tliis  sim- 
plicity however  is  obtained  by  a  corresponding  loss  of  generaliQ' 
in  the  results.  The  most  general  supposition  would  be  that  the 
limits  Zp  and  z,  are  any  arbitrary  functions  of  x  and  y,  that  y^  and 
y,  are  any  arbitrary  fanctiona  of  x,  and  that  x^  and  ar,  are  any  con- 
stants; so  that  no  mention  would  be  made  of  the  function /"(a;,  y,  z). 
One  of  the  great  merits  of  the  memoir  of  Sarros  is  that  it  treats  the 
problem  in  this  most  general  sense;  it  will  be  remembered  that 
Ostrogradsky  had  adopted  tlie  same  limitation  as  Delaunay.  {See 
Alt.  129.)  And  in  Poisson's  researches  on  the  variation  of  s  double 
integral  the  same  limitation  occurs,  for  the  integrations  are  sup- 
posed to  esteud  over  an  area  bounded  by  a  closed  curve.  (8ee 
Art,  105.) 

139.  We  resume  the  consideration  of  the  value  of  8 17  given  in 
Art.  137.  The  last  two  terms  in  the  value  of  S 17  are  united  by 
Delaunay  by  means  of  a  new  notation,  which  he  considers  to  poa- 
6693  some  advantage  over  that  hitherto  used ;  in  order  to  explain 
it  he  aays  he  must  enter  into  some  details. 

Let  fjdxdyh  be  a  double  integral  which  extends  over  all  the 
points  in  the  plane  of  {x,  y)  comprised  within  the  interior  of  the 
closed  curve  AviBn  {see  fig.  4).  Let  y„  and  y^  represent  the  ordi- 
nates  of  the  curve  which  correspond  to  any  abscissa  x ;  let  x^  and 
a,  he  the  extreme  abscissse  Oa  and  Oh.  Then  the  double  integral 
may  be  expressed  thus, 


dyh. 


Now  suppose  we  have  found  the  indefinite  integral  //  of  hdy,  and 
let  ^^  and  H^  represent  what  H  becomes  when  we  substitute  y, 
and  y,  respectively  for  y.     Then  we  have 

{''dx\'"dyh={''B,dx-\''nJx. 
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Now  mppose  that  a  point  starts  from  A  and  moves  round  the 
curve  AmUn  in  the  direction  indicated  by  tlie  arrows  and  finally 
retoms  to  A.  Let  dx  denote  the  apace  traversed  by  this  point  in 
the  direction  of  the  axis  of  x  in  any  indefinitely  small  time,  and 
let  y  bo  the  variable  ordinate  of  the  point.  Then  the  integral 
JdxH  taken  during  the  time  the  moving  point  describes  the  por> 
tioD  AmB  will  form  the  first  part  of  ika  iategrol  JJdxdi/h,  namely, 

j''ll,dx; 

and  tluB  eame  integral  taken  during  the  time  the  moving  point 
deacribea  the  portion  BnA  will  form  the  second  part  of  the  inte- 
g^ffdxd^h,  namely, 

-  j"n,dx: 


for  in  this  second  part  of  the  motion  dx  is  constantly  negative.  We 
may  then  express  the  integral  Jfdx  dy  k  completely  by  jdje  H  ex- 
tended throughout  the  motion  of  the  moving  point,  that  is,  from  its 
departure  from  A  until  its  return  to  the  some  point ;  this  will  be 
indicated  by  the  notation 

^dxK 

Besides  the  advantage  of  uniting  in  a  single  term  the  two  terms 
which  were  required  to  represent  the  value  of  ffJx  di/  k,  the  proposed 
notation  has  another  advantage ;  for  we  can  express  by  a  single 
terra  the  integral  fjdxdyh  in  the  case  in  which  the  limiting  curve 
can  be  interaccted  in  more  than  two  points  by  a  line  parallel  to  the 
axis  oijfy  as  may  be  easily  seen. 

140.  In  the  last  two  terms  of  the  value  found  for  8f  (see  Art. 
137),  we  may  consider  the  quantities  A',S«,  and  —KJ^^  aa  forming 
the  two  parta  of  a  definite  integral  taken  with  respect  to  e  between 
tlie  limits  2(,  and  »,.     We  may  therefore,  by  Art.  139,  put 
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thus  BU^l    dx\    dy\     dzX-^Sp 


12^1'^,^^^^'' 


the  «  which  enters  into  the  Ko{  the  last  line  is  a  function  ofx  and 
y  determined  from  the  equation  f{x,  y,  z)  =  0. 

141.  We  must  now  transform  the  terms  in  the  first  part  of  S 17 
by  means  of  integration  bj  parts.  This  part  of  Delaunaj's  memoir 
is  treated  by  him  with  great  generality;  his  method  will  be  -easily 
understood  firom  a  simple  example  which  we  will  take. 

Let^  stand  for  ,    ,    ,  , 

and  Jf  for  -y- , 

dp 

then  we  have  in  the  first  part  of  S[7 the  term 

d'Su 


i^^iy^iy^-^d^' 


and  we  will  take  this  term  and  reduce  it  by  integration  by  parts. 
By  one  integration  by  parts  the  term  becomes 

Jjfo      J (9)  dxdy     J,^      Jy^   ^  Jmo       dz  dxdy 

where  in  the  first  term  the  notation  is  used  which  was  explained  in 
Art.  139. 

If  we  efiect  two  more  integrations  by  parts  in  the  second  of  the 
above  two  expressions  we  shall  easily  see  that  we  shall  finally 
obtain  in  the  indefinite  part  of  the  variation  SC/'the  term 


—  I     dxl     dy\    dz^ — =— ,  8m; 
J»o      ho      J»o      dxdydz 


we  shall  also  have  some  limiting  terms.  The  limiting  terms  it  is 
not  as  yet  easy  to  write  explicitly,  because  the  limits  of  the  respec- 
tive integrations  will  not  be  the  same  as  those  we  have  hitherto 


DEI.AUNAT.  149 

used,  fflsce  the  order  of  the  integratioiis  becomeJt  changed.     In  fact 
to  reduce  the  term 


J'.,      Jio      J*„       dz  dxdy 


as  mucli  aa  possible  Ly  mtegration  \iy  parts,  we  must  begin  by  in- 
tegrating with  respect  to  at  or  y  and  not  with  respect  to  z,  as  we 
have  hitherto  supposed.  But  it  will  iutroduce  confusion  if  we  use 
different  limits,  and  thus  auch  a  transformation  is  required  of  the 
terms  at  the  limits  as  will  allow  the  integrations  to  be  all  jwrforracd 
in  the  same  order.  This  transformation,  as  Delaunay  says,  formed 
one  pi  the  principal  difficulties  of  the  problem,  and  he  considers  that 
he  has  accomplished  it  with  all  the  simplicity  desirable.  He  adds 
that  Ostrogradsky  had  arrived  at  the  same  mode  of  transformation 
as  a  particular  case  of  a  more  general  method,  this  particular  case 
being  however  the  simplest  that  could  be  derived  &Dm  it.  See 
formula  (C)  of  Art.  130. 

142.  Let  for  example  jjNdi]  dz  h^  &  term  which  has  arisen 
irom  an  integration  by  parts  with  respect  to  x  and  in  which  we 
have  not  yet  taken  account  of  tlie  limits  between  which  the  integral 
is  to  extend,  so  that  N  \s  e.  function  of  x,  y,  and  a.  In  order  to 
determine  the  limits  we  must  deduce  from  the  equation /{x,  y,s)  =  Q 
the  values  of  a:  in  terms  of  y  and  z ;  suppose  we  thus  obtain  two 
values  of  a;,  which  we  may  denote  by  x"  and  x\  and  let  N"  and  N" 
denote  what  ^becomes  when  a;"  and  x  are  respectively  put  for  x; 
then  the  integral  may  be  denoted  by  jj{N"  -  N')  dy  dz,  and  it  is 
to  extend  over  all  values  of  y  and  e  which  make  the  values  of  as 
found  fi-om/(i,3/,  s)  =  0  real.  We  want  now  to  transform  this 
doable  integral  so  that  it  shall  extend  between  the  old  limits ;  and 
we  shall  now  shew  that  it  may  be  put  in  the  form 


j''itcj''dyM,  where  -W=jv5, 
dji 

and  a;,  and  x,  are  the  same  quantities  aa  have  been  throughout 
denoted  by  these  symbols. 
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For  any  assigned  value  of  y  the  equation /(a?,  y,  z) »  O,  may  be 
regarded  as  the  equation  to  a  plane  closed  carve  AmB  of  which  the 
variable  co-ordinates  are  x  and  z.  (See  figure  5.)  Thus  in  the 
double  integral  we  are  considering,  ffdydzN^  if  we  integrate  with 
respect  to  2;  we  must  extend  the  integral  to  all  values  of  z  which 
allow  us  to  deduce  from  the  equation  /{x,  y, «}  =0  real  values  of 
Xm  that  is,  the  limits  of  z  must  be  Oa  and  On.    But  hj  Art  139, 


I     {N"^N')dz^        Ndz. 


(Oal 

Thus  ffNdy  dz  takes  the  form 


w 


(On) 

Ndz. 


/, 


tKOa)  .... 

The  symbol  /     Ndz  mdicates  an  integral  taken  throughout  the 

motion  of  a  point  which  starts  from  A  and  returns  to  A  again  after 
moving  round  the  curve  in  the  order  of  the  outside  arrows.  But  if 
we  suppose  a  second  point  to  start  from  B  and  to  move  round  the 
curve  in  the  order  of  the  inside  arrows  and  return  to  B  the  symbol 

Ndx  would  indicate  an  integral  taken  throughout  the  second 

motion.  But  dz  and  dx  being  the  increments  of  z  and  x  which  cor- 
respond to  the  instants  when  the  moving  point  is  traversing  in 
opposite  directions  the  same  element  of  the  curve,  we  have  obvi- 
ously 

c&  =  —  5—  dx. 
dx 

dz 
where  ^  is  the  differential  coefficient  of  z  with  respect  to  x  de- 
duced from  /(a?,  y,  z)  =  0.    Thus 


«>«),     ^r  f*°^^    dz 


dzN^^l     dx 

J  (Ob)  J  (Ob) 


N. 


iOa)  J  iOb) 

Therefore  the  double  integral  we  are  considering  becomes 
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It  most  Tm  obBeiTcd  that  in  N  in  the  laet  expression  s  is  to  be 
considered  a  function  of  x  and  not  x  of  s.  This  definite  integral 
extends  over  all  the  valnes  of  x  and  y  which  allow  of  real  values  of 
B  being  found  from  /{x,  y,  c)  =  0,  as  is  easy  to  see ;  and  as  tha 
order  of  integration  may  be  changed  at  pleasure,  we  may  take 
that  which  has  already  been  adopted  in  Art.  135.  Thus  we  have 
finally 

jJjVrfy  di,  that  ia,  jj{N"  -  N')  dy  de 


wneie  M=js-r9. 

di 

143.  We  shall  not  reprodnco  the  extremely  general  formtilEB 
which  Delaonay  now  gives  with  respect  to  multiple  integrals,  which 
extend  over  pages  59 — 73  of  his  memoir.  His  method  will  be  suf- 
ficiently  illustrated  if  we  give  in  detail  the  invealigations  of  the 
variations  of  a  double  integral  and  of  a  triple  integral,  in  which  we 
shall  suppose  that  no  diScrential  cocfGcient  of  a  Iiighcr  order  than 
the  second  occurs  in  the  proposed  expressioo.  Let  us  then  consider 
first  the  variation  of  a  double  integral. 


Let 


U=(''dxj'''dul 


Let  F  be  a  function   of  a:,  y,  u, 


du     du     d'u 

dx'   dtf'    d^^    dy' 


,   -r-|  and 


|«^^;  and  let  the  variation  of  Fbe  required  arising  from  a  varia- 
w6  in  u  and  a  variation  in  the  limits  of  the  integrations. 

The  partial  differential  coefficient  of  V  with  respect  to  ^  will 
be  denoted  by  V^,  that  with  respect  to  ~  by  F,,  that  with 
rwpect  to  ^  by  r„,  and  so  on. 
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Then,  as  in  Art.  140, 


8  U=  [^dxi'^dy  8  V+j^'^dx  FSy. 
Now.8r=^8u+r.8|+F^|+F.8g 

~  du^^^'  dx^^*  dy^^"  da?^  ^"dxdy^^'^  dif  ' 

thns  there  are  six  terms  in  8F;  and  we  shall  consider  how  these 
six  terms  will  appear  in  hU. 

The  first  term  is  not  snsceptible  of  reduction. 

The  second  term  is  \\dxdy  F^-^ ; 
bj  Art  142  this  gives 


The  third  term  is  |  lixdyV^--^  ; 


this  gives  j    dxV^Bu-^ljdxdy-j^Su 


The  fourth  term  is  I  Idxdv  F. 


is  lldxdy 


d'Su 


da?' 
by  one  integration  hj  parts  this  gives 

-Tdx^^V  ^^     [(dxd  ^£§!f. 
J^gi^     ^    "  dx  ^ ]]       ^  dx    dx^ 

and  by  a  second  integration  by  parts  we  obtain 


get 
dhu 
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Tlie  fiilk  termb  jldxinV^^^; 
by  mtegrating  by  parts  with  respect  to ; 

hj  a  second  integration  hj  parts  we  obtain 

The  sixth  term  is  I  Itirrfy  F„  -jt-  ; 
by  one  integration  by  parts  this  gives 

by  a  second  integratioQ  by  parts  we  obtain 
Tben  by  collectiiig  the  terms  we  have 

ax       dx    dy        dy  J 
dSu.         Mu\ 

dx*  'mi 


-Z' 


\-i   dxVSy. 


I 

I 

4 


In  this  formula  -^  is  to  be  found  from  tlie  equation  /(x,  i/)  =  0, 
which  determines  the  limits  of  integrations. 

It  will  be  seen  that  in  the  third  line  of  tlie  value  oi BUwe  have 
—7—  and  -T-  ,  both  occurring  under  the  integral  sign ;  we  shall  now 
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shew  that  the  former  Cfymbol  may  be  expressed  in  terms  of  the 
latter. 

At  the  limits  of  the  integration  y  is  a  function  of  x  determined 
by  /(a?,  y)  =  0;  let  -^--  denote  the  complete  diflferential  co- 
efficient of  Su  with  respect  to  »,  obtained  after  we  have  put  for  y  its 
value ;  thus  at  the  limit 

dx        dx       dii  dx* 

Therefore 

dSu     DSu     dSudjf 
dx       dx   ^  djf  dx' 

Bj  substituting  this  value  of  -^  the  third  line  of  8^7'  be- 
comes 

The  latter  part  may  be  integrated  with  respect  to  a?  by  parts ; 
the  integrated  part  wUl  vanish  because  the  limits  coincide;  we 
shall  thus  have 

and  J-  (  ^«w  ■" ;/    ^  )  ^^^^  means  the  differential  coefficient  with 

respect  to  x  supposing  y  a  function  of  x  found  from  f(x^y)  —  0 ; 
80  that 


V  -^     dx    ''J^  dx  "^  dy   dx 


dx 


_d^yy      dydV^     (dy\UV„^ 
d^    "■    ^  dx       \dx)    dy 


Tbws  finally 
j„      \   "     dx    '     da^    "         dx  dx        dx        dy 

144.     We  ehall  now  give  the  variation  of  a  triple  integral. 

Let        V=\\\dz:dydz  V,    that  la  !'' dx  ("'dy  j ''daV. 

V  IB  supposed  to  contain  x,  y,  M,  u,  and  the  partial  difierential 
coetHcients  of  u  with  respect  to  x,  y,  s,  ap  to  the  second  order 
inclusive. 

Here        SU=jjjdxdydzBV+j''dxf*^dyV&t; 

au  ax         'ay         '  dz 

+  ^-  (ic>  +  ''«  </y  +  *^-  di'  ^^'*dxdy^  ^-d^dz^^^d^' 

There  will  thns  be  ten  terms  in  £  C  arising  from  8  V. 
The  first  term  is  susceptible  of  no  transformation. 
The  second  term  is 

by  integratioD  hy  parts  this  gives 
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The  third  term  is 
by  integration  by  parts  this  gives 

where  we  have  put  jjdxdy  instead  of  /     dxl     dy,  and  this  ab- 
breviation we  shall  continue  to  use. 

The  fourth  term  is 

by  integration  by  parts  this  gives 

IJdxdyV^-jjjdxdtfdz^Su. 

The  fifth  tenn  is 

fjjdxdydzV„-^; 

bj  one  integration  by  parts  this  gives 

by  a  second  integration  by  parts  we  obtain 

The  sixth  term  is 

jfjdxdydzV„^; 

by  one  integration  by  parts  this  gives 

-jjdxdif^V^^-jjjdxdyd.^^; 
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by  a  aeoond  integration  hj  parts  we  obtain 

The  seventh  tenn  is 

jjjdx  dydzV,-^ ; 

by  two  integrations  by  parts  this  gives 

The  eighth  term  is 

by  one  integration  by  parts  this  gives 

-iJdxdy^V^^-jfjdxdydz^^; 

by  a  second  integration  by  parts  we  obtain 

The  ninth  term  is 

llJdxdydzV^^', 
by  one  integration  by  parts  this  gives 


jjdx  dy  V„  -^ -jjjdxdy  dz 


dz    dx  ' 
by  a  second  integration  by  parts  we  obtain 

jjdxdyV„^+jjdxdy^^-8u+jfjdxdyd.^^Su. 
The  tenth  term  is 
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by  two  integrations  by  parts  this  gives 

In  these  fommlso  ^  and  -^  are  to  be  found  from  the  equation 
determining  the  limits  which  is  supposed  to  be  given, /(a?,  y,  «)  =  0, 

fix  /iz 

(seeArt.135).  We  shall  put  |>for  grand  j  for  j-. 

Thus    8Zr=fff^rfy&{^-f--^'-^- 

JJJ  [du      ax      ay      as 

d*V„  .  d*V„  .  d'V.  .  <rr„  .  rf»K.  .  d*V^ 


da? 


dj^        dtf      dxdy     dxdz     dydz] 


+Jldxdy[-pV,'-iV,+  K 

.     ^K»^    dK,     dV^^    dV^^    dV„^     rfFJ. 

^\\dxdy[^pV^^yY^ 
+  \\dxdyVhz. 


)  dhu 
dz 


Here  are  si^  different  terms  in  SE7;  the  first  involves  a  triple 
integral;  the  second  a  double  integral  in  which  Bu  occurs;  the 

third,  fourth,  and  fifth  double  integrals  in  which  -j— ,  --7-  ,  -^--  , 

respectively  occur ;  the  sixth  a  double  integral  in  which  Se  occurs. 

In  all  the  double  integrals  e  is  supposed  a  function  of  x  and  y 

determined  by /(a?,  y,  z)  =  0.   The  third  and  fourth  terms  will  now 

-  -,.-  aiA  duti      1  dvu 

be  modified  so  as  to  get  nd  of  -^—  and  -^  . 
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If  na  before  —j —  denote  the  differential  ooefficient  of  Su  with 

dx 

lespect  to  X  after  the  value  of  z  has  been  substituted,  we  ha.Ye  at 

the  limits 

DSu  ^  dSu        dSu 

dx   "  dx      ^  dz  ' 
--.    .,    ,  DSu     dSu  .      dSu 

Therefore  at  the  limits,  as  on  page  154, 

jjdxdy{-qr„-pr^+  F^}^  = 

Thus  8  U  finallj  consists  of  the  following  terms : 
the  part  involving  the  triple  integral ; 

the  term  lldxdy  VBz; 
ihtU^jjdxdyi^V,--pr„^qV^+p'V^  +  ^V„+pqVjj^; 


and  a  term 


jjdxdyMSu, 


where  if  =>  V,—pV,—qVg 
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dV„  .    ,dV„    dV„       dV, 


^^^  dxV   "      ^"j-^'-'^P  dx  ^^    dz        dx      P 


dz 


,  d'g  d'z        ,     d'z 

wherer  =  ^,    »  =  ^j^,    «=^; 

these  being  all  supposed  found  firom/(x,  y,  z)  =  0. 

Thus  M=  V,-pV,-  qV, 

rfr_       rfF^         rfF^     dV„     dV^       y 

145.  The  second  section  of  Delannay's  memoir  is  entitled 
conditiam  that  a  definite  integral  may  he  a  maximum  or  a  minimum; 
distinction  between  a  m,aximum  and  a  minimum.  This  section  extends 
over  pages  79 — 97. 

Delannay  makes  some  remarks  on  problems  of  relative  maxima 
and  minima,  and  he  arrives  at  a  result  which  requires  examination. 
Consider  the  integral  jKdx  where  K  is  supposed  to  contain 
different  unknown  functions  t/,  z,  ...  and  their  differential  coeffi- 
cients with  respect  to  x.  Suppose  that  this  integral  is  to  be  a 
maximum  or  minimum  at  the  same  time  that  a  relation  ^  =  0  is 
to  hold  between  the  functions  and  their  differential  coefficients. 
Delaunay  then  supposes  that  as  usual  we  proceed  to  find  the  maxi- 
mum or  minimum  of  J{K+  m<j>)  dx,  where  m  is  some  function  of  x 
at  present  undetermined.  Delaunay  considers  that  there  will  be 
different  cases  in  this  problem  according  as  the  differential  coeffi- 
cients which  occur  in  ^  are,  or  are  not,  of  a  higher  order  than  those 
which  occur  in  K.  If,  for  example,  the  highest  differential  coeffi- 
cient which  occurs  in  ^  is  one  order  higher  than  the  highest  which 
occurs  in  K,  Delaunay  arrives  at  the  result  that  at  each  limit  of 


the  iutegrstion  we  must  have  «t  =  0;  if  the  highest  differential 
coefficient  which  occurs  in  ^  ts  tuto  orders  higher  than  the  highest 
which  occurs  in  K,  Delaunay  arrives  at  the  result  that  at  each 

limit  of  the  integration  we  must  Iiave  to  =  0  and  -r-  =  0. 

146.  Without  going  into  detail  on  the  subject  we  will  indicate 
two  objections  to  Delaunay's  conclusions. 

First.  Suppose,  for  example,  that  K  involves  differential  co- 
efficients op  to  the  second  order  inclusive,  and  that  0  involves 
differential  coefficients  up  to  the  fourth  order  inclusive.  Let  z^  and 
X,  denote  the  limits  of  the  integration,  and  suppose  that  x^  —  x„  ia 
divided  into  n  equal  parts ;  and  put  x^—x^  =  nfi.  Then  Delaunay 
nays  tliat  the  relation  ^  =  0  ia  meant  to  hold  for  tlie  following 
values  of  X,  when  n  is  supposed  large  enough : 

CB,  +  3A,  x^  +  iA,...,  a^+(n-4)A,  x„-\-  {n-3)h;  I 

that  ia  to  say,  it  is  not  meant  to  hold  for  the  values 
^i,,  3r„  +  A,  a;,  +  2A,  a\,  x-^-A,  a;,-2A. 

For  ^  involves  differential  coefficients  of  the  fourth  order,  and  such 
differential  coefficients  may  be  supposed  to  depend  upon  four  con* 
secutivc  values  of  a: ;  so  that  if  for  example  wc  suppose  0  =  0  to 
hold  when  x  =  j-,—  2A,  a  value  »;,+  /*  would  be  involved  in  0,  which 
lies  beyond  the  limits  of  our  integration.  The  reply  is  simple ; 
the  proposer  of  a  problem  may  attach  his  own  meaning  to  his  con- 
ditions;  he  may  say  that  0  is  to  be  zero  for  all  values  of  x  within 
the  limits  x^  and  z,,  or  he  may  say  that  ^  is  to  be  zero  for  all 
values  of  x  within  the  limits  x^+  3A  and  ar,  —  3/i.  Thus  Belaunay's 
investigations  do  in  effect  attach  one  of  two  possible  meanings  to 
a  certain  condition,  but  probably  not  the  meaning  which  would 
generally  be  attached  to  such  a  condition. 

Secondly.  Let  us  now  take  Delaunay's  own  view  of  the  mean- 
ing of  the  condition  and  examine  if  hia  conclusions  hold.    We  have 

then  the  following  problem :    I    'iTrfj:  is  to  be  a  maximum  or  a 

minimum  while  the  condition  ^  =  0  is  to  hold  for  all  values  of  a; 
compruwd  between  f,  and  f,,  whero  fj  and  f,  lie  thempelvcB  be- 
tween r,  and  X .     In  Delaunay's  problem  the  difference  between 

IX 
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*(,  and  fo  is  infinitesimal,  and  ao  is  the  difference  tetween  f,  and  x^, 
tut  we  need  not  restrict  onrKclves  with  this  limitation.  We  iiave 
then  to  make  the  variation  of  the  following  expreaaion  zero : 

Tlie  variation  as  nsual  will  consist  of  two  parts,  an  integrated 
part  and  a  part  still  remaining  under  the  sign  of  integration.  To 
make  the  latter  part  vanish  we  must  take  a  solution  which  leads 
to  discontinuity  in  the  fonu  of  our  functions;  that  is,  a  cei-tain 
equation  or  certain  equations  will  be  ohtained  which  must  liold 
Iwtwcen  the  limits  3^^  and  f„  and  also  between  the  limits  ^^  and  a,, 
and  a  certain  other  equation  or  certain  other  equations  will  be 
obtained  which  must  hold  between  the  limits  f„  and  f,.  There 
will  be  no  objection  to  this  discontinuity  in  form  provided  we  can 
also  make  the  integrated  part  of  the  variation  vanish ;  this  we  must 
now  consider.     The  integrated  part  which   oceura  at  the  lower 

limit  of  S  I    Kdx  and  the  integrated  part  which  occurs  at  the  upper 

limit  of  S  I  ^Kdx  may  be  made  to  vanish  in  the  usual  way  by  a 
proper  disposal  of  tlie  constants  which  occui  in  the  integral  of  the 
differential  equation  obtained  by  making  S\KJx  =  0.  The  inte- 
grated part  which  occurs  at  the  lower  limit  of  S I  '{K+m<^)dx  will 

partly  unite  with  that  which  occurs  at  the  upper  limit  of  S  I  Kdz; 
and  the  integrated  part  which  occurs  at  the  upper  limit  of 
BJ    {K+mtf>)dx  will  partly  unite  with  that  which  occurs  at  the 

lower  limit  of  8 )  'Kdx.     Theoretically  the  complete  set  of  terms  at 

the  limit  f^  and  the  complete  set  of  terms  at  the  limit  ^,  can  be 
made  to  vanish  by  a  proper  disposal  of  the  constants  which  occur 
in  the  integral  of  the  differential  equation  obtained  by  making 


6f(A'  +  »j0)(tc  = 


0. 


1«8 

We  most  now  exftminc  some  of  tlieae  terms  more  particuliu'ly. 
We  have  already  supposed  y  to  denote  one  of  the  variables  which 
occur  in  A';  put 

dx     ^'     da?      ^'     dif        '      da^      "• 
Then  among  the  terms  of  the  integrated  part  we  shall  have 

■rBx), 


'^^''-^^*&-rJ-t) 


and  Sr  and  &q  will  not  occur  elsewhere  among  the  integrated  terms. 
And  as  tn  is  supposed  a  function  of  x  only  we  have 


dm^,  _ 


dtp      dfiitp  d<f> 

ds  '      dr  dr' 


Thus  Sr  and  8^  "i"  disappear  from  the  integrated  part  if  we  liavc, 
at  the  limits  {,  and  f„ 


The  last  relations  are  satisfied  if  at  both  the  limita  we  have 


,  dm 
n  =  0  and  -t-  = 
dx 


..(1) 


as  Delaunay  states ;  but  they  are  also  8ati»^ed  if  at  both  limits 


#„0   and  #-^«=0., 
ds  dr      dx  da 


.(2). 


Moreover  if  r  and  q  arc  to  have  given  values  at  the  limits  f,  and  f„ 
then  &-  and  S^  are  themselves  zero  at  these  limits,  and  then  neither 
(I)  nor  (2)  need  hold. 

We  conclude  then  that  Delaunay's  results  ate  cot  necessarily 
true  even  for  the  special  meaning  which  he  attaches  to  the  con- 
dition ^  =  0. 

Wo  shall  presently  consider  a  problem  which  will  illustrate  tho 
preceding  remarks;  see  Art.  158.  Mr  JcUett  has  indicated  his 
dissent  from  Delaunay 's  conclusions;  see  his  Calculus  of  Varta- 
tumt,  page  362. 

11—2 
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147.  r>e1aiiTia7  tn&kea  some  remarks  on  the  disrinction  Wtween 
maxima  and  minima  values  of  an  integral  in  the  following  words. 
Legcndrc  was  the  first  wlio  considered  tliis  rjuestion,  but  lie  only 
applied  hia  metliod  to  simple  integrals.  Lagrange  modified  the 
method,  and  Jacobi  rendered  it  as  complete  as  possible  by  reducing 
the  investigations  which  it  requires  to  the  general  process  of  inte- 
gration by  parts.  But  neither  of  tlieni  I  believe  attempted  to 
extend  the  method  to  multiple  integrals.  In  examining  this 
question  I  have  found  that  the  generalisation  of  Legendre's  method 
presents  no  difficulty,  at  least  if  his  steps  are  followed.  But  the 
generalisation  of  the  completeness  which  Jacohi  has  given  to  the 
method  appears  to  me  to  present  great  difficulties,  and  I  shall  not 
enter  upon  it. 

Delaanay  then  extends  Legendre's  method  to  a  double  integral ; 
he  confines  himself  to  the  case  in  which  no  differential  coefficients 
of  a  higher  order  than  the  second  occur  in  the  integral  which  is  to 
te  made  a  maximum  or  minimum.  The  problem  which  Delannay 
considers  had  been  previously  solved  by  Bninacci,  who  had  arrived 
at  the  same  results  as  Delaunay  gives.  The  invcatigation  is  repro- 
duced by  Mr  Jellett  in  his  Calculus  of  Vartatfons,  pages  269 — 272. 

Jacobi'a  a^lditions  to  Legendre's  method  will  be  explained  here- 
after ;  and  we  shall  sec  that  the  investigations  of  Jacobi  have  been 
generalised  so  as  to  apply  to  multiple  integrals. 

148.  The  third  section  of  Delaunay's  memoir  is  entitled  ap- 
plication  of  the  preceding  theories  to  some  examples;  tliis  section 
extends  over  pages  97 — 120,  and  contains  four  examples. 

The  first  example  is  to  find  the  curve  which  has  a  constant 
curvature  and  haa  a  maximum  or  minimum  length  between  two 
points.  Delaunay  intimates  that  this  example  is  to  bear  upon 
the  results  given  in  Art.  145. 

Let  ;c,  y,  B  be  the  rectangular  co-ordinates  of  any  point  in  the 
Bought  line  ;  a;„  and  x^  the  abscissfe  of  the  extreme  points.  Take  ai 
as  the  independent  variable  and  use  the  ordinary  notation  for 
differential  coefficients ;  then  the  length  of  the  curve  is 


J'* 
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which  IB  to  bo  a  maximum  or  mioitnum ;  and 

v[y+g"*+(gy'-g'0'i 

is  the   reciprocal  of  the  radius  of  cnrrature  which  is  to  have  a 

constant  value ;  this  constant  value  we  shaU  denote  by  -  • 

P 

Thus  we  proceed  in  the  usual  waj  to  make  I     Vdx  a  majLJmiun 

or  minimum,  where 

By  the  ordinary  principles  of  the  subject  we  have  the  follow- 
ii^  equations  as  necessary  for  the  existence  of  a  maximum  or 
mioimam: 

d  dV_  d'  dV^f^ 
dx  dy      dx?  dy"       ' 

dxdz'      da?  da" 
Therefore  by  integration 

dV_£dV_  ,. 

d^     dx  dy"  ~  "  ^'' 

de      dx  dz"~^ ^" 

where  a  and  y9  are  two  arbitrary  constants. 

The  solution  of  the  problem  then  depends  on  cquaUons  (1)  and 
(2)  together  with 

This  is  as  far  as  Dclaunay  carries  the  general  solution ;  he  adda 
the  following  remark.  Since  it  is  impossible  to  obtain  the  general 
solution  we  may  inquire  if  the  circle  which  is  the  only  plane 
conre  of  constaut  curvature  satisfies  ail  the  conditions;  on  trial 


m 
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we  shall  find  that  the  equations  (1),  (2),  (3)  are  satisfied  when  we 
establish  the  following  relations  between  Xj  y,  z  and  m ; 

z=:ay  +  hx  +  c (4), 

^-  yV(l+a-+6«)  ^^^' 

=p|v(i+y'+0-«y'-i8^'-^^} (6)- 

And  hence  he  infers  that  the  circle  is  a  solution  of  the 
problem. 

149.  This  problem  will  lead  ns  into  a  long  discussion ;  we 
shall  begin  hj  carrying  the  general  solution  a  little  further  in 
Delaunaj's  notation.  We  shall  obtain  two  first  integrals  of  the 
equations  (I)  and  (2) ;  for  this  purpose  it  will  be  necessary  to 
develope  these  equations  (1)  and  (2). 

Let  p,  stand  for 

Vly""+»""  + W-y01  and  ^  for  V(l  +y'"  +  Oi 

so  that  8  is  the  length  of  the  curve  measured  fi'om  some  fixed 
point  up  to  the  point  {x,  y,  z) ;  then  we  shall  find  that 


dV     y'      mz"{zY'-y'z")     Smfiy' 
dx  ^  \dx)  \dx) 


dV_  z'   .  my"{z'y" -y'z")     Zmiiz' 
dx 


dz'      ds^  [dsV  7^ 


dz"  ~ ' 


[dx) 
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Multiply  equation  (1)    hj  y"  and  equation   (2)  by  z"  and 
add;  thus 

^•/'^p."     -VV^  +  ^^g"     3mAt(yy  +  gV0       nddV      „ddV 
ay  +fiz  ="^-^^ ^s ^-y  S^-*^  diW 

dx  \3x/ 


dx 
and 


y'y"  +  z'z"     3m jv'y"  +  z'z")       „  d  dV      ,.£dV 
~'^~Si  (da\^         y  dxdy""*  dxda"' 


y  dxdy"^"  dadz"~dxV  df^^  dz")~^   dy"~^   W' 

—  ——       III  ^y^      1,1  dV 
~dx  p~^    ^'~*   ds"' 
and 

y      ^'"""^     S^  /A\»f  y     +**     +^*^y     "y*    ^^*y    ^*^} 

_^       m       fidfi  _^m  dfi  ^ 

thus 

„.  ^„     t/y"  +  z'z"     m  fS  (y'y"  +  gV)     Irf/il     1« 


3Sb 


\dx) 


I    *l    •    -.»-_»/ 


y'y"  +  g'g"       rf  w 


_  9 

dx 


\dx) 
Therefore  by  integration 

where  7  is  an  arbitrary  constant.    Thns 

w=p{V(i+y'*+0-«y'-/8»'-7l (7). 
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dV 
Again,  by  ordinary  transformations  the  values  obtained  for  ^, 

dV  . 

and  -^1  may  be  written  thus : 

dV  _  m  d^  da       dV  _  vn  d*z  da 
dy* ""  /x  <&'  die '      S?*  "^  ia  d^  dx* 

da  da 

Multiply  equation  (1)  by  ^  and  (2)  by  ^  and  subtract ;  thus 

'ni[i/y"+z*z**)  jy^e'-eY)     dz  d  md^y  ds     dtf  d  md*z  da 
**  fdaV  dsdxuda^dx     dadxada^dx 

d*8 
"*  d^  (y'<'"-*y')      d  mds  fdu  d*z     <fe  <?'y\ 

■^  /rf»V  <&!tt<&U»<&'     ds  cU")' 

-ayV'-.y=(|y(|S-gg);tH. 

c&      o^y     ^  ^*  /^y  ^*^     ^  ^y^  ,    d  m  da  (dy  d^z     dz  d^y\ 
db        ^      iia^\dad^     da  dfJ     dx  fA  dx\da  df     da  dd^J 

^  —  —  Vl  ^^  Y  (^  d'z^^  rf*y\ 
"  da  dx  fA  \dx)  \da  df     da  df)  * 

Divide  by  -j-  and  then  integrate ;  thus 

"-"^-^-fd/cs^-iS) (»)- 

where  C  b  an  arbitrary  constant. 

.    ,     .        m  fda\*  [dy  d^z     dz  d\\     m  t/z"  —  zW' 

dx 
_pm{r,'z"-z'y") 


.(9). 


we  may  write  equation  (8)  tliua : 

Equations  (7)  and  (9)  are  the  integrals  it  was  proposed  to 
obt^n;  the  problem  is  thus  reduced  to  depend  upon  the  solution 
of  equations  (3),  (7)  and  (9).  The  valae  of  m  from  (7)  may  be  sub- 
stituted in  (9)  and  the  result  will,  with  equation  (3),  constitute  two 
simoltaneous  differential  equations  of  the  second  order  for  determin- 
'  ing  the  reqoired  curve. 

150.  We  have  not  yet  verified  Delaunay'a  statement  that 
equations  (4),  (5)  and  (G)  give  a  solution  of  the  problem ;  we  shall 
arrive  at  this  result  most  easily  by  arranging  the  whole  solution  of 
the  problem  aa  far  as  it  can  be  completed  in  a  symmetrical  manner. 
Take  the  arc  «  for  the  indei)endent  variable ;  then  we  have 

and  subject  to  these  conditions  we  have  to  make  I  ds  a  maximum 
or  a  minimum.  We  may  then  in  the  usual  way  consider  that  we 
have  to  make  1  '  Yds  a  maximum  or  a  minimum,  where 

Here  -  and  -q  denote  fimctiona  of  a  at  present  ondeteimined. 

Hence  in  the  usual  way  we  obtain  as  the  necessary  equations 
for  a  maximum  or  a  minimum, 


d'  ^.d'x 

dJ^d?- 

d 

"3 

i^% 

d 

da 

■  (10). 
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Therefore  by  integration 


d  ^ ,  cPx     ^  dx  __ 
ds      d?        ds  "" 

ds      ds*        ds 

^\*—^\  —  — 
ds      dif        ds  "     "^ 


(11). 


dy 


Multiply  the  first  of  equations  (11)  by  -4-  and  the  second 

doc 

by  -T-  and  subtract ;  thus 

/^  d}x  ^  ^  c?*y\  ^'      /^  ^  _^  ^  c?'y\    ,  _     ^  _  ;i  ^ 
V(&  cZfl»     c&  rf?;  dF  "^  Vefo  (&•      dsd?J         "^ds      ^^' 

By  integration  we  deduce  the  first  of  the  following  three  equations, 
and  the  other  two  may  be  obtained  in  a  similar  manner, 


(12). 


In  these  equations  f,  /',  and  /"  are  arbitrary  constants.  This 
method  of  solution  is  given  by  Mr  Jellett;  see  his  Calculus  of 
Variations,  page  195. 

151.  We  have  not  yet  considered  the  integrated  part  of  the 
variation.  We  suppose  that  the  extreme  points  of  the  curve  are 
fixed.  Then  with  the  notation  of  Art.  149  the  integrated  part  of 
the  variation  will  consist  of 

—  Sy-^^Sz. 

If  we  suppose  that  there  is  no  restriction  on  the  tangents  at  the 

limiting  points,  then  since  Sy'  and  Sz'  are  independent,  we  must 

dV  dV 

have  -T-77  =  0  and  ttt  =  0  at  both  the  limits  in  order  that  the  in- 
dy  az 


tegrated  part  of  the  variation  may  vaniah.    Hence  from  the  known 

fIV  dV 

expressions  for  y-rr  and  ~r-^  we  must  either  liave  m  =  0  at  botli 

limits,  or  else  we  muat  have  simoltanconaly 

y"  +  z'{z'y"  -  y'z")  =  0,     and  «"  -  y'is'y"  -  y'z")  =  0, 

at  one  limit  or  at  both  limits.     But  the  latter  equations  are  not 
admissible,  for  tltej  lead  hj  squaring  and  adding  to 

y'"  +  e'"  +  (y"  +  a-J  i^Y  -  y'zj  +  2  [zy  -  y-zy  =  0, 

and  this  would  make  that  expression  vanish  which  ia  always  eqo^ 

to  the  constant  -  by  liypotlieais. 


152.  Let  us  now  examine  the  form  of  the  integrated  part  when 
we  adopt  the  method  of  solution  given  in  Art.  150. 

The  integrated  part  consists  of  the  following  tcrma; 
first,   F&, 

"**™^y'  {^  d^~ 3^^'  iS)  i^~  'Si^J  ^S^*^^  '^^  ^""O 
similar  terms  in  y  and  z, 

thirdly,  V  -r^  [8-5 —  -j-j-  Sa)  together    witli    two    similar 

tenns  in  y  and  z. 

Since  the  extreme  points  are  supposed  fixed  Sx,  Sy,  and  Sa 
Tanish;  hence  by  using  equations  (11)  we  obtain  for  the  inte- 
grated part 

where  it  is  to  be  observed  that  r=  1. 

It  will  now  be  convenient  to  determine  \';  for  this  pm^se 
multiply  equations  (11)  by  -p  ,  -j^,  -jj,  respectively,  and  add; 


thus 


1  ^ 

?  ds  '' 


d*x     ,  d*y 


d\ 
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therefore         -5  =  a^  + J^  +  c^  +  aconstant; 

and  in  order  that  the  coefficient  of  &  in  the  integrated  part  of  the 
variation  may  vanish  this  constant  must  equal  unity,  so  that 

In  order  that  the  rest  of  the  integrated  part  of  the  variation 
may  vanish  it  may  be  shewn  as  in  Art.  151  that  \'  most  vanish  at 
both  limits  of  the  integration;  this  is  proved  by  Mr  Jellett  on 
page  197  of  his  work. 

The  value  of  X  may  also  be  found ;  for  this  purpose  multiply 

dos     dti     dz 

equations  (11)  hy  ^ ,  ^ ,  ^ ,  respectively,  and  add ;  thus 

\  —  x '  ^—  ^-? 4. ^  ^  J- ^  ^^        ^     li^y  ^    — 
""      \d8  da*     da  da*     ds  da*)        da        ^        da 

—  _  —  -.    ^ ^h^y ^    <fe _  ^      2X' 
""     p'        da        3Sr       da"         p*  ' 

153.  Now  return  to  equations  (12)  of  Art.  150  and  remember 
the  residt  just  mentioned  that  X'  vanishes  at  both  limits  of  the 
integration.  Take  the  origin  of  co-ordinates  at  one  of  the  fixed 
points ;  then  since  we  have  simultaneously  a;  =  0,  y  =  0,  iS  =0,  X'=  0, 
it  follows  that  /=  0,  /  =  0,  /'  =  0 ;  multiply  equations  (12)  by 

|,  |,  g,3:espectively,and  add;  thus  we  obtain 

(ay- te)  ^  +  (caj-a«)  ^  + (&«-cy)  ^  =  0, 


or 


K^S-^l)+K'S-''^)+*(''i-^t)=*- 


This  equation  may  be  integrated  by  assuming 

y  =  uxy    z=^vx; 
it  leads  to 
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irbeie  n  is  a  constant;  this  is  the  eqnation  to  a  plane  pasning 
through  the  origin.  Thus  the  required  curve  is  a  plane  curve,  and 
as  a  circle  is  the  only  plane  curve  of  constant  curvattire,  wc  obtain 
a  circle  as  the  required  solution. 

154.  The  preceding  article  la  due  to  Mr  Jellett;  it  will  be 
Been  that  it  adds  something  to  the  result  enunciated  bj  Delaunaj; 
for  Delaunay  stated  that  a  circle  is  a  solution  of  the  problem,  while 
Mr  Jellett  shews  that  if  there  is  no  restriction  on  the  tangents  at 
the  extreme  points  the  required  curve  must  be  a  plane  curve  and 
therefore  a  circle. 

Some  fiirther  remarks  however  are  necessaiy  here.  The  pro- 
posed problem  may  be  understood  in  two  senses ;  for  we  may  be 
required  to  find  a  curve  of  maximum  or  minimum  length  while  the 
curvature  has  some  constant  value,  or  we  may  bo  required  to  find 
a  curve  of  maximum  or  minimum  length  while  the  curvature  has 
an  assufned  constant  value. 

In  the  first  case,  when  the  curvature  is  merely  required  to  be 
constant,  we  may  take  p  as  large  as  we  please,  and  thus  the  solution 
will  degenerate  into  the  straight  line  joining  the  two  given  points. 
Let  na  next  consider  the  second  case,  in  which  the  curve  must  have 
an  assigned  constant  curvature;  it  might  then  be  imjKissihlo  to 
draw  an  arc  of  a  circle  so  as  to  Lave  a  gi^en  curvature  and  to  pass 
through  two  given  points,  and  in  feet  this  could  not  be  dono  if 
the  given  points  are  at  a  greater  distance  than  the  diameter  of 
a  circle  which  has  the  aasigncd  curvature.  It  becomes  a  question 
then,  what  the  solution  of  the  problem  is  in  such  a  case  where  the 
distance  of  the  given  points  is  too  gi-eat  to  allow  of  their  bi'ing 
connected  by  an  arc  of  a  circle.  Wc  shall  shew  that  the  problem 
ia  solved  by  a  set  of  arcs  of  the  required  curvature. 

Iiet  A  and  B  be  the  two  fixed  points  (see  figure  6]. 

Let  ACD,  DEF,  FGIi  be  three  equal  arcs  of  the  assigned 
curvature,  and  let  them  be  placed  bo  as  to  have  a  common  tangent 
at  the  points  of  junction  D  and  F;  then  wc  shall  show  that  tho 
KomACDEFGB  constitutes  a  solution  of  tlio  problem  under  con- 
sideration. 
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For  let  OS  suppose  the  quantitj  a^  —  s^  divided  into  three  parts 
«i-<^i>  <^i-<^o>  <^o-"«o;  tten 

P  Vds  =  f "  r&  +  f"  Vd8+  f"  Vda, 

and  the  variation  of  the  left-hand  member  will  be  zero  if  the 
variation  of  the  right-hand  member  be  so. 

Now  consider  S  l     Vds,    The  part  of  this  which  remains  under 

the  sign  of  integration  vanishes  when  equations  (12)  are  satisfied. 
And  bj  proceeding  as  in  Art.  152  it  appears  that  if  V  vanishes  at 
both  Ihnits  the  integrated  part  at  the  lower  limit  will  entirely 
vanish  and  the  integrated  part  at  the  upper  limit  will  reduce  to 

—  {oBx  +  bSff  +  cBz) ; 

this  term  remains  because  the  upper  limit  is  now  not  a  fixed  point. 
The  term  just  exhibited  is  destroyed  by  a  similar  term  which  occurs 

at  the  lower  limit  of  S  /     Vds^  if  a,  i,  c  retain  the  same  values. 

In  this  way  we  see  that  we  shall  have 

S  f"  FA  +  S  f' Fcfe  +  S  P  F(&  =  0 

for  the  system  of  arcs  in  figure  6,  provided  that  a,  b^  c  retain  the 
same  values  for  all  the  arcs. 

It  will  be  remembered  that  by  Art.  152, 

moreover  the  common  tangent  at  i>  makes  the  same  angle  with  AB 
as  the  tangent  at  B,  and  the  common  tangent  at  F  makes  the  same 
angle  with  AB  as  the  tangent  at  A ;  thus  if  a,  J,  c  retain  the  same 
values  throughout  the  arcs,  V  vanishes  at  F  and  jB  if  it  vanishes 
at  A  and  D. 

Thus  all  that  we  have  to  do  is  to  shew  that  equations  (12)  are 
true  for  all  the  arcs  in  figure  6  while  a,  J,  c  retain  the  same 
values  throughout,  an^  V  has  the  value  given  in  (13).    That  is,  in 
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efifectwe  have  to  shew  that  equations  (12)  and  (13)  are  true  for  a 
circle  of  radius  p  without  Imposing  any  restriction  on  the  co-ordi- 
nittes  of  its  centre  wliich  it  may  be  impossible  to  fulfil. 

Since  the  direction  of  the  axes  is  in  our  power,  let  us  suppose 
that  A  is  the  origin,  AB  the  direction  of  the  axis  of  x,  and  the 
plane  of  the  arcs  the  plane  of  {x,  t/).  Then  z  =  0;  thus  we  most 
iiaTe/=0, /'  =  0, /"  =  0,  c  =  0  in  (12),  so  that  these  equations 
reduce  to 


where 


,  fdu  d'x     dx  d'v\  , 


S+'D- 


■  (»), 

•  (15). 


Now  let  {x-rhy+(t/--  ky  =  p'  be  the  equation  to  the  circle  of 
which  tlie  first  mc  A  CD  is  a  portion ;  and  suppose  that  the  axis 
of  ^  is  taken  so  that  k  is  positire.     We  shall  have 


from  these  we  deduce 
dx  _ 


(^_A)^+(y-A-) 

(g)'-(S)' 


da' 


+  t 


lit 


.(IS); 


and  supposing  that  s  increases  with  x  so  that  - 
must  take  the  hicer  signs; 

then 


i  positive  we 


d'x  '  ""V  _ 

de"  p  da 


d^y  _      \  dx  _     y  —  h 

da'  p  da  p'     ' 

Thus  that  (H)  and  (l<i}  may  be  true,  we  require  tliat 

V  p  p  J  p 

,  ,  ak-bh 


=  ay 


-Ix, 


80  that  1  +— — —  =  0 

P 
is  the  only  rotation  between  the  constants. 


("). 
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Now  we  have  alieadj  supposed  that  X'  vanishes  both  at  A  and 
D;  at  these  points  -?-  has  the  same  value  while  ^  has  values 
numericallj  equal  but  of  opposite  sign. 

We  must  therefore  have  i  =  0,  so  that  (17)  reduces  to 

1  +  —  =  0. 
P 

Now  suppose  A'  and  k'  the  co-ordinates  of  the  centre  of  the 
circle  of  which  the  second  arc  DEF  is  a  portion.  Proceeding 
as  before  we  shall  find  that  we  must  now  use  the  upper  signs 
in  the  equations  which  replace  (16),  and  we  shall  finallj  arrive  at 

1 =  0. 

P 

Thus  k  and  k'  are  equal  in  magnitude  and  of  opposite  sign, 
and  this  is  the  onlj  condition  necessary  to  ensure  that  equations 
(14)  and  (15)  shall  hold  for  both  arcs  with  the  same  values  of 
the  constants  a  and  b;  and  this  condition  is  satisfied  bj  the 
figure. 

—^  ok  ok 

The  relation  expressed  by  1  +  —  =  0,  or  1 =  0,  is  in  fact 

P  P 

the  same  as  that  which  must  hold  in  order  that  V  may  vanish 

at  A  and  D. 

We  have  supposed  in  the  figure  three  arcs,  but  it  is  obvious 
that  the  reasoning  we  have  used  will  apply  whatever  may  be 
the  number  of  arcs ;  and  as  we  may  make  this  number  as  great 
as  we  please,  we  can  finally  obtain  a  curved  line  which  difiers 
in  length  by  as  small  a  quantity  as  we  please  from  the  straight 
line  AB, 

Thus  when  the  curvature  is  to  have  an  assigned  constant  value, 
the  solution  will,  as  in  the  former  case,  coincide  practically  with 
the  straight  line  which  joins  the  two  given  points. 

155.  In  the  preceding  four  articles  we  have  supposed  that 
there  is  no  restriction  on  the  tangents  at  the  extreme  points.  If 
the  directions  of  the  tangents  at  the  extreme  points  are  given, 
it  will  no  longer  be  necessary,  as  in  Art.  152,  that  V  should 


177 


▼udsb  at  both  Umitfi.  If  the  tangents  at  the  extreme  points  are 
equally  inclined  to  the  straight  line  which  joins  the  extreme  points, 
and  if  also  the  two  tangents  and  the  straight  line  are  in  the  same 
plane,  then  if  the  value  of  the  curvatnre  la  not  assigned,  it  will 
te  possible  to  satisfy  the  conditions  of  the  problem  by  a  series 
of  circular  arcs  as  in  Art.  154;  and  if  the  value  of  the  curvature 
ia  assigned,  it  will  be  possible  to  satisfy  the  conditions  of  the 
problem  by  such  an  arc  or  such  a  series  of  arcs,  if  the  distance 
of  the  extreme  points  and  the  magnitude  of  the  radius  of  curva- 
ture and  the  directions  of  the  tangents  have  been  given  suitably, 
but  not  otherwise.  But  no  solution  has  hitherto  been  given  for 
the  general  problem  when  the  directions  of  the  tangents  at  the 
extreme  points  are  assigned  in  a  perfectly  aihitrary  manner. 

156.     We   will  shew  that  in  certain   cases  a  helix   may  be 
the  solution  of  the  problem.     For  suppose  in  epilations  (12)  that 

0  =  0,  fi  =  0,  /'  =  0,  /■  =  0 ; 
x  =  kcos6,  ^  =  h»in6,  e  =  k8\ 
ds 


ihns 


=  V(V  +  /^). 


^= 


4 


"Vli'+zfj'   <h      V{4'+i')'    <!•     V(*'  +  *T 


Sf" 


'FfV 


'■-'''('  +  '' s)-'"' ■ 


"V(4"  +  A^f 


The  first  of  equations  (12)  when  these  values  ate  substituted 


anil  the  other  two 


V(*- 

+*■)) 

(*• 

+*^' 

ck 

) 

k 

--/.. 


V(»'  +  *')J(f+«?)l 


;  thus  from  (19)  we  shall  obtain 
iV(»'+t')-o(*"-itl 


•  (18), 


•  (19)- 


■  (20); 
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and  from  (18) 


It  appears  from  (20)  and  (21)  that  we  cannot  have  h  =  h,  and 
with  this  exception  a  helix  may  be  a  solution  of  the  problem. 

157,  We  will  now  return  to  Delaunay's  notation.  It  may  be 
shewn  by  performing  some  ordinary  transformations  that  the  equa- 
tions (1)  and  (2)  may  be  written  thus : 

dy(^      2mdx\      d  (      dxd'y\_ 


dz  (^      2m  dx\      d  (      dx  d^z\      ^ 

d^V^  Td^J^^SiV'Pdiid?)^^' 


These  coincide  with  the  second  and  third  of  equations  (11) 
by  supposing 

T    a  dx     ^,       J,  ^      2mdx     ^ 

a=-J,  i8«-o,  ?np^  =  X,  and  1-—  ^  =  X, 

that  is  X=l ff-. 

P 

And  the  equation  (7)  may  be  written 

dx         r         dy     adz         dx\ 

dx 
and  thus  the  value  of  mp  -j-  coincides  with  that  found  for  X'  in 

Art.  152,  by  supposing  r^^^a. 

From  equations  (1),  (2)  and  (7)  in  the  form  in  which  they 
are  here  given,  we  can  deduce  an  equation  coincident  with  the 
first  of  equations  (11) ;  so  that  the  two  solutions  agree,  as  of  course 
they  should. 

Now  in  Art.  153  we  obtained  as  the  result  of  the  symmetrical 
solution  that  in  the  case  in  which  the  tangents  at  the  limiting 
points  are  unrestricted  the  required  curve  must  be  a  plane  curve, 
and  that  the  plane  of  the  curve  must  contain  the  line 

^  —  2  —  *^ 
a" b ~  c * 
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If  this  result  be  transformed  iiito  Dektmay'a  notation  it  leada 
to  thia  conclusion ;  the  plane  determined  hy  z=ay  +  hx+c  in  hia 
notation  must  contain  the  line  determined  by  —  *=  -*—  =  - 


Iiis  notation.     For  this  to  be  the  caae  we  moat  have  y  ■■ 


This  agrees  with  equation  (6)  and  verifies  Delaunay's  conclusion ; 
bat  it  ia  not  obrious  in  what  way  he  arrived  at  it, 

158.  It  must  be  obaerved  that  Delaunay  does  not  treat  the 
iotegrated  part  of  the  variation  aa  we  have  done  in  Art.  ISl ;  he 
conaidera  tliat  in  virtue  of  his  previous  remarks  we  must  alwaya 
havo  wi  =  0  at  the  limits  of  tlie  integration.  But  if  »i  =  0  at  tho 
limits  the  curve  is  necessarily  a  plane  curve,  as  appears  in  Art,  153 ; 
and  this  is  obviously  impoflsible  when  the  tangents  at  the  limits  are 
BO  assigned  that  they  do  not  lie  in  one  plane.  Thia  famishes 
additional  evidence  against  Delaunay's  views. 

Moreover  this  problem  affords  a  good  illustration  of  the  re- 
marks made  in  the  first  part  of  Art.  1 46  ;  for  when  the  condition  ia 
given  that  the  curvature  of  the  required  curve  is  to  be  constant  the 
natural  meaning  of  this  condition  would  be  that  at  everi/  point  of 
the  curve  up  to  and  inchidinr)  the  limiting  points  the  radius  of 
curvature  is  to  be  constant. 

159.  The  next  problem  considered  is  to  find  a  surface  of 
minimam  area,  the  required  surface  being  supposed  to  be  bounded 
by  a  curve  lying  on  a  given  surface.  The  problem  had  been  con- 
■idered  originally  by  I.*grangc,  in  the  case  in  which  the  bounding 
curve  was  supposed  fixed;  see  Art,  18.  Delaunay  arrivee  at  thB 
known  result  that  the  required  surface  must  be  one  tliat  lias  at 
every  point  the  sum  of  its  two  principal  radii  of  cuiTature  zero. 
Delaunay  shews  moreover  from  the  equation  which  holds  at  the 
limits  that  the  required  surface  must  cut  the  given  surface  at  right 
angles  at  every  point  of  tlie  curve  of  intersection  of  the  two  aur- 
£ace9.  Delaunay  then  generalizes  his  results  by  considering  the 
multiple  integral 

/••#''-"''V{-(s)'--(sy-e)'-(i)'}- 
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160.  The  next  problem  is  to  find  the  surface  which  has  a 
given  area  and  bounds  a  maximum  volume ;  that  is,  z  must  be 
determined  such  a  function  of  x  and  y  as  will  make  jjdxdyz  a 
maximum,  while 


//^^y{..(|)V(|)] 


is  to  be  constant    This  problem  was  originally  considered  by 
Lagrange ;  see  Strauch,  Vol.  ii.  page  623. 

Delaunaj  obtuns  as  the  result  that  the  required  surface  must 
be  such  that  at  eveiy  point  the  sum  of  its  two  principal  curva* 
tares  must  be  constant.  He  supposes  that  the  required  surface 
is  to  be  bounded  by  a  curve  lying  on  a  given  surface,  and  he 
gives  a  geometrical  interpretation  of  the  equation  which  he  finds 
must  hold  at  the  bounding  curve.  He  then  generalizes  his  results 
bj  taking  the  case  in  which 

j...fffau...dvdxayz 
18  to  be  a  maximum,  while 

/...///*...*«V1'  *  &*-<ih  iih  (I)} 

is  to  be  constant. 

161.  Delaunaj  makes  some  farther  investigations  respecting 
the  surface  which  includes  a  maximum  volume  with  a  given  area. 
He  says  that  of  all  closed  sur&ces  the  sphere  was  known  to  be  that 
which  included  the  greatest  volume  imder  a  given  surface,  but 
that  this  result  had  not  yet  been  deduced  from  the  equations 
furnished  by  the  Calculus  of  Variations.  He  tried  the  question 
in  another  way,  and  although  he  did  not  succeed  in  arriving  at 
a  complete  solution  he  gives  his  results.  The  problem  considered 
is  the  following ;  it  is  required  to  join  by  a  surface  of  given  area 
two  curves  of  given  length  situated  in  two  parallel  planes,  in  such 
a  manner  that  the  included  volume  may  be  a  maximum.  The 
differential  equations  to  which  the  problem  leads  are  then  given, 
and,  assuming  that  the  required  surface  will  be  a  surface  of  revo^ 
lution,  it  is  proved  that  it  must  be  a  sphere.     The  problem  id 
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given  by  Mr  Jellett,   witli  some  additional  remarks  on  the  last 

of  the  limiting  eq^uatlons;  see  his   Calculus  of  Variations,  pages 
282—286. 

162.  The  last  example  considered  by  Delaunay  is  the  varifttioii 
of  the  following  expression  which  occurs  in  the  theory  of  heat, 

.//.,.,.py{..(|)V(|)}. 

In  conclnding  our  account  of  Dclaunay's  memoir  it  may  be 
observed  that  the  examples,  although  interesting  in  themselves, 
do  not  throw  much  light  on  the  precise  point  which  according  to 
the  announcement  of  the  Academy  of  Sciences  required  illustra- 
tion, namely,  the  equations  which  must  hold  at  the  limits  of  the 
integrations ;  see  Art.  133.  And  there  Is  very  little  that  can  be 
considered  as  an  application  to  triple  integrals  which  was  specially 
indicated.  From  the  fact  that  the  judges  drew  attention  to  Delau- 
nay's  researches  on  the  distinction  of  maxima  and  minima,  it  may 
he  inferred  that  they,  as  well  as  Delaunay  himself,  were  not  aware 
that  ho  liad  been  anticipated  by  Bmnacci  on  this  point. 


CHAPTER  VII. 

SARRUS- 

/  163.  We  have  already  stated  that  the  prize  offered  by  the 
Academy  of  Sciences  of  Paris  for  an  essay  on  the  Calculus  of  Vari- 
ations was  awarded  to  M.  Sarrus ;  see  Art.  133.  We  now  proceed 
to  give  an  account  of  the  memoir  which  obtained  the  prize. 

This  memoir  is  entitled Becherohes  sur  le  Calcul  des  Variations; 
it  is  published  in  the  tenth  volume  of  the  memoirs  of  the  Savants 
EtrangerSy  and  the  date  of  publication  is  1846. 

164.  The  memoir  consists  of  127  quarto  pages.  It  is  divided 
into  five  chapters.  The  first  chapter  is  chiefly  occupied  with 
fprmuIsB  for  differentiating  integral  expressions  with  respect  to  any 
parameter  which  they  may  involve;  the  second  chapter  applies 
these  formulae  so  as  to  obtain  the  variation  of  a  multiple  integral 
in  an  undeveloped  form ;  the  third  chapter  developes  this  variation 
and  shews  how  many  equations  must  be  satisfied  in  order  that  the 
variation  may  be  zero ;  the  fourth  chapter  gives  special  develop- 
ment of  the  formulas  in  the  case  of  triple  integrals ;  the  fifth  chapter 
applies  the  formulae  to  three  examples. 

The  memoir  is  extremly  interesting  and  valuable,  and  contains 
a  complete  solution  of  the  question  proposed  by  the  Academy. 
The  formulae  which  are  obtained  are  rather  complicated,  but  this 
can  hardly  be  avoided  in  the  subject.  The  memoir  is  probably 
the  most  important  original  contribution  to  the  Calculus  of  Variations 
which  has  been  made  during  the  present  century. 

165.  The  investigations  of  Sarrus  apply  to  multiple  integrals 
of  any  order,  and  some  doubt  has  been  felt  with  respect  to  the 
best  method  of  giving  an  account  of  them.  We  shall  confine 
ourselves  to  the  case  of  a  triple  integral,  because  it  appears  that 
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no  abridgement  could  render  adequate  justice  to  the  general  results 
given  by  Samis,  and  it  would  be  almost  impossible  to  comprise 
Bome  of  the  more  complicated  formula  within  the  breadth  of  an 
octavo  page.  We  may  hope  to  succeed  in  giving  an  intelligible 
specimen  of  the  investigations  of  Sairus  hy  taking  the  case  of  a 
triple  integral ;  and  we  must  refer  the  student  who  wishes  to 
appreciate  the  full  merit  of  the  author  to  the  original  memoir. 

We  shall  not  therefore  give  an  analysis  of  the  memoir  article 
by  article,  nor  shall  we  adopt  the  notation  of  the  author.  Sarrus 
uses  the  symbola  x,,  a*,,  x,, ...  for  the  independent  variables ;  the 
lower  Umtting  values  of  the  variables  are  denoted  by  a  single 
accent,  as  a;,',  a:,',  a:^', ...  and  the  upper  limiting  values  of  tlie 
variables  are  denoted  by  two  accents  as  x",  a:,",  a:,", ...  We  shall 
use  x,y,  e  BS  independent  variables,  and  shall  denote  as  we  have 
done  heretofore  the  lower  limiting  values  by  the  suffix  0  and  the 
upper  limiting  values  by  the  suffix  1.  The  unavoidable  complexity 
of  the  notation  in  the  original  memoir  has  led  there  to  numerous 
mispriuts,  which  however  are  not  of  great  importance. 

166.  We  shall  use  then  the  following  notation;  by  the  ex- 
pression jdx  jily  ffhu  we  denote  a  triple  integral ;  we  suppose  that 
« is  a  function  of  the  independent  variables  x,  y,  e,  and  of  any 
dependent  variable  or  variables,  and  differential  coefficients  with 
respect  to  x,  y,  and  x.  The  integration  in  the  triple  integral  is 
supposed  to  be  performed,  first  with  respect  to  z  from  the  limit  «, 
to  the  limit  2, ,  next  with  respect  to  y  from  the  limit  y,  to  the  limit 
y„  lastly  with  respect  to  x  from  the  limit  x^  to  the  limit  a;,.  It 
follows  from  the  nature  of  definite  integration  that  the  limits  e, 
and  z^  will  not  bo  functions  of  a,  but  may  bo  functions  of  a;  and  y; 
the  limits  y^  and  y,  will  not  be  functions  of  y  or  z,  but  may  be 
functions  of  a: ;  and  the  limits  x^  and  ar,  will  not  be  functions  of  x 
or  y  or  a. 

The  limits  of  the  integrations  being  thus  distinctly  stated  we 
shall  not  express  them  in  our  formuhe ;  but  they  must  always  be 
tiafl«riifood.  No  confusion  or  difficulty  will  arise  from  our  not  ex- 
plicitly introducing  the  limits  because  we  shall  never  liave  occasion 
to  use  any  indefinite  integral,  and  we  sliall  not  make  any  change  v 
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the  order  of  the  integrations.  Also  when  we  have  occasion  to  use 
a  single  or  double  integral  involving  respectively  one  or  two  of  the 
variables  x^  y,  z^  we  shall  not  express  the  limits,  but  they  must  be 
understood.  This  omission  of  the  limits  in  our  integrals  may  at 
first  be  a  little  perplexing  to  the  student,  but  it  is  strongly  recom- 
mended by  the  simplification  thus  effected  in  the  formulae. 

167.  The  symbol  7  will  be  employed  in  the  following  manner. 
Suppose  u  any  function  which  involves  a  quantity  p\  if  in  u  we 
change  j>  into  q  we  obtain  a  result  which  we  shall  denote  by 

7  u. 

This  symbol  is  the  one  which  Sarrus  himself  employs ;  he  calls  it 
a  sign  of  aubatitution.  The  use  of  this  symbol  will  lead  us  to  ex- 
pressions of  the  following  forms, 

I'jfdyu,    fjffdzu; 

these  expressions  do  not  require  any  explanation. 

This  notation  is  certainly  one  of  the  great  merits  of  the  memoir, 
and  in  this  respect  nothing  has  probably  been  suggested  which  is 
of  so  much  service  to  the  Calculus  of  Variations  as  this  sign  of 
substitution  since  Lagrange  introduced  the  symbol  B, 

168.  We  shall  now  shew  how  to  differentiate  an  integral 
expression  with  respect  to  any  parameter  which  it  may  involve; 
the  formula  is  well  known,  but  it  may  be  interesting  to  see  the 
method  of  Sarrus,  and  to  exhibit  the  result  by  means  of  the 
symbol  7. 

Let  jF(<,  x)  denote  any  function  of  the  parameter  <,  the  variable 
X,  and  other  variables  if  required.    Put 

^=0(^.-) (1). 

^^  =  t(^-) (2); 
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we  have  then  identically 

~^~ dt~ ^ ^^^• 

Let  Xf^  and  x^^  denote  particolar  yalues  of  x ;  then 

Bat  from  (2)  and  (3)  "by  integrating  with  respect  to  a;,  «e 
obtain 

F{t,  aj  -  F[t,  aj  =  jdb  ^  («,  or), 
Sabetitute  these  values  in  (4) ;  we  thus  obtain 

^/^t(,,«)=/,&*!*^+|.+(,.j-§+(,,.j. 

Now  put  u  for  -^  {t,  x)  for  shortness ;  then  the  last  result 
may  be  expressed  thus: 

where  u  may  denote  any  function  whatever. 

It  will  be  observed  that  in  accordance  with  the  remark  in 
Art.  166,  the  limits  of  the  integrals  are  not  expressed,  but  they 
must  be  understood. 

169.  We  now  proceed  to  differentiate  a  double  integral  with 
respect  to  any  parameter  which  it  may  involve. 

We  have  seen  that  if  u  be  any  function  whatever, 

^  ij  fj   du  ,  di,  'i        dx^J'o 

dt  J  J       dt^  dt    »  dt    '      ' 
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in  this  formula  change  u  into  Idyu;  thus 

and  as  in  the  preceding  article 
hence  bj  substitution  we  obtain 

170.    We  now  proceed  to  differentiate  a  triple  integral  with 
respect  to  any  parameter  which  it  may  involve. 

In  the  result  of  the  preceding  article  change  u  into  jdzu; 
thus 

Now  transform  the  first  term  on  the  right-hand  side  by  Art.  168; 
thus 

-g  jdx  Idy  Idz  u  =  Idx  Idy  Idz  -j- 


+ 

■*"  dt 


171.     We  may  modify  the  fomi  of  the  preceding  result.     It 
ia  evident  that  if  r  be  Independent  ofp, 

7  ur  =  rl    u: 
P  P 

now  3,  and  z,  are  independent  of  z,  also  t/„  and  y,  are  independent 
of  y  and  s,  and  x,  and  x,  arc  independent  of  x,  y,  and  z.  There- 
fore we  can  alter  the  order  of  some  of  the  symbols  which  occur 
in  the  right-hand  member  of  the  result  of  the  preceding  article, 
and  exhibit  that  result  thus, 


dx, 

'  dt  ' 


172.  Wc  will  now  give  some  forraoljp  for  differentiating  qnan- 
titiea  affeeted  with  the  symbol  7  which  will  be  iiaefnl  hereafter. 

Let  F(t,  ^  denote  any  function  of  the  parameter  t,  the  yariahle 
f.  and  other  variables  if  required.  Let  if>  ((,  f )  denote  tlie  partial 
differential  coefficient  of  F  {t,  f )  with  reapect  to  t,  and  ■^  (/,  f ) 
the  partial  differential  coefficient  of  F{t,  ^)  with  respect  to  f ;  then 
we  have 


^di 


+  (',6; 


now  let  u  =  F{t,i 


-f(,,f).7^,*(<,f)=7!5,v.«,f)»!f|: 


a 


J'«  =  7 


S  ,b     dfXdu 


Suppose  that  f  is  independent  of  »,  then  hj  Art.  171, 
(if  E  (?«_  £  dttdl 


T.^-l 


dt   *  dx 


dxdt ' 
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and  finally 


dS     _Ji  (du     dud^  .. 

dt»  """"  *  Kdt^d^Tt) ^^^• 


Now  Idyj-^f  u  —  f  u\  and  if  in  this  we  replace  u  by  l^u 
we  have 

\dy -j-l   u^T  1  U'-T  1   w. 
J  ^  dy  »         y   M         9   » 

Hence  by  (1), 


therefore 


J       *  \dy     dz  dyj      y   *         9  » 


In  the  applications  we  shall  make  of  the  fornmla  (2)  hereafter, 
(^will  denote  either  z^  or  z^. 

.  173.  We  shall  now  proceed  to  use  the  results  already  ob- 
tained in  expressing  the  variation  of  a  triple  integral.  Sarrus 
adopts  an  idea  of  a  variation  which  had  previously  presented  itself 
to  Euler  and  Lagrange ;  see  Arts.  22  and  15. 

We  consider  then  that  we  have  a  triple  integral  taken  between 
limits  for  each  of  the  three  integrations;  and  we  use  the  symbol 
u  to  denote  the  function  to  be  integrated.  Now  u  involves  a?,  y,  z, 
and  any  function  v  of  x,  y,  «,  together  with  the  difierential 
coefficient  of  v  with  respect  to  x^y^  z\  also  u  may  involve  any 
other  function  w  of  x^  y,  Zy  together  with  the  difierential  coefficients 
of  w  with  respect  to  a;,  y,  0 ;  and  so  on.  Now  to  obtain  the  varia- 
tion of  the  quantity  which  is  denoted  by  any  symbol,  we  suppose 
that  such  a  symbol  instead  of  representing  a  function  of  a,  y, «,  or 
of  some  of  these  variables,  becomes  a  function  of  t  also,  where 
^  is  a  new  variable  which  is  supposed  to  enter  in  a  perfectly 
arbitrary  manner;  then  if  the  quantity  in  question  be  supposed 
to  be  difierentiated  with  respect  to  t,  and  t  made  equal  to  zero 
after  the  differentiation,  the  result  is  called  the  variation  of  that 
quantity.    This  idea  of  a  variation  had  been  used  by  Euler  and 


'6  have  already  intimated,   and   snbaequently  by 
.  22,  15  and  55. 

174.  In  pages  45 — 47  of  his  memoir,  Sarru3  dietinguishes  be- 
tween two  kinds  of  variations ;  and  we  will  now  explain  tliis 
distinction. 

Suppose  we  had  snch  a  triple  integral  as  we  have  considered 
in  the  preeeding  article.  We  might  conceive  that  the  independent 
variables  x,  y,  a  received  changes  by  variation  as  well  as  the 
dependent  variables  v,  w, ...  which  occur  in  w.  When  however 
the  integrations  are  taken  between  limits  it  is  unnecessary  to 
suppose  that  the  independent  variables  themselves  receive  varia- 
tions; we  obtain  sufficient  generality  by  ascribing  variations  to 
the  dependent  variables  and  to  the  limits  of  the  integrations. 
When  the  variation  of  a  function  is  taken  on  the  supposition  that 
the  independent  variables  tliemselvea  do  not  receive  variations, 
8arrns  calls  the  variation  a  vartalion  /ronqitSe,  and  he  denotes  it 
thus,  ^.  Then  as  he  supposes  his  integrals  to  be  taken  between 
limits,  he  says  that  he  is  only  concerned  with  these  variations 
Ironquies. 

175.  Now  take  the  result  obtained  in  Art,  171 ;  then  if  we 
adopt  the  idea  of  a  variation  explained  in  Art.  173,  and  use  the 
symbol  S  to  denote  a  variation,  we  have  the  following  formula : 

ijiixjdyjds  u  =  jrixjdffjjz  S» 

+  l'jjdt,jdsu'Sx,-f^(dyjdsL2x, 
+ jdx  f  jdz  u  ?y,  -jdx  -fidM  u  5y, 

+  Idxidy  l\ Iz^  -Idxidy  7^u Iz^. 

This  gives  in  an  ondevcloped  form  the  variation  of  a  triple 
integral. 

176.  It  is  certainly  not  necessary  to  verify  the  preceding 
roBolt,  but  it  may  he  interesting  to  ahc-w  that  it  does  agree  with  that 
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^hich  had  been  given  by  previous  writers ;  this  Sarros  does  in  the 
manner  we  will  now  indicate. 

According  to  Sarros  the  known  formula  for  the  variation  of  a 
triple  integral  is  the  following : 

BJdxjd2/jdz u = jdxjdyjdz  (Bu- £Bx-^By-£Sz^ 

Sarms  calls  this  a  knovm  formula,  but  he  does  not  say  where  it 
had  been  demonstrated.  He  probably  had  in  view  such  a  method 
as  the  followiag : 

BJdxjdyjdzu^JIJSdxdydzu 
^jffdxdydzBu+jjjdBxdydzu 

+fjfdxdS!,dzu+jljdxdydBzu 

dxdydz{Su-^Bx-^B3,-^Bz  +  -^  +  -^  +  -^y 

But  it  must  be  observed  that  before  the  researches  of  Poisson 
the  variation  even  of  a  double  integral  had  not  been  investigated, 
for  the  case  in  which  the  limits  were  variable,  in  an  intelligible 
and  satisfactory  manner.  The  formula  which  Sarrus  considers  to  be 
known  will  be  seen  to  be  analogous  to  that  demonstrated  by  Poisson 
for  a  double  integral ;  for  Poisson's  result  is 

8//r,*.*-//(8r^rf.rf), 

in  which  the  quantity  S  F  is  what  Sarrus  would  denote  by 

see  page  76.  And  the  formula  agrees  also  with  the  general  result 
given  by  Ostrogradsky ;  see  Art.  127  at  the  end,  where  the  quan- 
tity which  Ostrogradsky  denotes  by  Du  is  what  Sarrus  would  de- 
note by 

ax  ay  az 
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177.  In  order  to  shew  that  the  formula  given  hj  Sarros  agrees 
with  the  reBult  which  he  considers  known,  we  shall  require  some 
simple  theorems  of  the  Integral  Calculus.  Let  u  be  any  function ; 
then 

r ,  du    *i      *o 

J      dz      *         *    ' 
therefore  Idxldtfldz-^^  Idxldyl^u--  Idxldyl  \ (1). 

Again  Z'^y^'C" "'!'"' 

change  u  into  Ide  u ;  thus 

=  f  jdzu'-f  jdzu; 

therefore       j<ilfl<^^  =  -jdyiy^+jdyl\^ 

+  fjdzu-fjdzu (2); 

therefore  tdx  Idy  \dz -^ ^ -- \dx\dy l\  -j^  +ldxl dyl^  u  -^ 

+  IdxTjdzu'^  Idx/ldzu ..(3). 

Again,  hy  (2)  we  have 
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change  u  into  Idz  u ;  thus  we  shall  obtain 

-fdxfjdzu^  +  fdxfjdzu^ 

+  i'jjdyjdzu-fjjdyjdzu (4). 

Now  transform  jdx  jdtf  jdz  ■■  ,     by  means  of  (4), 
transform  Idxldy  jdz  -j^  by  means  of  (3), 

and  transform         \dx\dy  jdz     ,      by  means  of  (1), 

and  rearrange  the  results ;  we  thos  obtain  from  the  known  formula 
of  Art.  176, 

SJdxjdyjdz  u  =jdxjdyjdz  ^Su-^Sx--^By--£  Szj 
+  7    jdyjdzuSx  —  1    jdyjdzuSx 
+fdxfjdzu(8y-^8x)-jdx-f;jdzu(Sy-^Sx) 

Now  it  is  obvious  that 

ldxldt/1  uSz  =  jdx  Idyl  tiSz^, 

IdxT  jdzuSy  =  Idxfjdzu^^j 

7    ldyjdztiBx=^T  Idt/jdzuSx^, 


and  aimilar  equations  hold  when  the  saffix  1  is  replaced  by  the 
snffix  0.    Hence  we  have 

-\ix\dyl\Ui 


(&.-' 
<&,, 


'~lx  =  &„ 


&■,  .&■„ 

and  eimiliir  equations  liold  wlien  tlie  buIEx  1  is  replaced  by  tlic 
suffix  0.    Also 

TIios  the  known  formula  of  Art.  176  has  been  eo  transformed  as  to 
agree  with  the  formnla  of  Sarrus  in  Art.  175. 

178.  After  obtaining  the  general  expression  given  in  Art.  175 
for  the  variation  of  a  triple  integral,  the  next  etcp  is  to  shew  how 
by  integration  by  parts  fts  many  of  the  terms  which  occur  in  Sw  aa 
possible  are  removed  from  under  the  signs  of  integration.  This 
part  of  the  subject  is  fully  considered  by  Sarrus;  wc  will  give 
three  of  bis  formulie. 
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In  equation  (4)  of  Art  177  cbange  u  into  u0;  thus 
jdxjdyjdzu  ^ = -^jdxjdyjdz  £  0 


+  7   jdyldzuO  —  l    \dy\dzu0 

-jdxfdyfue^+jda^fdyl'^ue^ (1). 

In  equation  (3)  of  Art.  177  change  u  into  uO;  thus 
fdxfdyjdzu^^-jdxjdyjdz  g  0 

+  jdxT  IdzuO-^ldxl   jdzuO 

-/<fo/rfy7>|  +  /cfe/.?y7>| (2). 

In  equation  (1)  of  Art.  177  change  u  into  u0;  thus 
jdxjdyfdzuf^^^fdxldyfd^^^^ 

+ Idxjdyf^ue  -  jdxjdyf^ue.. (3). 

179.    In  his  last  chapter  Sarrus  applies  his  formulae  to  three 
examples. 

The  first  example  is,  to  determine  the  surface  which  with  a 
given  area  contains  the  greatest  volume. 

The  third  example  is,  to  determine  the  law  of  the  density  of 
a  hodj  of  given  form  and  position  in  order  that  the  integral 


Idxidylt 


,         d'v 
azto 


dxdydz 
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taken  throiighoat  the  body  may  be  a  maximum  or  minimam,  v 
being  the  density  at  the  point  (a;,  y,  z)  and  w  a  given  function  of 
X,  y,  z,  and  v. 

The  diacnaaion  of  the  first  example  is  too  long  to  be  conva- 
niently  given,  and  the  third  will  find  an  appropriate  place  in  the 
next  chapter ;  the  second  example  we  will  now  consider. 

We  shall  however  in  future  omit  the  bar  from  the  symbol  8. 
Sarms  has  indeed  said  very  little  about  what  he  calk  a  variation 
tronqu^e;  see  Art.  I7i.  Perhaps  this  term  and  the  corresponding 
symbol  S  were  only  introduced  for  the  purpose  of  enabling  him  to 
compare  his  formula  with  the  known  expression  for  the  variation 
of  a  multiple  integral  as  in  Art.  177  ;  and  no  disadvantage  would 
have  arisen  if  the  term  and  symbol  had  not  been  introduced  into 
the  memoir. 


180.  The  following  is  the  second  example  given  by  Sarrus; 
to  determine  the  law  of  density  of  a  body  of  given  form,  position, 
and  mass,  in  order  that  the  integral 

taken  throughout  the  body  may  be  a  minimtim,  i>  being  the  density 
at  the  point  {x,  y,  z). 

The  mass  of  the  body  is  equal  to 


hhj' 


dzv 


and  since  the  mass  is  to  be  constant  the  variation  of  this  expression 
must  be  zero.  Moreover  since  the  form  and  position  of  the  body 
arc  known  the  variations  of  the  limits  Kx„,  &c^,  Jy^,  Bff,,  &r„  8z„  are 
all  zero ;  thus  the  variation  of  the  mass  reduces  to 

UJdyldziv, 

and  this  must  consequently  be  zero. 

Again,  p„.  r  fcr  ^j,  +  (|)V  (|)V  (*)]  ,    ,I,e„   ,h. 

13—2 
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yariation  of  the  proposed  integral  is 

/*/7  /"//  T//   (^  ^^  ^^     1  <fo  dSv     1  <fy  dSt?) 
J     J     J      \r  dx  dx      r  dy  dy      r  dz  dz) 

Then  by  the  ordinary  theory  of  relative  maxima  and  minima  we 
must  have 

[il  [^   [i7  i  Ji  M^  —  ^H J- ^  ^  ^E  J-  1  ^ ^l  —  0 
J     J     J      I  r  dx  dx      r  dy  dy      r  dz  dz)        ^ 

where  c  is  some  constant. 

Oar  object  now  is  to  transform  this  equation  so  as  to  reduce  as 
much  as  possible  the  number  of  the  signs  of  integration  which 
occur  with  any  term. 

We  first  transform  Idx  Idy  Idz  -  ^-  -7—  by  means  of  equation 
(1)  of  Art.  178;  we  obtain  as  the  equivalent 


-jdxjdyji 


J  \  dv 

a.—  -5— 

J        ^  dx  ^ 

dz      J        Sv 

dx 


J        y  J       r  dx  dx  J        y  J      r  dx  dx 

r        r        /*   t    1    tJ    J  ^ 

.  Next  we  transform  Idx  Idy  Idz  -  --z-  -j-  by  means  of  equation 
(2)  of  Art.  178 ;  we  obtain  as  the  equivalent 

d  i  — 
--jdxjdyjdz    ^  ^Sv 
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Lastly,  we  transform  jdx  lily  ids  -  -,-  -7—  by  means  of  equation 
(3)  of  Art.  178 ;  we  obtain  aa  tlie  equivalent 


~jdxjd!,jd^ 

Substitute  the  equivalentB  tbus  obtained  in  the  original  equation ; 
the  result  will  be 

d  -—     d  -~     d  -—\ 
J      J  ^    *  \r,dx  ax      T  dy  dy      r  dz/ 


4 


1  dv  J, 
T  dx 
Idi,^ 


Hence  we  must  bave  by  tbe  reasoning  commonly  used  in  the 
Calculofl  of  Variations 


r  dx  r  ay  r  az 

1x  dy  dz 


thia  most  hold  for  every  point  of  the  body.    Wc  have  also  certain 
limiting  riuationt,  six  in  namber,  namely, 
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*\r  da:  dx      r  dy  di{      r  dz) 
-Vi  n  dv  dy^      1  rfr\ 


and  three  more  which  can  be  obtained  from  these  by  replacing  the 
sniGs  1  by  the  suffix  0. 

181.  There  arc  many  misprinta  in  the  original  memoir,  as  we 
have  already  remarked,  but  they  are  not  Ukely  to  give  any  trouble 
to  a  student  except  perhaps  the  following.  In  the  third  line  from 
the  bottom  of  page  119  are  two  mistakes;  in  the  first  term  the 

s  omitted,  and  in  the  second 


term  the  factor  -y^  ii 
ax 


omitted.     These  lead  to  mistakes  in  those 


terms  of  Art.  155  which  are  numbered  9,  11,  15,  18,  21,  24;  for 
I  ^^'\   ■ 

oyer  in  Art.  155  the  terms  numbered  14,  17,  20,  23  have  the  wrong 
signs  prefixed ;  and  the  terms  numbered  30,  32  have  in  the  notation 


of  Sarma  w  instead  of 


182.  Some  other  remarks  may  be  made  for  the  use  of  the 
student  of  the  original  memoir. 

In  his  Art.  156  Sarrus  interprets  the  equations  which  he  has 
obtained  in  his  solution  of  hia  third  problem.  Thus  he  finds  that 
the  equation 

da     d'v d'ui      _ 

dv  dxdydz  dxdydz 
must  hold  at  every  point  of  the  body ;  and  besides  this  certain 
limiting  equations  must  hold.  He  appears  to  sum  up  his  results  at 
the  bottom  of  his  page  126  where  he  says,  "by  combining  the 
different  preceding  conditions  which  hold  at  the  limits  we  see  that 
they  reduce  to  this — -fir  all  points  of  the  surface  of  the  iody  m 
question  we  must  have  w  =  0."  This  must  be  understood  to  mean 
that  at  all  points  of  the  surface  of  the  body  wj  must  vanish  and  bo 
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rSr^y  differential  coefficient  of  w  with  respect  to  x,  y,  j>  of  Rny 
order.  In  other  words  w  must  Taniah  identically  at  ererj  point  of 
the  surface  of  the  body. 

Moreover  the  result  might  perhaps  be  obtained  more  simply 
than  in  tho  way  which  Sarros  has  adopted.  For  he  obtains  on 
page  123  as  one  of  the  limiting  equations,  an  equation  which  ex- 
pressed in  out  notation  is 

f  w  =  Q. 

The  equation  is  to  hold  throughout  what  we  may  call  one  of  the 
bounding  faces  of  the  body.  Now  if  the  equation  just  written  be 
not  an  identity  it  really  famishes  an  equation  to  this  bounding  face ; 
but  the  body  is  supposed  to  be  given  in  form  so  that  the  equation 
to  the  bounding  face  is  already  known ;  therefor^  the  equation  must 

be  an  identity.     The  only  exception  ia  that  the  equation  7    to  =  0 

might  happen  to  coincide  witli  the  known  equation  to  the  bounding 
surface;  but  it  may  be  shewn  that  this  supposition  is  inadmissible 

by  examining  the  equations  from  which  7    w  =  Q  was  deduced. 

Again,  in  the  method  of  Sarms  he  might  have  observed  that 
when  Bome  of  his  limiting  equations  are  satisfied  some  other  of 
these  equations  are  necessarily  satisfied  also.  Thus  on  his  page  125 
lie  has  a  sentence  which  in  our  notation  will  read  thus ;  moreover 
thejburteentk  andfifie-mth  terms  will  give 

v    1  '     V    '  dx 

This  is  quite  true,  but  it  is  not  additional  to  what  ia  already 
Icnown ;  for  he  has  already  shewn  that  7  w^O,  and  therefore  of 

coarse  T '  7  'w  must  be  !=0,  and  he  haa  also  shewn  that  7  -f-  =0, 
»    «  »  ax 

and  therefore  of  course  J  1    -r-  most  be  =  0. 
y   *  ax 

We  may  observe  that  the  misprints  which  occur  in  Art.  155  of 
the  memoir  of  Sarrua  do  not  affect  the  validity  of  the  inferences 
which  he  draivs  in  his  Art.  156. 
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183.  As  a  farther  illastration  of  the  method  of  Sarms  we  will 
give  in  detail  the  investigation  of  the  variation  of  a  doable  integral, 
in  which  we  will  sappose  that  no  differential  coefScient  of  a  higher 
•order  than  the  second  occurs  in  the  proposed  expression.  We  shall 
require  some  formula  in  the  integral  calculus  which  might  b^ 
x>btained  from  those  we  have  already  given,  but  for  convenience  we 
will  investigate  them  here. 

It  is  obvious  that 


/'^^^"C^-C"- * (!)'• 


d«mge«into/^«;thn8 


i^'^r^^^  l^r^  "  ~  C/*y  "> 


that  is 


therefore  jdxldy  ^  =  7^ /^y ^"- ', /^y  w 

change  u  into  u0 ;  thus 


+7 


'if  *»  r 


-H'^t^h^y^ w- 

Again,  in  (1)  change  u  into  7  u ;  thus 

y         • 

r      d   ^         'r  *t  Jfo  ^ 

J      ax  y        »  9         *  jf   ' 

that  is,         \dx  7  ^-  +  \dx  1  -^^=7*7  m  —  7*7  w, 
'        J       vox    J       ydydx      *  9         »   9 


Iherefore     f(fe7  ' 
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Sdydx' 


mix 
change  u  into  uB,  tlios 

J       v    dx        J       vdx         '  »  '  g 

J       sdydx)       gay     ax 

In  the  applications  we  stall  tave  to  moke  of  this  formula  jj  will 
be  either  y^  or  y, . 

Again,  it  ia  obvious  that 


..(3). 


\du-j-=f  u  —  Tu; 
}  •' dy      y         y     ' 


change  u  into  ti0,  thos 

fie 


Hence 

.na         7f/,^,.|-7^/*|«H.//V9-7V-^ (5). 

In  the  applications  we  shall  hare  to  make  of  the  last  formula,  0 
wUl  he  either  x^  or  x^. 


184.     Let  then 


U=f"j'"vdxdff, 


where  V  is  supposed  a  function  of 

dz     dz^     d'z       d's       d^s 
'  "'    '  dx'   dtf^  ^?'   dxdy'   dy'' 

In  this  double  integral  we  suppose  that  the  integration  is 
effected  with  reapect  to  y  first,  and  the  limits  y,,  and  y,  may  be 
functions  of  ^.     As  the  limits  and  the  order  of  integration  will 
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continue  unchanged  throngliout  the  investigation,  it  will  not  be 
necessary  to  denote  the  limits  explicitlj,  but  they  must  be  always 
understood. 

As  in  Art.  175  we  shall  have,  using  S  instead  of  S, 

'\'fdxfvSy,^jdxfrSy,. 
And 

where  V^  denotes  the  differential  coeflScient  of  V  with  respect  to 

dz 

-J-  ,  and  V^  denotes  the  differential  coefficient  of  V  with  respect  to 

-J- ,  and  V„  that  with  respect  to  ^ ,  and  so  on. 

Thus  IdxjdySV  consists  of  six  terms,  and  all  of  these  except 

the  first  may  be  developed  by  means  of  the  formula  given  in 
Art.  183. 

First;  the  term  Idxldy  -j-  Zz  does  not  admit  of  any  transfor- 
mation. 


Secondly;  by  equation  (2)  of  Art.  183, 

Thirdly ;  by  equation  (4)  of  Art.  183, 

+jdxfv,Bz-jdxfv,Sz. 


0 

dx  * 
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Fourthly  j  by  equation  (2)  of  Art.  1S3, 

e,    J-i  „    die  dy,       f,    Jo  „   dSz  dy„ 
J        s         ax  ax     J        y         dx  ax 

Out  of  the  five  tennB  on  the  right-hand  side  of  tliia  equation, 
the  first  and  the  last  two  admit  of  further  tranafonnation ;  by 
equation  (2)  of  Art.  183, 

J        V    dx        ax     J        V    ax        ax 
by  equation  (3)  of  Art.  183, 

•  »        dx  '   a        ax 

a  similar  transformation  can  be  made  of 

J       f        ax  ax 
Thus  we  Bhall  get  on  the  whole 
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J        y    ax  dx         J       9    ax    ax 


»  9        dx  »   y        ax 

»   y    **  ax  »  y        ax 

It  may  be  obserred  that  as  y,  and  y,  are  independent  of  y 

'^(v  ^-^ils.    and^/r  ^-^^ 
d^V''dx)~dx   dy  '^^^dyV"  dx)~  dx   dy  ' 

Fifthly ;  by  equation  (2)  of  Art.  183, 

The  first  term  on  the  right-hand  side  may  be  transformed  by 
equation  (4)  of  Art.  183,  and  the  second  and  third  terms  may  be 
transformed  by  equation  (5)  of  Art.  183. 

Thus  we  shall  get  on  the  whole 
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J       y    ax  J       y    dx 

+i"f  r„s.-ff'  r,&-7"7"  r„u+T"i"  f,& 

SiztUj;  by  equation  (4)  of  Art.  183, 

The  first  term  on  the  right-hand  side  may  be  transformed 
by  equation  (4)  of  Art.  183.    Thus  we  shall  get  on  the  whole 


dV^  «    .   t ,   JiodV, 


-fdxf^8z+fdxf 
J       y    ay  J       v 


yy 


iz 


dy  ]        y    dy 

We  must  now  collect  the  results  obtained  for  the  various 
terms  occurring  in  IdxldyBV.  Thus  on  the  whole  we  shall  ob- 
tain the  following  as  composing  the  value  of  IdxldySV. 

First,  a  double  integral,  namely, 
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Secondly,  terms  involving  integration  with  respect  to  y  only, 
namely, 

Thirdly,  terms  involving  integration  with  respect  to  x  only,* 
namely, 

ay   \dxj        ax        ay  j 
dy   \dx)        dx        cj^y  J 


+   r. 


Fourthly,  terms  involving  no  integral  sign,  namely. 

Besides  these  there  are  in  S 17  the  four  terms 

+jdxfvSy,-fdxfvBff,. 
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'  185.  We  have  given  in  the  preceding  Article  the  develops 
stent  of  the  variation  of  a  double  integral;  we  now  proceed  to 
consider  the  relations  which  must  be  satisfied  in  order  that  the 
variation  maj  fanish,  supposing  that  no  restriction  exists  with 
respect  to  the  limits  of  the  integrations. 

In  order  that  the  part  of  the  variation  which  involves  a  double 
integral  maj  vanish  we  must  have 

dv  dv.  dv   d^v^^dw^  e}v„^^^ 

dz       dx       dy       daf       dxdy       d^  * 

tiiis  must  hold  for  all  values  of  x  and  y  comprised  within  the  limits 
of  the  integrations, 

Kext,  the  term  affected  with  the  symbol  1    jdy  nrast  vanish ; 

that  is,  when  x^x^ 

must  vanish  for  all  values  of  y  between  y^  and  y^.  And  since  &, 
-^ ,  and  &rj  are  arbitrary  we  obtain  the  three  equations 

dV       dV 

these  are  to  hold  when  x^^x^  for  all  values  of  y  between  y^  and  y^, 
so  that  we  may  conveniently  express  them  thus, 

C(n-^--f')=«.  '>-«.  '>-«• 

Similarly  from  considering  the  terms  affected  with  the  symbol 
7    jdy  WG  obtain 

Next  consider  the  terms  affected  with  the  symbols /<&/*  and 
Idx  J.    We  shall  obtain  in  a  similar  manner  six  equations,  three 
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to  hold  when  y^y^  for  all  values  of  x  between  x^  and  x^,  and  three 
to  hold  when  y^y^  for  all  values  of  x  between  x^  and  x^.  We 
may  write  the  first  three  thus, 

y\      *  dx       '      dx   dx      dx\   '^  dxj 

dy    \dxj        dx        dy  )        ' 

fr.o. 

The  other  three  are  obtained  from  these  by  changing  y^  into  y^. 

Lastly,  the  four  terms  without  any  integral  sign  must  vanish ; 
thus  we  obtain  four  equations  which  must  hold  for  special  values 
of  X  and  y,  namely  x^x^  and  y  =  y^,  and  so  on.  These  equa^ 
tions  are 


CC('-t-''.)-«- 

The  equations  we  have  obtained  may  of  course  be  combined 
and  thus  simplified ;  thus  since  we  have  already  obtained 


7'*r„  =  0  and  7'*r„  =  0, 


it  follows  that  the  last  four  equations  reduce  to 

Jt     9      ^  '  JP     If      ^  ' 


*    9 


J.      y        ^  I  jt      y       ^ 
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186.     We  may  now  make  some  comparison  of  the  reaulta  of 
Article  164  with  those  obtained  in  Art.  143  by  Delaunay's  method. 

According  to  Delauuay's  suppositions  we  have 

Vi=ya  when  X'^x^,  and  also  when  x  =  x^. 

In  consequence  of  this  a  term  affected  with  the  symbol  7     ( dy 

vanishes  because  the  limils  of  the  inlegration  with  respect  to  y  are 
equal  when  x  =  x,;  similarly,  a  term  affected  with  the  symbol 

7    jdi/  vanishes. 

Heuce  the  variation  of  the  doable  integral  reduces  to 


jjj>jdi 


thf       dxdy 


•If] 


^ldxf[p, 


'        *       'da:       dx    dx      dx\   "  dx) 
dy   \di:) 


dx  ' 


and  P^  and  (?,  are  formed  from  P,  and  Q,  by  changing  the  suffix  1 
wherever  it  occurs  into  0. 

This  result  coincides  as  it  should  do  with  that  in  Art.  143. 


187.  A  HEHOIR  by  Canchy  on  the  Calculus  of  VariationB  is 
published  in  the  third  volume  of  hia  Exerdcea  ^analyse  et  de 
Phi/si^ve  MatkhruUique,  1844 ;  it  extenda  from  page  50  to  page  130 
of  the  volume. 

This  memoir  may  be  deecribed  as  a  reproduction  of  a  portion 
of  the  investigations  of  Sarrua  with  some  difference  of  notation,  and 
frequent  reference  is  made  (o  Sarrua  tliroughout  the  memoir.  In 
fact  Cauchy  himself  does  not  appear  to  have  considered  his  own 
memoir  as  more  than  a  new  exliibition  of  the  method  of  Sams; 
thus  he  Bays  at  the  end  of  Itis  last  chapter:  The  various  formulae 
obtained  in  this  last  paragraph  do  not  differ  in  substance  from  those 
obtained  by  M,  Sarrus.  They  are  however  simplified  by  the  nota- 
tion which  we  have  employed....  Cauchy  adds  that  he  will  develop 
the  subject  in  some  other  memoirs  and  apply  it  to  the  solution  of 
various  problems.  This  design  appears  however  not  to  have  been 
accomplished. 

The  memoir  published  by  Cauchy  may  be  considered  an  evi- 
dence of  the  favourable  opinion  he  held  of  the  method  of  Sarrus. 

188.  Cauchy's  memoir  begins  with  a  few  preliminary  re- 
marks and  is  then  arranged  in  nine  sections  under  the  following 
titles.  1.  Definitions.  Notation.  2.  On  the  continuity  of  func- 
tions and  of  their  variations.  General  properties  of  the  variations 
of  several  variables  or  functions  connected  by  known  equations. 
3.  General  formula;  suitable  for  furnishing  the  variations  of  func- 
tions of  one  or  more  variables,    4.  Properties  of  the  variations  of 


different  orders.  3.  On  the  variation  of  a  simple  or  mnltiple 
detinite  integral.  6.  On  the  different  forma  which  may  be  givea 
to  the  variation  of  a  Bimplo  or  multiple  definite  integral.  7.  Com- 
parison of  the  formulie  established  in  the  fifth  and  sixth  flec- 
tions. [The  original  memoir  by  mistake  has  third  and  fourth 
sections.]  Differentiation  of  a  multiple  integral  relative  to  any- 
variable  different  from  those  with  respect  to  which  the  integrations 
are  performed.  8,  On  the  partial  variation  which  for  a  eimple  or 
definite  mnltiple  integral  corresponds  to  variations  in  the  form  of 
the  functions  which  occur  nnder  the  integral  sign.  9.  On  the  re- 
ductions which  can  be  effected  by  integration  by  parts  in  the  varia- 
tion of  a  simple  or  multiple  definite  integral. 

189.  The  first  four  sectionB  are  very  diffuse,  bat  contun  nothing 
new  or  important.  In  the  fifth  section  a  formula  is  obtained  for  the 
variation  of  a  definite  multiple  integral  which,  as  Cauchy  remarks, 
ia  precisely  the  same  as  that  obtained  by  Sarrus;  it  is  the  formula 
which  we  have  ah'cady  given  in  the  case  of  a  triple  integral ;  see 
Art.  175.  In  his  aixtli  section  Cauchy  gives  an  independent  de- 
monstration of  that  formula  for  the  variation  of  a  multiple  integral 
which,  according  to  Sarrus,  was  known  before  he  published  hia 
method;  see  Art.  17G.  We  will  exemplify  Oauchy's  demonstra- 
tion by  applying  it  to  the  case  of  a  triple  integral. 


190.    We  have  to  prove  the  following  formula : 


-P 


+ldxjdi,j<lz(^ 


'duSa: 
dx 


dt  ) 


By  jdxjd^jdau,  aa  formerly  explained,  we  understand  a  triple 

integral  in  which  we  liave  first  to  mtcgrate  with  respect  to  a  from  e, 
fa>  a,,  then  with  respect  to  y  from  y,  to  y,,  and  lastly  with  respect 
tox  from  a:,  to  ar,. 

Kow  let  X  =  x  +  ix,  Y=y  +  ij/,  Z=t  +  hz,  where  tee,  ?y,  & 
BTB  indefinitely  small  arbitrary  functions  of  jt,  y,  *■     I*t  U  denote 
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what  te  becomes  when  a;,  y,  e,  are  changed  into  X,  T,  Z,  respec- 
tively, and  also  any  function  of  a;,  y,  e,  involved  in  «,  receives  an 
indefinitely  amall  arbitrary  increment.  Then  the  varied  value  of  the 
triple  integral  la 

the  limita  will  be  found  by  keeping  the  same  limiting  values  aa  be- 
fore for  aj,  y,  7.  It  is  important  to  observe  that  since  &r,  8y,  Ss  are 
qvtitt  arbitrary  we  can  obtain  all  the  necessary  generality  in  the 
varied  value  of  the  triple  integral  by  retaining  the  original  limiting 
values  of  X,  y,  and  z. 

The  varvxllon  of  the  triple  integral  will  be  found  by  subtracting 
the  original  value  from  the  varied  value. 

Now  it  is  obvious  that  the  complete  variation  will  he  obtained 
by  deteriniiiing  separately  the  parts  of  the  variation  which  arise 
from  the  change  of  h,  a:^,  y,  z  into  V,  X,  Y,  Z,  respectively ;  and 
when  we  are  considering  the  change  of  one  of  the  quantities  the 
otliera  may  be  auppoaed  to  retain  their  original  valnea ;  the  terms 
thus  neglected  are  in  fact  of  a  higher  order  than  those  which  are 
retained.  Thus  by  putting  u  +  Su  for  U  we  tind  that  the  term 
arising  from  the  variation  of  u  is 


jdxjdyji 


djsSu. 


Now  consider  the  term  which  arises  from  the  change  of  a  into  Z 
while  the  other  quantities  retain  their  original  values.  The  integra- 
tion with  respect  to  «  is  the  Jirst  perjhnned;  hence  by  the  change 
of  a  into  Z  the  triple  integral  is  changed  into 


j<^ j<^ff  j'^^"'^' 


where  the  limits  of  x,  y,  a  are  the  original  limits ;  and  -p  is  the 

differential  coefficient  of  Z  with  respect  to  a  only,  that  is,  supposing 
X  and  y  conatanl.     Now 


-  (,+«,)- 1 


tiilis  the  term  in  the  variation  of  the  triple  integral  which  u-isee 
from  the  change  of  a  into  Z  is 


jdxjdyf. 


^dzu 


dz  ■ 


The  simplicity  of  this  process  arises  from  the  fact  tliat  tlie  integra- 
tion with  respect  to  8  is  the^rsi  performed. 

Now  let  us  consider  the  part  of  the  variation  of  the  triple  in- 
tegral which  arises  from  the  change  of  y  into  Y.  We  may  conceive 
that  the  order  of  integration  in  the  original  integral  is  changed  so 
that  y  is  now  the  variable  with  respect  to  which  the  first  integration 
is  performed ;  we  know  from  the  Integral  Calculus  that  this  can 
always  be  done  by  making  suitable  changes  in  the  limits  of  the 
integrations.  Then  aa  before  we  shall  find  that  the  term  in  the 
variation  of  the  triple  integral  which  arises  from  the  change  of  ^ 
into  yis 


hhh^^- 


the  limits  being  as  we  have  already  intimated  adjusted  to  the  new 
order  of  integration.  Kow  restore  the  original  order  of  integration ; 
then  we  obtain  for  the  required  term 

where  the  limits  will  be  the  original  limits. 

Similarly  the  term  in  the  variation  of  the  triple  integral  which 
arises  from  the  change  of  x  into  X  ta 


ulx  Idy  jdsti- 


wbere  the  limits  are  tlie  original  limits. 

Then  by  collecting  the  terms  wc  obtun  tbe  whole  vaiiadoUt 


s/,ix/<;j/i . -J^./,;.,  f.  (s» +.  ^  + .  |!  + « 

tliia  resolt  obviously  coincides  with  that  whicli  was  proposed  to  be 


dSz\ 
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This  inTestigation  seema  more  Bimple  than  that  gsrenl 

Oatrogradsky ;  see  Arts,  127  and  128,     The  simplification  arises 
fiom  considering  the  variablea  separately  instead  of  simiJtaneously. 

191.  In  his  seventh  section  Cauchy  shews  that  the  form  given 
for  the  variation  of  a  multiple  integral  by  Sarrus  coincides  with  the 
form  known  before ;  this  Cauchy  does  in  the  same  way  as  Sarrus  j 
flee  Art.  176. 

Cauchy  proposes  a  new  notation  which  he  strongly  recommends. 
According  to  the  notation  of  Sarras  we  have 


/: 


<fa 


dx 


=  7 


-7 


Cauchy  proposes  to  express  this  result  thus 

Similarly  what  Samia  would  express  thna 

*JJ'.  'oJi  »,Jt,  *ijf. 

7    7w-7    Vu  —  7    7tt+7    fa, 
*c  ■»)!  »    sr  '9 

Caachy  proposes  to  express  thus 

*=T,      s=yt 

'  =  '•,       y  =  xa 
This  latter  is  the  form  that  Cauchy  really  uses ;  but  apparently 
by  a  misprint  he  gives   on   his  page  100  such  a  symbol  as  the 
following 

I' T". 

'0   y<, 

This  however  seems  more  convenient  than  the  symbol  which 
Cfttichy  really  uses ;  and  it  may  be  rendered  still  more  commodious 
by  writing  it  thus 

i"  \"«- 

'■r,.       'So 

To  exemplify  the  use  of  this  notation  we  may  take  the  general 
formula  for  the  variation  of  a  double  integral  which  has  been  given 


.  184 ;  that  fonnula  expressed  by  the  aid  of  the  new  notation 
will  stand  thus, 


SJdxjdy  V= 
J       J  ^\<h        dx        dy 


dv, ,  jr.  ,  JT,  ,  d'r„\ 


dV^     d7. 


dxdy 
dii  , 


dV^dy 


d<^\ 

ix\   -dx) 
dy    \dx}        dx        dy  \ 


where  it  must  be  observed  that  ^  will  stand  either  for  -*'  or  for 
J  dx  dx 

-j^  aa  may  be  required. 

Caochy  says  on  his  last  page  that  on  speaking  to  Sarrua  respect- 
ing this  new  notation  by  means  of  which  the  difference  between 
two  valaes  of  a  variable  is  expressed  by  a  single  symbol  he  learned 
that  the  same  idea  had  occurred  to  Sarrus  himself.  Perhaps  we 
may  infer  that  Harms  on  trial  was  not  satisfied  with  it  as  he  did 
not  use  it  in  his  memoir. 

'=C 

Cauchy  also  proposes  to  use    ]  u  in   order   to   denote  what 

Sarms  denotes  by  ?  u;  we  shall  not  follow  Cauchy  on  this  point 
bat  adhere  to  the  notation  of  Sarrus.  Thoe  we  only  use  Cauchy's 
notation  when  we  have  to  express  the  difference  between  two  raluea 
of  a  variable,  and  we  use  Sarrus's  to  express  a  single  value  of  a 
Tariable ;  there  ia  then  no  possibility  of  confusion. 
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192»  Cauchj^s  eighth  section  contains  nothing  new  or  impor- 
tant. In  his  ninth  section  he  considers  the  transformations  which 
are  to  be  made  of  the  expressions  hj  means  of  integration  hj  parts. 
This  section  is  illustrated  by  an  example  which  we  will  now  give 
in  detail. 

Let  u  be  an  unknown  function  of  x^y^  z;  let  v  be  a  function 

cPu 
of  X,  y,  z  and  ,    ,  ^  .    Let  &  denote  that  part  of  the  variation  of 

the  triple  integral  Idx  Idy  Idz  v  which  arises  from  the  variation 
of  u;  then  we  have 

^-j^ldyjdzr^^^ (1), 

where  r  is  the  differential  coefficient  of  v  with  respect  to  -5 — ? — 7- . 

^  dxdydz 

The  limits  of  the  integrations  are  supposed  ta  be  denoted  as  hereto- 
fore. We  propose  then  to  reduce  &  by  means  of  integration  by 
parts. 

W   h  ^^     —  ^      d^Su  ^dr  d*Su^ 

dxdydz"^ dx    dydz     dxdydz^ 

thus  (1)  becomes 

Ss  -ldxfdyjd.^r£^  -fdxfdyfdz g  |^ (2). 

By  equation  (4)  of  Art.  177, 

Jdxfldzr^^+ldx'f'fdzr^^' 
J       If  J        dydz  dx     J       yj        dydz  dx 

-  (d   (d  7**    -^^  ^4- Idx  Id  7*"*     ^^^  — " 
j     j^*     dydz  dx     J     J^^^dydzdx' 


Thna  (3)  becomes 

1       t  J         dyde  ax     1        s  J        dydz  ax 

r,  r,  «i   iCSb  dt,    r,  r,  ,=.    ,PSu  dz. 


..{3). 


(lydz  dx 

It  will  be  observed  that  5w  ia  not  differentiated  witb  respect  to  x 
in  any  term  of  (3). 

In  equation  (2)  of  Art.  177  change  u  into  r  -j— ;  thus 


/rfy/rf^ 


dydz 
dZu  dz, 


-W-IS 


Thus  the  first  term  on  the  right-hand  side  of  (3)  becomes 


\'f'\dz 


I'l  r ,  .=1    d&u  dz.  .  ,'i  f,  _«o    d&u  de„ 


dy  dz 


-Cpsjdz 

A  term  on 


Similarly  the  second  term  on  the  right-hand  side  of  (3)  be- 
comes 

ilr  dSu 


-nV.  ii-diTy  +]■*«]*'.  E -Si Ij 


-|<&j>jJA 


dxdy  dz 
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The  third  and  fourth  terms  on  the  right-hand  side  of  (3)  we 
shall  not  transform ;  we  proceed  to  the  fifth  term. 

In  equation  (2)  of  Art.  172  change  u  into  r  -^  -^ ,  and  put  z^ 

for  ^;  then  observing  that  z^  is  independent  of  2;  we  obtain  the 
following  result, 


J  ^  M     dydz  dx        J  ^  »  dz  dv^ 


.yi  *i    ^u  dz^  ^  f,  7'*^  ^  ^    5®if  (A\ 

'yo  *  ^"^^  ""J  ^  »  dx  dy  dz^^ ^  ^* 

Now  by  equation  (1)  of  Art.  172 

l'^—    &j  _  rf  «*»    ffej  _«*i &,  &,  dr 
»  dtf    ^^ dy  »     dx      »  dx  dy  dz* 

Thus  a  part  of  the  first  term  on  the  right-hand  side  of  (4)  can- 
cels a  part  of  the  third  term,  and  we  obtain 


f ,  -*!     d^iu  dz,         f ,  -*»  dSu  d  -'i 
J  ^  *     rfvcfc  dx       J  ^  »  dz  dy  » 


.  ,y»«*»    dSudz. 
'yo  *     dz  dx 

"* J  ^  *      dz*   dx'dy* 
A  similar  formula  holds  when  «^  is  changed  into  z^. 

Thus  we  obtain 

''o'yo;         « 

I'l  f,  -*!    rfiSu  &^     1^1  fj  -*o    dSudz^ 

dr  dSu 


<M 


^    €& 


-/*■£/* 


fjito/. 


I*' 


-jdxjd^ 


rdiT-s-r'r''-di-STy 


f,   f,   !,    <Pr    d&u 
}       r  1         tiydz  dx     1       V  J        dt/dz  dx 

.  f  J  L  /'  '^8"  '1 1"   ^i    (j  !j  ■<'•  ''S»  "^  i'*  *• 

j      '*.  •      dz   dx     }      'jo  «      (fa   (^a: 

In  some  of  these  lines  terms  occur  involving  integrations  with 
respect  to  a  and  diSerentiation  of  5m  with  respect  to  z ;  such  terms 
admit  of  farther  reduction. 

In  the  first  line  we  have  I  (for -7—,  and 
In  the  third  line  we  have  \dz  -j-  -t—  ,  and 
In  the  fourth  line  we  have  ids  -5-  -5- ,  and 
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In  the  sixth  line  we  have  Idz  ,    ,  ^— ,  and 

J      dxdy  az 

J      dxdy  da      ^»odxdy         J      dxdydz 

In  the  seventh  line  we  have  lefer  3—^- -p  and  Idzr^ — r^y 

J        dydz  ax  J        dydz  ax 

(der^^^^f'T^—'-fdz  —  —^. 
J        dydz  dx      ''o     dx  dy      j      dy  dz  dx* 


Thus  finally 


^-i:ci>-i:i::/*i*. 

-i:/*C't|-i::/*': 


'0     dSu  dz^ 


dy      *oj  ^    *       cfo  dy 


r  ,   f ,   -*»  Ar  dSu  dz.      f  ,   f ,     'o  dr  dSu  dz^ 

-  (dx  f  1''  r  ^  —  +  f(&  7*'  (dz  —  —^ 
J        9   *»     dx  dy     }        y  J      dy  dz  dx 

+  fc?*"  r  r^^-ldxftdz^i^^ 
J       y   Mo     dx  dy     J        y  j      dy  dz  dx 

-^(dxfd    7**^^7''      ^^{dxld    n'^'^a^n'^     ^ 
J     J  ^   M   dz  ISy  *      dx     J      j  ^   M   dz  dy  M  ^  dx 


•■  dx     ]       Vo  «       dz  dx 

193.     As  a  pttfticular  case  of  the  preceding  result,   Cauchj 
supposes  that  r  =  l.     Thus  we  obtain 


-jdxfdnji 


dxdijdz 


».  !.    ,».  J8»  &,  ,   '.  t,     ••  JSu  da. 


< 


-id.frf'f+!d.i'-i 

}        t  ''t  dx  ay     J       s   > 


dx  dy 


.  fj    (j    i''  f^w  '^^^,        f  J    f  J    i""  '^"  d\ 

+}^r^  \  -^  d^y  -rh '.  -^  d^, 
+rh^.^ii^-rhi-d^did^- 


Of  the  e1e< 
seventh. 


terms  here  given  Cauchy  has  omitted  the  sixth  and 
With  tliia  particular  case  Cauchy'a  memoir  terminates, 

194.     We  can  now  conveniently  introduce  the  third  example 
which  Samis  gives  in  illustration  of  his  formula;;  see  Art.  179. 
The  example  is  the  following ;  to  delermine  the  law  of  the  denai^'  ' 
of  a  body  of  given  form  and  position  in  order  that  the  integral 


l''''hh''m. 
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taken  throughout  the  body  may  be  a  maximum  or  a  minimum, 
V  being  the  density  at  the  point  (x,  y,  e),  and  w  a  given  function 
of  X,  y,  z  and  v. 

Since  the  form  and  position  of  the  body  are  given  there  are  no 
terma  in  the  variation  of  the  triple  integral  arising  from  the  vari- 
ation of  the  limits.  Thus  we  have  for  the  variation  of  the  proposed 
triple  integral 


The  firat  of  these  two  terms  is  equal  to 
jdx  jdy  Irf; 


d'Bo 
dxdydz' 


d'v       dw  . 


J      ]  ^]   "Kdxdydz  dv      dxdydz) 


dxdydz  dv 

the  second  developes  into  the  twenty-two  terms  given  as  the  reaii 
of  Art.  192  provided  in  that  result  we  change  r  into  w  and  u  into 
Of  these  twenty-two   terms   the  twelfth  is  the  only  term  which 
involves  a  triple  integral ;  this  must  be  united  with  the  terra  just 
^ven,  so  that  we  obtain 

d^v      dw        d'le    \ 
\dxdydz  dv      dxdydz) 

This  must  vanish  by  the  ordinary  principles  of  the  Calctdus  of 
Variations;  hence 

d*v      dw        (Pw      _ 
dxdydx  dv     dxdydz 

This  partial  differential  equation  must  be  solved  to  find  v,  the 
solution  of  course  involving  arbitrary  functions  j  and  the  arbitrary 
functions  must  be  determined  from  the  limiting  equations  which 
we  shall  now  examine. 

We  may  consider  the  given  body  to  be  bounded  by  six  faces. 
Two  of  these  six  faces  we  will  call  the  upper  and  hwei-;  they  are 
determined  by  the  known  values  of  a,  and  «„  in  terms  of  a;  andy, 
and  may  thus  be  of  any  form.  Two  of  tlie  six  faces  we  will  call 
the _/ron(  and  hack;  they  are  determined  by  the  known  values  of 
y,  and  y^  in  terms  of  a:,  and  are  therefore  cylindrical  having  their 
generating  lines  parallel  to  the  axis  of  z.    The  remaining  two 


siu^^n 

ow. 

lint,  I 


&cefl  we  will  call  the  right  and  left;  ttey  are  determined  by  the 
known  Talues  of  a;,  and  x^,  and  are  therefore  planes  perpendicular 
to  the  axis  of  x. 

In  particular  cases  these  sis  faces  would  assume  particular 
forma.  For  example,  suppose  the  given  body  to  be  the  ellipsoid 
determined  by  tlie  equation 


the  upper  and  lower  boundaries  are  the  portions  of  the  surface  of 
the  ellipsoid  detewnined  respectively  by 

the_^wif  and  back  boundaries  are  tUe  portions  of  the  ellipse  iq  the 
plane  of  {x,  y)  determined  respectively  by 

the  right  and  hji  boundaries  are  the  points  on  the  axis  of  x  for 
which  x  =  a  and  x  =  —  a  respectively.  Thua  in  this  example  two 
of  the  six  faces  degenerate  into  curves  and  two  into  points. 

The  eleventh  term  in  the  result  of  Art.  192  gives 


N-'y'iSi/'-' 


and  in  order  tliat  this  may  vanish,  aince  So  is  arbitrary,  we  must 
luve 


7    J— r  =  0,    and?    j—r  = 


0. 


The  ninth  and  seventeenth  terms  in  the  result  of  Art.  192  must 
be  united  because  they  involve  tlie  same  arbitrary  term;  thus 
we  get 
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and  in  order  that  this  may  vanish,  since  -t—  is  arbitrary,  we 
must  have 

or  as  we  may  write  it 

*i  /dry  dz^     dtv  dz^  •  ^  ^  ^  •      J^lh^  —  n 
«  \dx   dy      dy  dx      dz  dy  dx         dxdy) 

The  tenth  and  eighteenth  terms  in  the  result  of  Art.  192  lead 
to  a  similar  equation  with  z^  in  the  place  of  z^. 

The   twenty-first  and  twenty-second   terms  in  the  result  of 
Art.  192  lead  respectively  to 

-*i     dz.  dz.     ^      J^o     dz^  dZf,     . 
f     dx  dy  f      dx  dy 

We  have  thus  proved  that  the  following  equations  must  hold, 

-'i  d*to 
7  — 0 

*  dxdy       ' 


-*i  /dw  dz^.dw^dz^^  ^  ^4.      ^*^t  ^  _.a 
«  \dx  dy     "dy  dx      dz  dx  dy         dxdy) "  ' 

«'i     dz.  dz.     - 

I    to  y-^  -r*  =  0- 
^      ax  ay 

The  last  of  these  gives  7    tr  =  0,  for  -r^  and  -5-*  are  inde- 
pendent of  z. 

The  equation  7    tc;  =  0  shews  that  tc;  must  vanish  identically  for 

all  points  of  the  upper  boundary.  For  if  w  does  not  vanish  iden- 
tically w?  =  0  must  coincide  with  the  known  equation  to  the  upper 
boundary;   and  then  we   shall  not  have  the  other  two  of  the 

above  three  equations  satisfied.  For  from  7  u;  :=  0  we  obtain  by 
differentiation 

*i  /div     dw  dzA  __  ,    *i  /dw     dw  dz\  _     ^ 

*  \dx      dz   dx) ""    '  *  \dy      dz   dy)        ' 


^W" 
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4iiid  from  these  combined  with  the  second  of  the  above  three 
•aqiifttions  we  deduce 

7"|£=o,  f^=o,  f^=0, 

f  ax  ^  ay  »  dz       ' 

and  these  could  not  be  true  if  i^  =  0  were  the  equation  to  a  surface ; 

dw      dto  I  dw  1.1  1       * 

Dccause  --r- ,   -^ ,   and  -^  can   only  simultaneously  vanish   for 

special  poinU  on  a  surface  and  not  for  any  continuous  portion  of 
asnrfiice. 

Thus  w  must  vanish  identically  for  all  points  of  the  upper 
boundary.  And  similarly  w  must  vanish  identically  for  all  points 
of  the  lower  boundary. 

The  eighth  term  in  the  result  of  Art.  192  gives 

d^w 


Kf 


dzBv 


dxdz* 


This  involves  the  value  oiZv  for  the  front  and  back  of  the  given 
body.    Confining  ourselves  to  the  former,  we  obtain 


f 


d^w 


=  0. 


y  dx  dz 
The  fourteenth  term  in  the  result  of  Art.  192  gives 

[dxfldz—^  —  ' 
J       y  J       dy  dx  dz^ 

and  from  this  we  obtain 

y  dz     "' 
since  the  factor  -j^  is  independent  of  y. 

From  the  last  two  results  we  infer  that  w  must  vanish  iden- 
ticaUy  for  aU  points  of  the  front  boundary.  For  if  g'  be  denoted 
by  1x1  we  have 


7"«'  =  0,  andf^'=0; 
»  9  dx 


dw 
=  y; 

15 


and  the  first  of  these  equations  shews  that  w'  must  Taoiali  id^ti- 
cally  for  all  points  of  the  front  boundary,  or  else  ic'  =  0  most  coin- 
cide with  the  known  equation  to  this  front  boundary ;  but  the  latter 
supposition  ia  inconsistent  with  the  second  of  the  above  two  equa- 
tions. Thus  m'  must  vanish  identically  for  all  points  of  the  front 
boundary,  and  from  this  and  the  fact  that  w  vanishes  identically  for 
the  points  common  to  the  front  boundary  and  the  upper  boundary, 
we  infer  that  w  must  vanish  identically  for  all  points  of  the  front 
boundary. 

Similarly  from  the  remaining  part  of  the  eighth  term  and  the 
sixteenth  term  in  the  result  of  Art.  192,  we  conclude  that  w  must 
vanish  identically  at  every  point  of  the  back  boundary. 


From  the  sixth  term  in  the  result  of  Art.  192  we  obtain 

'1  d*w       .         ,  -*"  d'to 
1    -y-^  =  0,  and  7     ,    ,  =  0 : 
"  at/da  '  dyas 


ipect-      ■ 
int  of       I 


and  from  these  terms  combined  with  what  we  already  know  respect- 
ing w  we  conclude  that  lo  must  vanish  identically  at  every  point 
the  right  and  left  boundaries  of  the  body. 

Thus  we  conclude  from  the  terras  that  we  have  examined,  that 
w  must  vanish  identically  at  every  point  of  all  the  bounding  faces 
of  the  given  body ;  and  supposing  this  to  be  the  case  we  shall  find 
that  the  remaining  terms  in  the  result  of  Ait.  192  vanish. 

195.  We  will  close  this  part  of  the  subject  by  giving  tlie  com- 
plete development  of  the  variation  of  a  triple  integral  in  the  case  in 
which  no  differential  coefficient  of  a  higher  order  than  the  first 
occurs  in  the  proposed  expression. 

Let  then  1 1 1  Vdxdydz  denote  the  proposed  triple  integral,  where 

I, .       -      ..        -  du     du     du 

K  13  a  function  of  x.y.z.v,  -;- ,    -r  ,   ^- . 

'■"        '  dx'    dy     dz 

The  integration  is  supposed  to  be  effected  first  with  respect  to  z 
fromSjtos,,  then  with  respect  toy  from  y,  toy, ,  and  then  with 
respect  to  x  from  ir^  to  »■,. 


Let  the  difTerential  coeffident  of  V  with  regard  to  j-  be  de- 
noted by  X,  the  diflferential  coefficient  of  V  with  regard  to  ^  by  F, 
and  the  differential  coefficient  of  Fwith  regard  to  -J^  by  Z.     Thus 

du  dx  dy  de 

By  Art,  175  we  have  in  the  notation  of  the  present  chapter 
^jjjVdx  dy  dz  =  jjJB  Vdx  dy  dz 

+  ll'Jd^fdz  F&r  +jdx  Mdz  FSy  +jdxjdy  \'^  VBz. 
There  are  four  terms  in  SF  giving  rise  to  fooi  terms  in 
jjkvdxd^de. 

The  first  term  is  not  suseeptible  of  transformation. 

The  second  term  is  to  be  transformed  by  equation  (1)  of  Art. 
17B;  this  gives 

The  third  term  arising  from  S  F  is  to  be  transformed  by  equation 
(a)  of  Art.  176 ;  this  gives 
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The  fonrtb  term  arising  from  S  F  is  to  be  transformed  by  equa- 
tion (3)  of  Art.  178;  this  gives 


Idxjdyl    ZBu. 


Thus  we  have  finally 


»///r^.,*=//fe.e-«-f-f)^.,. 


+ 


\du      dx      dy 
'JdyjdziVSx  +  XBu) 


+jdxMdz(vSy'^X^Su+YSu\ 

'hjdxjdy\l'(vSz--X^Su--Yj-Su  +  ZSuy 

Of  these  terms  those  affected  with  the  symbols 

jdyldz  and    ldx\    Idz 

vanish  when  we  confine  ourselves  to  the  particular  case  considered 
by  Delaunay,  as  we  have  already  explained  in  Art.  186.  The  re- 
maining terms  agree  as  far  as  they  go  with  the  result  given  in 
Art.  144. 


CHAPTER  IX. 

LEGENDRE,  BRUNAOCI,  JACOBI. 


196.  We  are  now  about  to  give  the  history  of  that  part 
of  our  subject  which  relates  to  the  criteria  for  distinguishiDg  & 
maximum  from  a  miniinum,  and  for  ascertaining  when  neitlier  a 
maximum  uor  a  minimum  exists. 

We  have  already  intimated  in  Art,  5,  that  Legendre  had 
airired  at  some  results  on  these  [)oiiits,  and  tliat  Lagrange  had 
shewn  tliat  farther  investigations  were  required  in  order  to  ensure 
tlie  accuracy  of  Legendre's  conclusions.  The  requisite  investiga- 
tions were  supplied  by  Jacobi  in  1837,  and  the  memoir  which 
Jaci:>bi  then  published  has  given  rise  to  an  extensive  series  of 
commentaries  and  developments.  Before  however  we  proceed  to 
Jacobi's  investigations,  we  will  give  an  analysis  of  Legendre's 
memoir  and  of  some  others  connected  with  it. 

1!17.  Legendre's  memoir  is  entitled  M^motre  sur  la  maniir^ 
de  distinguer  le8  maxima  lies  minima  dans  h  Caleul  des  Vnriattonn, 
It  is  printed  in  the  volume  for  1786  of  the  Sistoire  de  VAcadimie 
Jiof/aU  des  Sciejtcft;  this  volume  is  dated  1788.  The  memoir  ex- 
tends from  page  7  to  page  37,  Tliere  is  an  Addition  to  the  memoir 
on  iMgea  348 — 351  of  the  volume  for  1787  of  the  Etstotre  ... ;  this 
volume  ia  dated  1789- 

198.     The  first  investigation  in  Legendre's  memoir  is  in  sab- 
I  Btance  the  same  as  that  wliich  we  have  given  in  Art.  5.    He  shewB 
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by  the  method  there  used  that  the  problem  he  is  considering  may 
be  reduced  to  the  investigation  of  the  sign  of 


^ii:> 


■YASt/Ydx. 


In  Article  5,  we  supposed  Sy,  and  S^^  to  be  zero,  bo  that  the 
part  of  the  above  expression  free  from  the  iategrat  sign  vanishes. 
Legeiidre  adopts  the  following  method  with  respect  to  the  inte- 
grated part  of  the  above  expression ;  the  value  of  \  is  to  be 
determined  from  a  differential  equation  and  it  will  therefore  in- 
volve an  arbitrary  constant,  and  this  arbitrary  constant  may  be 
supposed  to  be  so  taken  as  to  make  \  (S^,)'  —  X,  [SyJ*  vanish  or 
have  the  same  sign  as  the  part  of  the  expression  under  the  in- 
tegral sign. 

199.  Legendre  next  considers  the  case  in  which  the  integral 
of  an  expression  /{x,  y,  p,  q)  is  to  be  a  maximum  or  a  minimum, 

where  J>  =  ~}    and  y  =  -~ .     The  investigation  is  similar  to  that 

already  given,  and  the  conclusion  is  that  the  result  found  by  t]ie 
ordinary  processes  of  the  Calculus  of  Variations  will  be  a  maxi- 

f   yi.  18 

tlon,  and  a  minimum  if  it  is  always  positive. 

Legendre  then  saya  that  It  is  easy  to  generalise  these  results 
and  to  infer  that  the  ordinary  processes  will  give  a  maximum,  if 

the  second  differential  coefficient  ot f[x,y,  -^ ,    -^, ...)  with  re- 
spect to  the  highest  of  the  quantities  -/ ,   -A,...  which  it  in- 

dx     ax 
volves  is  always  negative  between  the  limits  of  the  integration, 
and  a  minimum   if  that  second   differential   coefficient  is  always 
positive. 

200.  Legendre  next  considers  the  case  in  which  we  have  to 
find  the  maximum  or  minimum  of  f/{x,  y,  p)  dx,  supposing  that 
X  is  susceptible  of  variation  as  well  as  y.     The  investigation  is 


now  more  Complicnted  tliati  that  in  Articlea  6  and  198;   the  re- 
Bolt  however  is   the  same,  namely,  that  thero  is  a  maximuin  or 

mininmin   according  as  ^  ia  conatantly  negative   or  constantly 

poBitive  between  the  limita  of  the  integration. 

201.  Legendre  next  aupposes  that  we  have  to  find  the  niaxi- 

mnm  or  minimum  of  j/{x,  y,p,  t}>)  dx,  where  ^  ia  to  be  determined 

from    the   differential  equation   -^  =  ^,  in  which  -^  is  a  known 

ftmction  of  x,  y,  p,  and  0,     The  result  at  which  Legendre  arrives 
is  wrong,  and  the  correct  reault  was  afterwards  given  by  Bninacci. 

202.  Legendre  then  illustrates  his  investigations  by  some  ex- 
amples. He  first  considers  the  case  of  the  solid  of  least  resistance, 
and  he  shews  that  the  ordinary  result  is  not  necessarily  a  minimum. 
He  then  considers  tlie  problem  in  which  among  all  curves  of  given 
length  having  their  extremities  in  two  fixed  points,  that  is  re- 
quired which  has  its  centre  of  gravity  lowest ;  here  his  method 
indicates  that  the  catenary  does  possess  the  required  property. 
Tlicn  lie  considers  the  problem  in  which  a  cuiTC  of  given  length 
is  to  be  drawn  between  two  fixed  points,  so  thnt  the  area  bounded 
ty  the  curve,  the  ordinates  of  the  fixed  points,  and  the  axis  of 
abscissEB  shall  be  a  maximum  or  a  minimum.  He  shews  that 
the  required  curve"  will  in  some  cases  be  a  circular  arc,  and  in 
Other  caeca  will  be  composed  of  a  circular  arc  and  one  or  two 
straight  tines;  we  shall  have  occasion  to  return  to  this  point 
hereafter.  Tlie  three  esaniplea  thus  discussed  by  Legendre  form 
s  very  interesting  and  instnictive  part  of  his  memoir. 

Finally  ticgcndre  takes  the  problem  of  the  brachislochrone  in 
which  the  moving  particle  is  to  pass  from  one  given  cnrve  to 
another,  starting  with  an  assigned  velocity.  Then  the  expreaaion 
to  be  made  a  minimum  is 
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where  7t  is  the  height  due  to  the  assigned  initial  velocity,  and  c  is 
the  ordinate  of  the  point  ut  which  the  motion  begins.  Legendre 
takea  c  aud  x  to  be  susceptible  of  variation,  as  well  as  y  aud  jt, 
and  by  a  laborioaa  investigation  he  arrivcB  at  the  result  that  the 
time  of  motion  ia  necessarily  a  minimum  if  the  curve  described 
be  a  cycloid,  which  meets  the  two  given  curves  in  points  where  the 
tangenta  to  those  ctu'vea  are  parallel,  and  which  cuts  the  lower 
curve  at  right  angles. 

203.  In  the  addition  to  liia  memoir,  Legendre  makes  some 
remarks  in  order  to  strengthen  two  points  in  liia  conclusions.  He 
aaya  that  he  has  to  shew  in  the  first  place  that  the  quantities 
which  he  supposes  determined  by  differential  ctiuationa,  like  the 
\  of  Article  5,  are  necessarily  real ;  and  in  the  second  place  that, 
as  we  have  stated  in  Art.  198,  the  arbitrary  constants  which  occur 
in  the  solutions  of  the  differential  equations  can  be  chosen  so  as 
to  make  the  integrated  part  of  the  terms  of  the  second  order  in 
the  variation  zero,  or  of  the  same  sign  as  the  unintegrated  part. 
Accordingly  he  makes  some  observations  in  order  to  establish 
these  two  points. 


204.  Two  remarks  may  be  introduced  here.  In  the  first 
place  it  roust  be  remembered  that  all  Legendre'a  investigations 
are  subject  to  the  objection  indicated  by  Lagrange ;  see  Articles 
6  and  6.  Legendre  does  not  solve  the  differential  equations  which 
he  obtains,  so  that  there  is  no  security  that  the  quantities  he  uses 
retain  always  finite  values ;  and  Lagrange  shewed  that  in  a  simple 
example  Legendre's  conclusions  were  not  necessarily  true.  In  the 
second  place,  in  all  investigations  with  the  view  of  distinguishing 
maxima  from  minima  values,  it  is  of  course  necessary  that  we 
should  retain  all  the  terms  of  the  second  order  which  can  occur 
in  our  expressions.  Now  such  foruiulEe  as  those  of  Poisson  and 
Ostrogradsky  in  Articles  102  and  124  are  only  true  to  the  frst 
order,  and  consequently  caimot  be  used  in  any  investigation  in 
which  we  are  discriminating  between  maxima  and  minima  values. 
This  is  one  of  the  reasons  which  render  it  advisable  to  avoid 
giving  a  variation  to  the  independent  variable;  see  Art.  25.  If, 
for  example,  we  vary  y  and  not  x,  then  we  have  Sp  absolutely  the 


same  tiling  as  —~- .     If  however  we  vary  botli  y  and  j-,  it  ia  shewn 
in  elementary  works,  as  iii  Art  39,  that 


"  dx 


'  dx' 


this  equation  however  is  not  accurately  tnie,  but  only  true  to  tlie 
first  order.     For 

dy=p<U, 
(/y  +  dhf  =  (j)  +  hp)  {dx  +  dhx) ; 
tlicrel'ure 

tliU3  in  order  to  Le  true  to  the  second  order  we  must  take 


% 


-sr 


\dx        dx 


r)(' 


and  in  fact  Legendre  uaea  this  value  of  Bp  on  page  15  of  his 
memoir. 


20.5.  We  liave  next  to  consider  two  memoira  by  Brunacci. 
The  (irat  of  theae  is  entitled,  On  the  criteria  which  distinguish 
maxima  from  minima  in  integral  expressions ;  it  is  published 
in  tlie  Memarie  deU'Istitulo  Naxionah  Jtaliano,  Vol.  I.  part  2. 
Bologna,  m06.  The  memoir  extends  over  pages  191 — 202  of  the 
volume ;  itB  object  is  to  correct  an  error  in  the  memoir  which 
Legendre  published  in  the  Histoiy  of  the  French  Academy  for 

1786;  see  Art.  201.     Suppose  we  have  the  integral  |  Vdx  where  V 

involves  x,  y,  ~f-,  and  a,  and  z  is  determined  by  tlie  differential 

equation  j- =  Z,  where  Z  is  &  function  of  x,  y,  -f^ ,  and  x.     Then 

Legendre  arrives   at  the   following  result ;    I  Vdx  is  rendered  a 

uiaximom  or  minimum  by  the  ordinary  processes   according  as 

-J-;   18  constmitly  negative   or  constantly   positive   between   the 


/{ 
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limits  of  the  integration,  where  p  stands  for  •^.    Legendre's 

method  is  rather  obscure  and  Bnmacci  follows  it;  we  will  here 
give  the  investigation  in  the  usual  manner,  and  we  shall  obtain 
the  same  result  as  Brunacci. 

206.  Let  \  denote  a  function  of  x  §it  present  undetermined ; 
then  we  may  consider  that  we  have  to  find  the  maximum  or 
minimum  of 

and  we  will  denote  this  expression  by  TJ. 

Now,  considering  only  terms  of  the  first  order,  we  have 

lV-=^^lz-\-^hi^^^^Ahz^'B^^Ghp  say; 

lZ^^-^Zz\j-ly^~hp^Alz->tBly-^a^  say; 
thus 

By  the  usual  process  of  integration  by  parts  we  get 
SZ7«((7-XC7')Sy  +  >^« 

^\\^^\A--^lzdx^-\\^-^l^'-^{^ 
Now  assume  X  such  that 

then,  in  order  that  SUmsLj  vanish,  we  must  have  also 

5-X5'-^(a-X(7')  =  0. 

Between  the  last  two  equations  we  must  eliminate  X,  and  thus 
we  shall  obtain  a  differential  equation  for  determining  the  required 


relatbii  between  x  and  y.  We  now  proceed  to  examine  whether 
U  is  thus  rendered  a.  maximum  or  a  minimum.  The  terms  of  the 
second  order  in  8  K  are 


say  =  \ Fihzy^-Ghzhy-^-mzZp  +  ^IiZyY+KhyZp  +  A i  (g^)<. 
We  shall  denote  the  similar  terms  in  S^by 

Let       F-\F'  =  M,     G-XG'^N,    R~\H'  =  0, 
I~\r  =  P,     K-\K'=Q,    L-\L-  =  S; 
then  we  have  to  examine  the  sign  of 

jhf[izy  +  2ySzSi/  +  2  0SiBp+P(iy)'  +  2QSi/Bp+R{l 

Now  assame  that  this  expression  can  be  put  in  the  form 

I  (8y)'  +  mSySx  +  n  (&)'  +lR{8p  +  hSy  +  kSt)*  dx ; 

differentiate  both  sides  of  the  assumed  identity,  and  etjuale  the 
coefficients  of  like  terms,  observing  that  -j—  can  be   expressed 

in  terms  of  8^,  £z,  and  Sp,  since   -j—  =  hZ;  thos  t^  shall  obtain 

five  equations  for  determining  the  five  quantities  A,  i,  I,  m,  n,  and 
three  of  these  five  equations  are  difierential  equations  of  the  first 
order.  Then  we  assume,  as  Legcndi-e  does,  that  by  giving  suit- 
able values  to  the  arbitrary  constants  wc  can  make  the  integrated 
part  I  (Sy)*  +  wSy  8z  +  n  (Sa)'  vanish.  Thus  finally  if  i?  be  always 
negative  between  the  limits  of  the  integration,  we  obtain  a  maximum 
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value  of  U,  and  if  £  be   always  imsltive  between   the  limits  ^ 
integration,  we  obtain  a  minimum  value  of  U.     And 

dp'  dp*  ' 

Tliis  is  Bmnacci'a  result,  and  it  shews  tLat  Legendre's  result 
is  wrong.  The  investigation  is  of  course  subject  to  the  excep- 
tions that  have  been  already  indicated  in  Articles  5  and  6. 

207,  We  now  pass  to  Brunacci's  second  memoir.  This  is 
entitled,  Memoir  on  the  criteria  wliich  distinguish  maxima  from 
minima  in  double  integrals ;  it  is  published  in  the  Memorie  delV 
Istitulo  Nazionale  ICaliano,  Vol.  II.  part  2.  Bologna,  1810.  It 
extends  over  pages  121 — 170, 

Bnmacci  refers  to  Legendre's  memoir  on  the  criteria  for  dis- 
tinguishing maxima  from  minima  in  single  integrals,  and  his  own 
correction  of  one  of  Legendre's  resulta  in  his  former  memoir.  He 
states  that  so  far  as  he  knew,  no  similar  investigations  had  been 
made  with  respect  to  donble  integrals.  He  proposes  to  consider  this 
point;  but  before  doing  so,  he  gives  some  investigations  with 
respect  to  single  integrals  in  order  to  |)repare  the  way.  His 
memoir  is  divided  into  twelve  sections. 

208.  In  his  first  sectioUj  Bninacci  makes  a  few  remarks  on 
tlie  conditions  necessary  for  the  existence  of  a  maximum  or  mini- 
mum value  of  a   function.     He  says  that  he  has  proved  in  his 

Course  of  higher  analysis,  that   |   f{x)  dx  is  a  positive  quantity 

provided  that/{j-)  is  always  positive  for  values  of  x  between  x=a 
and  x  =  h,  and  pro^-ided  also  that  the  diiferential  coefficients/' (a-), 
f"{x),  ...  are  always  finite  between  the  same  values.  It  is  ob- 
vious however  that  Bninacci  is  wrong  in  saying  that  it  is  necessary 
that  the  differential  coetficients  should  be  finite;  it  is  sufficient 
that  f{x)  be  always  positive,  Branacci  repeats  this  unnecessary 
restriction  elsewhere  in  his  memoir,  but  it  does  not  afi'cct  his 
results, 

200.    In  his  second  section  Brunacci  investigates  the  conditions 


wtlcli  must  aubsist  in  order  tliat  f  ^  3x  may    liave   a   maximum 

or  a  minimum  value,  where  'it  involves  x,  y,  and  -f-  \  and  he 
"  ax 

shews  how  to  distinguish  between  a  maximum  and  a  minimum. 

The  investigation  is  the  same  as  Legeudre's;  see  Art.  198. 

In  his  third  section  Brunacci  supposes  that  -^  involves  x,  y, 
^  and  -yjj ,   and  he  investigates  the  condition  that  munt  subsist 

in  order  that  j^dx  may  have  a  maximum  or  a  minimum  value ; 

and  he  distinguishes  between  the  two  cases.  The  Investigation 
18  similar  to  that  already  given ;  and  tlte  result  coincides  with 
that  found  by  Legendre,  and  stated  in  Art.  199. 


lite   limits  is 


210.  In  his  fourth  section,  Brunacci  makes  some  introductOTy 
remarks  on  the  subject  of  double   integrals.     He  states  that  a 

doable  integral   ilF{x,y)tlxd^  taken  between  definil 

positive,  pro\-ided  that  F{x,y)  is  positive  between  the  limits  of 
the  integrations,  and  provided  also  that  the  paitial  dlffifrential 
coefficients  of  F{x,y)  with  respect  to  a;  and  y  are  all  finite  be- 
tween those  limits.  The  restriction  with  re8])ect  to  the  differen- 
tial coefficients  is  unnecessary.  It  is  of  course  quite  tme  that  in 
the  questions  treated  by  the  Calculus  of  Variations,  such  reatric- 
tiooB  occur,  because  certain  expansions  are  effected  by  Taylor'fl 
Theorem ;  but  Bmnacci  is  wrong  in  saying  that  tliese  restrictions 
occur  in  the  simple  case  indicated  above. 

211.  In  hifl  fifth  section,  Brunscci  takes  the  integral  I  l-^(£r%, 

where  ■^  involves  x,  y,  and  z,  and  it  is  required  to  determine  s 
as  a  function  of  x  and  y  so  that  the  double  integral  may  be  a 
maximum  or  a  minimum.      He  arrives  at  the  following  results; 

0,  and  then 

■jy  . 


for  a  maximum  or  a  minimum  we  must  have  -r- 
dz 

there  will   be  a  maximum   or  a  minimum   according  as 


238 


LEGENDRE,   BKUNACCI,   JACOBI. 


always   negative    or  always   positive  between   the  limita   of  the 

integratioEB,     For  an  example  he  supposes  i/r  = ^ ^  and 

he  oLtaina  aa  the  result  z  =  ^/[a^  +  ^').  He  then  suggests  as  a 
particular  case,  that  the  integrations  should  be  taken  from 
t/  =  0  to  y  =  ax,  and  from  a;  =  0toa!  =  6;  he  does  not  observe 
that  for  these  limits  his  double  integral  becomes  infinite. 

212.  In  his  sixth  section,  Brunacci  considers  the  doable  in- 
tegral ij'^dxdi/,  where  ^  involves  x,  y,  z,  and  -j-  .  He  proceeds 
as  Legendre  does  for  a  single  integral  and  he  arrives  at  the  fol- 
lowing result;  let  p  denote  -j-  ,  then  to  ensure  a  maximum  the 
relation  between  z  and  x  and  y  must  be  such  as  to  make  -7^ 

always  negative  between  the  limits  of  the  integrations,  and  to 
ensure  a  minimum  always  positive.  As  in  Legendre's  process,  it 
ia  assumed  that  the  quantities  which  occur  always  remain  finite, 
and  this  condition  cannot  be  tested  becanse  a  certain  differential 
relation  which  occurs  is  not  investigated,  but  only  supposed  to  be 
investigated.     Brunacci  takes  for  an  example  ■^  =  \/{l  +  p*}. 


213.     In  Jiis  seventh  section,  Brunacci   considers  the  double 

integral  jjy^dxdT/,  where  1^  involves  x,  y,  z,  -j-  ,  and  -g-  .     We 

will  give  IQ  substance  the  investigation  of  this  case  as  an  example. 
Let  U  denote  the  proposed  double  integral,  then  we  require  the 
maximnm  or  minimum  value  of  U.  The  first  thing  to  do  is  to 
investigate  the  value  of  SI/' to  the  first  order  and  to  make  it  vanish. 
The  value  of  8(7  to  the  first  order  has  been  given  in  Art,  59; 
and  by  the  usual  method  the  value  of  2  in  terms  of  x  and  y  must 
be  found  from  the  equation 

dx       dy 
The  arbitrary  functions  which  enter  into  tlie  value  of  z  must 
then  be  so  determined  as  to  make   the  remaining  terms  in  S(7 
vanish  which  are  given  in  Art,  59. 
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We  then  proceed  to  consider  the  terms  of  the  second  order. 
Let^  denote  -j-  and  q  denote  -?-;  and  let 

^-7      ^_P      ^-O 

-^=i?    £±=8    £±-=T 
dzdp         '    dzdq        '    dpdq         ' 

and  S«  =  0). 

Then  we  have  to  examine  the  sign  of  the  expression 

Let  a  and  /3  he  two  quantities  at  present  nndetermined ;  then 
the  above  double  integral  is  identically  equal  to 

where         A  =  Z-^-^,  B^R-a,    C=8-ff. 
The  expression 

really  involves  only  a  single  integral,  because  the  integration  with 
respect  to  y  can  be  immediately  effected. 

The  expression 
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also  really  involyes  only  a  single  integral ;  because  we  may  cbange 
the  order  of  integration  if  we  make  suitable  changes  in  the  limits, 
and  then  the  integration  with  respect  to  x  can  be  immediately 
effected. 

Now  consider  the  double  integral.    The  necessary  and  sufficient 
conditions  in  order  that 

should  retain  an  invariable  sign  are  these, 

PQ  —  T^  must  be  positive, 

and  {PG  -  BTy  must  be  less  than  {PQ  ^T){PA--B^', 

and  the  sign  is  then  positive  or  negative  according  as  P  is  positive 
or  negative.     (See  Differential  Calculus,  Art.  236.) 

Now  we  may  suppose  that  the  arbitrary  quantities  a  and  fi  are 
so  taken  as  to  satisfy  the  condition  that 

{PG  -  BTy  is  less  than  {PQ  -  T)  {PA  -  B^) ; 

this  condition  involves  a,  ^8,  -j-  and  -?- . 

ax  ay 

We  have  then  the  following  result.    In  order  to  ensure  a  mini- 
mum we  must  have  P  positive  and  PQ  —  T^  positive  throughout 

the  limits  of  the  integrations.    That  is,  we  must  have  -r^  positive, 

^^  ^^^  -^  ^  "  l^j  P"^^*^^"- 

Similarly  in  order  to  ensure  a  maximum  we  must  have  P  nega- 
tive and  PQ  —  T^  positive  throughout  the  limits  of  the  integra- 

tions;  that  is,  ^  negative  and  ^^-  (|!t)' positive. 
It  will  also  be  necessary  that  the  expression 
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Bhoold  be  zero  or  negative  for  a  maximum,  and  zero  or  positive  for  a 
minimum;  ttiia  condition  will  be  secured  for  example  if  £2  be  zero 
at  the  limits  of  the  integrations,  for  tlien  the  term  just  given  will 
vanish. 

The  whole  investigation  is  of  course  liable  to  the  objection  that 
as  the  values  of  a  and  ^  are  not  explicitly  fonad  we  have  no  means 
of  ascertaining  whether  they  remiun  finite  throughout  the  limits  of 
the  integrations. 

214.  For  an  example  of  the  preceding  investigation  Brunacci 
supposes  ^=  (t-I  —^'[-f~)  •  I"  'b"9  c^e  he  finds  that  the  rela- 
tion between  x,  y,  and  z  ia  to  be  determined  from 

80  that 

z  =  4,{x+ay)+F{x-ay), 

where  0  and  i^  denote  arbitrary  functions.  For  a  particular  ease  he 
supposes  that  the  anrface  denoted  by  the  required  relation  is  to  pass 
through  an  oval  plane  curve  determined  by  the  equations 

He  says  that  then  by  determining  suitably  the  first  arbitrary 
function  we  shall  have 

z  =  ^[M+N[x-¥ay).^L{x  +  ayy\  +  F{x-ay), 


rfy 


M 


^^(M 


^ 


N= 


(I  +  am)' 


(l+am)' 
L  =  - 


(l+«m}'- 


4 


But  the  surface  Brunacci  thus  obtains  wilt  not  pass  through  the 
carve  in  question  if  F(x  —  ay)  is  still  left  arbitrar)'.  In  continuing 
the  discnssion  of  this  example  he  arrives  at  the  result  that  there  is 
neither  a  maximum  nor  a  minimum.  He  says  that  this  ought  to  be 
the  case,  because  as  ^  is  zero  the  double  integral  Jji^dxily' over 
aasigncd  limits  ia  also  zero.  8ince  he  says  that  ^  is  zero,  it  would 
appeal  that  he  supposes  F(x  —  ay)  =  0,  for  tlien  his  surface  does 
pass  through  the  curve  In  question  and  ^  is  zero.     But  then  it 

IG 
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is  not  obvious  what  he  means  by  saying  that  there  ought  to  be 
neither  a  maximum  nor  a  minimum,  since  it  is  quite  possible  that 
a  zero  value  of  a  fuuction  may  be  a  maximum  or  a  minimum  value 
of  that  function. 


215.     In  hia  eighth  section  Brunacci  supposes  that  i/r  involves 


,  and  -5-^;   and  he  proceeds  in  the 


dz      ds 

'^'^■*'^'    ^'   .ic" 

same  manner  as  before  to  determine  the  conditions  necessary  in 
order  i\\Ai  fj^  dx  dy  may  have  a  maximum  or  minimum  value.  He 
arrives  at  the  same  results  as  Delaunay  afterwai-ds  gave  in  his 
memoir;  see  Art.  147. 


216.     The  remainder  of  Brunaeci'a  memoir   consists  of  four 
sections  and  is  devoted  to  the  investigation  of  the  conditions  for  a 

dz 

•  dx' 


maximum  or  minimum  of  //^  dx  dy,  when  ^^  involves  x,  y,  z 


and-^,  and   also   another   function   V.   which   is   determined  by 

J-  =  ifi,  where  ^  involves  »,  y,  Zi  j- 1    j- ,    V,  and  -3-  .     This 

case  is  analogous  to  that  involving  only  a  single  integral  in  which 
Brunacci  corrected  an  error  of  Legendre'a.  Brunacci's  method 
does  not  appear  very  clear.  The  ordinary  method  would  be  to 
investigate  the  maximum  or  minimum  of 


^{*-(£- 


[  dx  d'j. 


Then  when  the  usual  reductions  are  effected  the  variation  of 
the  double  integral  to  the  first  order  would  contain  under  the  inte- 
gral signs  two  terms,  one  of  the  form  AhV,  and  the  other  of  the 
form  B&z,  We  should  then  assume  \  such  as  to  make  A  =  0,  and 
then  It  follows  that  in  order  that  the  variation  may  vaniali  we  must 
also  have  B  =  0,  The  part  of  the  variation  which  is  of  the  second 
order  might  then  be  examined  in  the  ordinary  way, 

217,  Nothing  was  added  to  this  part  of  the  Calculus  of  Varia- 
tions between  the  publication  of  Brunacci's  second  memoir  and  the 
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paHication  of  Jacobi's  memoir.  Lacroix,  Dirkeen,  and  Ohm  la 
their  respective  works  explained  Legcndre's  method  without  any 
improvemcnta.  Ohm  seems  to  Itave  regarded  the  results  as  more 
certain  tlian  thej  really  are,  for  he  omits  all  reference  to  the  quali- 
fications indicated  by  Lagrange ;  sec  Articles  6  and  6.  Lacroix 
doea  give  these  on  his  pages  811 — 813,  and  Dirksoii  on  his  page 
113  notices  the  limitation  that  tlio  quantities  he  introduces  muat 
remain  finite. 


218.  We  now  proceed  to  Jacobi's  memoir.  This  memoir  is 
entitled,  On  t/ie  l/ieori/  of  the  Calcului  of  Variatio'ui  and  of  dif- 
Jvrential  eqwilwita,  by  C.  O.   Jacobi.      It  was  published  in  the 

17th  volmiia  of  Crello's  Mathematical  Journal  in  1837.  The 
memoir  purports  to  be  an  extract  from  a  letter  dated  November 
aitth,  1836,  addressed  to  Professor  Enke,  secretary  to  the  mathe- 
maticnl  class  of  the  Academy  of  Sciences  at  Berlin.  The  memoir 
extends  over  pages  68 — 82  of  the  volume ;  nine  pages  relate  to  the 
Calculus  of  Variations  and  the  remainder  to  the  dlflerential  equa- 
tions which  occur  in  Dynamics.  A  French  translation  of  the 
memoir  appeared  in  the  third  volume  of  Liouville's  Jonmal  of 
Mathematics  in  I83S. 

We  confine  ourselves  to  that  part  of  Jacobi's  memoir  whicli 
relates  to  the  Calculus  of  Variations ;  for  an  account  of  Jacobi's 
researches  on  Dynamics  the  student  is  referred  to  Mr  Cayley'a 
Jteport  on  the  recvnt  progress  of  I'heorettcal  Dynamtcs,  in  the  Report 
of  the  British  Association  for  the  advancement  of  Science  for  1857. 

The  remainder  of  the  present  chapter  consists  of  a  translation 
of  the  first  nine  pages  of  Jacobi's  memoir;  it  wHll  be  seen  that 
Jacobi  merely  gives  the  enunciation  of  results  without  demonstra- 
tions, and  wo  shall  afterwards  indicate  the  writers  who  have  sup- 
plied tiie  demonstrations. 

219.  I  have  succeeded  in  supplying  a  great  deficiency  in  the 
Calculus  of  Variations.  In  problems  on  maxima  and  minima  which 
depend  on  this  Calculus  no  general  rule  is  known  for  deciding 
whether  a  solution  really  gives  a  maximum  or  a  minimum  or 
neither.  It  has  indeed  been  shewn  that  the  question  amounts  to 
determining  whether  the  integrals  of  a  certain  systcm-of  differential 
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eqnatioris  remain  finite  throughout  the  limits  of  the  integral  wbidt 
is  to  have  a  maximum  or  minimum  value.  But  tlie  integrals  of 
these  differential  equations  were  not  known,  nor  had  any  other 
method  been  discovered  for  ascertaining  whether  they  did  remain 
finite  throughout  the  required  interval.  I  have  however  discovered 
that  these  integrals  can  be  immediately  obtained  when  we  have 
integrated  the  differential  equations  of  the  poblera  under  con- 
Bideration,  that  is,  the  differential  equations  which  must  be  satisfied 
in  order  that  the  first  variation  may  vanish.  In  fact,  suppose  that 
by  the  integration  of  these  differential  equations  we  have  obtained 
expressions  for  the  required  functions  invoh-ing  a  certain  number 
of  arbitrary  constants,  then  the  partial  differential  coefficients  of 
these  functions  with  respect  to  these  arbitrary  constants  will  furnish 
the  integrals  of  those  new  differential  equations  which  we  have  to 
Bolvc  in  order  to  determine  the  criteria  for  the  existence  of  a  maxi- 
mum or  minimum. 

220.     Let  ua  consider  the  simplest  caac ;  let  the  integral  which 
ifl  to  have  a  maximum  or  minimom  value  be 


//(^. 


where  y'  is  pat  for  ^ .  Then  we  know  that  y  la  to  be  found  from 
the  differential  equation 

ay     dx  dy' 

The  value  of  y  obtained  from  this  differential  equation  will  contain 
two  arbitrary  constants  which  I  will  denote  by  a  and  b.  Tlie 
Becond  variation  of  the  proposed  integral  is 


m-^ 


i'f  . 


..^„>, 


Now  to  have  the  complete  criteria  for  the  existence  of  a  n 


raum  or  minimum  we  muat  know  the  complete  expression  of  a 
function  v  wliich  Batisfica  the  difleieiitial  equation 


this  may  be  seen  in  Lagrange's  Theory  of  Functions  or  in  Dirksen's 
Calculus  of  VariationB.  (Ohm's  Calculaa  of  Variations  is  not  exact 
oa  this  point.)  The  expression  for  v  1  find  in  the  following  manner. 
Let 

where  -^ ,   -^  are  the   partial  differential  coefficients  of  y  with 

respect  to  the  constants  a  and  b  which  occur  in  y,  and  a,  and  ff 
are  new  arbitrary  constants;  then  the  required  expression  for  v 
will  be 


\dt/dy      udv'*dx) 


dydy       u  dy"* 

which  contains  one  arbitrary  constant,  namely,  — . 

[The  differential  equation  which  v  must  satisfy  is  the  same 
equation  (2)  of  Art.  5,  supposing  2\  =  — p.] 

221.  The  case  in  which  differential  coefficients  of  a  higher 
order  than  the  first  occur  in  the  expression  which  is  to  be  a  maxi- 
mum or  minimum  is  more  difficult.  Let  the  expression  which  is 
to  be  a  maximum  or  minimum  be 


A 


where  y  =  g  and  y"  =  g 


'/(a'.  y>  y\  y")  *^' 

Then  we  know  that  y  must  be  found 


from  the  differential  equation 

3ff     Jx  dy      d^  dy"        ' 
tlius  y  will  contain  four  arbitrary  constants  which  may  be  denoted 
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by  a,  ttj,  a„  a,.  Also  let  Sy  =  w,  Sy'  =  ti7',  Sy^ti?";  then  the 
second  variation  will  be 

For  a  maximum  or  minimum  -t^i  must  retain  the  same  sign. 

But  in  order  to  have  the  complete  criteria  we  must  integrate  the 
following  system  of  differential  equations,  as  may  be  seen  in  La- 
grange's Theory  of  Functions. 

(d\f    dv\  (dy,dv\_(  dy    .„.dv,\\ 

d*f(d'fdv\    /  dy      Y 

dy"*  W  ^dxj-  \dy  dy"  "*■  N  ' 
d^f  fdj     «?«,,„  \      /  dj  \* 

From  these  three  differential  equations  of  the  first  order,  which 
present  a  rather  complicated  appearance,  the  three  functions  v,  v^, 
and  Vj  must  be  determined ;  and  the  complete  expressions  for  them 
will  involve  three  arbitrary  constants.  I  have  found  the  integrals 
of  these  differential  equations  as  follows ;  let 

so  that  u  and  u^  are  linear  expressions  of  the  partial  differential 
coefficients  of  y  with  respect  to  the  arbitrary  constants  which  it 
involves.  The  eight  constants  a,  a^,  a,,  a,,  A  fi^,  fi^y  fi^  are  not 
entirely  arbitrary,  for  a  certain  relation  must  exist  between  these 
six  quantities  o^,  -  a,^  o^,  -  ogS,  afi,  -  og8,  og8,  -  og8„  og8,  -  a,fi,, 


0,(9,  —  n^,,  which  I  will  not  investigate  here.    The  following  then 
are  the  general  expresaions  which  I  have  found  for  v,  »,,  i-,; 


d*f  dx  dj*  ' 


''if 


du 


"iy 


•  /    f^K,  d^H\  /dtt  -Pitj  _  dui  d'u\ 

d",       d"/       d'/["'S'~"''B>\dx  df      dx  difJ 
dx      dijdy       f/y"'  r    da^  diiV 

["  E  "  "'  S; 

An  identical  equation  Lolds  between  the  bis  quantities  a)9,  -Ojft 

aff,  —  a^ besides  the  relation  which  esiats  between  them, 

and  these  quantities  occur  in  r,,  i',,  and  V  only  in  the  form  of  ratios, 
BO  that  they  constitute  in  fact  tlie  three  arbikary  constants  which 
ought  to  appear, 

222.  The  general  theory  when  diifercnlial  coefficients  of  y  of 
any  order  occur  under  the  sign  of  integration  may  be  deduced 
without  difficulty  from  a  remarkahlc  property  of  a  certain  class  of 
dilFcreutial  equations.  Tiiese  differential  equations  of  the  in"'  order 
liave  the  form 

„,.,.^.^^^,£^,..„^:^-.., 

where  y"'=  -r-J-,  and  A,A^, ...  are  given  functions  of  ar. 

Now  suppose  y  to  be  anj  integral  of  the  etination  l'=0,  and 
pat  «  =  ty,  tlicn  will  tlie  following  espression  be  intograble, 
/,        rI.A,u'     d'.A,u"  d'.A,u"\ 


f^, 


where  ti"*  =  ^-5  ,  that  ia  the  expression  is  integrable  without  know- 


ing  t.    Moreover  the  integral  is  of  the 
must  be  diminished  by  1 ;  so  that 

where  (""  =  -j-^  and  B,  S^, ...  might   be  expressed  in  tenns  of  y 

and  the  functions  A  and  their  differential  coefficienta.  The  proof 
of  this  proposition  is  not  without  difiSculty.  I  have  found  the 
general  expression  of  the  functions  S;  but  it  is  enough  for  the 

present  question  to  shew  that  i  y  Udx  can  be  put  in  the  form  indi- 
cated without  there  being  any  need  of  knowing  the  fiuictions  B 
themselves. 

223,  The  metaphysic  of  the  results  obtained  (if  I  may  nae  a 
French  expression)  depends  nearly  upon  the  following  consider- 
ations. The  first  variation  is  known  to  take  the  form  I  I'Sy  dx, 
where  V=  0  is  the  equation  to  be  integrated.  The  eecond  variation 
then  takes  the  form  I S  Vhy  dx.     If  then  the  second  variation  is  to 

be  incapable  of  changing  its  sign,  it  must  be  incapable  of  vanish- 
ing; so  that  the  equation  SF=  0,  which  is  linear  in  Sj.  must  have 
no  integral  &y  which  satisfies  the  conditions  to  which  by  the  nature 
of  the  problem  hy  is  subjected.  Thus  we  see  that  the  equation 
BK=0  plays  an  important  part  in  these  investigations,  and  we  soon 
perceive  its  connexion  with  the  differential  equations  which  must 
be  integrated  in  order  to  obtain  the  criteria  for  maxima  and  minima. 
Also  we  easily  see  that  a  partial  differential  coefficient  of  y  with 
respect  to  any  constant  which  occurs  my  as  the  solution  of  V=  0, 
will  be  a  suitable  value  of  hy  for  satisfying  the  differential  equation 
5  y=  0,  Thus  the  general  expression  for  hy  as  the  integral  of  the 
equation  8^=0  will  be  a  linear  function  of  all  the  i»artial  differ- 
ential coefficients  of  y  with  respect  to  the  constants  which  it 
involves, 

224.  The  equation  SF=0,  of  which  we  can  thus  find  the 
complete  integral,  can  be  put  in  the  form  of  the  above  equation 


y  —  0,  with  8y  in  the  place  of  y.     By  means  of  tlie  propertieB  of 
equatious  of  thJa  kind,  we  can  hy  repeated  iutegration  by  ports 

transform  the  expression   lBVBi/<Le  into  another,  which  contains 

a  perfect  Bijuare  under  tlie  integral  sign ;  we  thus  obtain  the  trans- 
formation of  the  second  variation  which  was  always  desired. 

Take  for  example  the  integral  considered  already 

and  let  u  and  m,  have  the  meanings  already  assigned.   SV  can  be 
put  in  the  form 


SV=AStf  +  " 


and  8  V  will  =  0  when  Sy  =  u.     Now  put  By  =  wS'y ;  then  from  the 
general  theorem  (Art.  222)  we  have 

JBVBifdx^juSVh'i/dx 

Denote  the  last  integral  by  I  V^  S'y'  dx ;  then  the  equation  F,  =  0 

ifl  satisfied  when  we  put  S'y  =  — i ,  and  therefore  B'y'  =  — ' — p-i—  , 
We  can  now  continue  the  same  metliod  by  putting 
„,   ,      MK,'  —  u.u    .., 

2y  =  ~  ^%   -  *  j; 

BO  that  by  the  same  general  theorem 

f  V, S'y' dx  =  j V,  ""■'  ~  "■"  8'y  Jx 

^csys-y-jasyrdx; 

and  this  ifl  the  last  transformation,  in  which  the  arbitrary  variation 
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occurs  under  the  integral  sign  only  in  the  form  of  a  square.     And 
it  is  easily  seen  that 


and  therefore 


Moreover  A^=z-=-^  so  that  C  has  always  the  same  sign  as 

dy 

■j^  has,  and  this  sign  must  be  always  positive  for  a  minimum 

and  always  negative  for  a  maximum.  We  must  moreover  examine 
whether  S"y'  can  become  infinite  within  the  limits  of  integration ; 
this  we  can  ascertain  by  our  knowing  the  functions  u  and  w^,  and 
these  we  know  as  soon  as  the  complete  integral  of  the  equation 
F=  0  is  given. 

225.  Although  the  analysis  just  indicated  requires  a  good 
knowledge  of  the  Integral  Calculus,  yet  the  criteria  thence  obtained 
for  determining  whether  a  solution  gives  in  general  a  maximum  or 
minimum  are  veiy  simple.  I  mil  consider  the  case  in  which  we 
have  under  the  integral  sign  y  and  its  differential  coeflScients  up  to 
the  n^,  and  where  the  limiting  values  of  a:,  y,  y',  y", ...  y**"**  are 
given.  Now  the  2n  arbitrary  constants  which  occur  in  integrating 
the  differential  equation  of  the  (2n)"*  order  are  to  be  determined  by 
means  of  the  given  limiting  values ;  but  as  this  involves  the  solution 
of  equations  there  will  be  in  general  several  systems  of  values  for 
the  arbitrary  constants,  so  that  several  curves  may  be  found  which 
satisfy  the  same  differential  equation  and  the  same  limiting  con- 
ditions. Let  one  of  these  systems  be  chosen,  and  let  one  limiting 
point  be  considered  as  fixed,  and  then  let  us  pass  from  this  point 
along  the  curve  to  following  points.  Now  take  one  of  these 
following  points  as  the  second  limiting  point ;  then,  as  stated  above, 
it  may  happen  that  through  this  and  the  first  fixed  point  a  second 
curve  can  also  be  drawn  which  satisfies  the  same  differential 
equation  as  the  first  curve  and  has  the  same  limiting  values 
of  y',  y", ...  y*'*"*^  As  soon  then  as  by  passing  along  the  curve 
we  arrive  at  a  point  for  which  one  of  the  other  curves  coincides  with 


it,  or  as  W6  may  say  approaches  indetinitely  near  to  it,  ve  have 
Toachetl  the  boundary  up  to  which  or  beyond  which  the  integration 
must  not  extend  if  there  is  to  be  a  maximum  or  a.  minimum ;  but 
if  the  integration  does  not  extend  up  to  this  boundary  there  will 

jy_ 

''*"'■ 

sign  between  the  limits. 

226.  In  order  to  iUustrate  this  by  an  example  I  will  consider 
the  principle  of  least  action  in  the  elliptic  motion  of  a  planet. 

The  integral  considered  in  the  principle  of  least  action  can  never 
be  a  maximum  as  Lagrange  believed ;  it  will  not  however  always 
he  a  minimum,  but  certain  conditions  must  hold  with  respect  to  the 
limits ;  these  conditions  are  given  by  the  preceding  general  rule, 
and  if  they  are  not  satisfied  the  integral  will  be  neither  a  maximum 
nor  a  minimum. 

Suppose  that  the  planet  begins  to  move  from  a  where  a  lies  be- 
tween the  perihelion  and  aphelion,  and  let  the  other  limit  be  h, 
(eee  fig.  7) ;  let  2 A  be  the  major  axis,  /  the  sun ;  then  we  know 
that  the  other  focus  of  the  ellipse  is  obtained  by  the  intersection  of 
two  eirclea  descrilwd  from  the  centres  a  and  b  with  the  radii  iA  —  af 
and  ^A  — A^reapectively.  The  two  intersections  of  the  circles  give 
two  solutions  of  the  problem  which  can  only  coincide  when  the 
eirclea  touch,  that  is  when  t!\o  line  ah  passes  through  tlic  other 
focus.  Thus  if  we  draw  the  chord  ad  through  the  focua  f ,  then 
by  the  general  rule  (Art.  22S},  the  other  limit  h  must  fall  between 
a  and  a  If  the  integral  which  occurs  in  the  principle  of  least  action 
is  really  to  be  a  minimum  for  the  ellipse.  If  h  coincides  with  a' 
then  the  second  variation  of  the  integral  cannot  become  negative, 
but  it  can  become  zero,  so  that  the  variation  of  the  integral  is  then 
of  tlie  third  order,  and  so  may  be  either  positive  or  negative.  If 
b  falls  beyond  d  then  the  second  variation  itself  can  become 
negative. 

If  the  starting  [loint  <t  is  between  the  aphelion  and  the  peri- 
helion then  the  extreme  point  d  is  determined  by  the  chord  of  the 
ellipse  drawn  from  a  through  the  sun/,  (nee  figure  8).  For  if  a  and 
d  are  the  limits  we  can  obtain  an  infinite  number  of  at^tutions  by  the 
revolution  of  the  ellipse  round  ad.     If  then   in  the  last  case  the 
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second  limit  falls  beyond  a  there  will  be  a  curve  of  double  curvature 
between  tUe  two  given  limits  for  which  fmh  is  less  tlion  it  is  for  the 
ellipse. 

227.  I  will  say  a  few  words  on  the  variation  of  double  inte- 
grals ;  the  theory  of  this  subject  is  susceptible  of  greater  elegance 
than  it  has  obtained  even  after  the  labours  of  Gauss  and  Poiason. 
In  order  to  give  an  example  of  the  way  in  which  it  seems  to 
me  proper  to  express  the  variation  of  a  double  integral,  I  will 
take  the  simplest  case  and  consider  BJff{x,  t/,  z,  p,  q)  dx  dy  where 

ds  ds 

Now  the  method  employed  in  single  integrals  consists  in  this ; 
the  expression  under  the  integral  sign  is  divided  into  two  parts,  one 
of  which  is  multiplied  by  w  and  the  other  is  the  element  of  an  inte- 
gral. The  first  must  be  put  equal  to  zero  under  the  sign  of  inte- 
gration if  the  variation  is  to  vanish  ;  the  second  can  be  integrated 
and  we  make  the  integral  vanish.  So  in  like  manner  I  divide  the 
expression  under  the  double  integral  sign  into  two  parts,  one  of 
which  is  multipled  by  ic  and  the  other  is  tlie  element  of  a  double 
integral  as  follows ;  let  «  =  aw  and  put 

dx        dpdx     dc[dy  dxdi/     dy  dx' 


£quate  the  terms  in  w,  j- ,  -5-; 


thus 


^^A^-^ 

dz  dx  dy     dy  dx' 


dadv     dadv      df  _    dv      df  dv 

dy'    dq         "  ^  • 

henoc  A^f-^f-^-f; 

dz     dx  dp     dy  dq 

if  this  be  put  equal  Xa  zero  we  obtain  the  known  partial  diflerential 
equation,  which  is  here  deduced  in  a  perfectly  symmetrical  manner. 
The  function  v  must  satisfy  the  equation 

^  *^*'  +  ^  ^  =  0 
dp^     dq  dy 


If  we  put  ^  =  0,  wo  have 

and  thia  taken  throughout  the  given  limits  most  vanish.  If  z  is 
given  at  the  limits  w  is  zero  at  the  limits  and  therefore  also  aw, 

that  ia,  w;  therefore  jjdvdu  is  zero.     If  the  valnes  of  z  at  the 

limits  are  entirely  arbitrary  v  must  vanish  at  the  limits,  or  if  u  =  0 
represent  the  limiting  curve  the  arbitrary  functions  which  occur  in 
the  solution  of  ^=  0  must  be  so  determined  that 

dp  dx     d<idy       ' 

228.  To  return  to  the  raasimum  and  minimum ;  it  ia  to  he 
regretted  that  so  much  confusion  prevails  in  the  use  of  these  words. 
Sometimes  an  expression  is  said  to  be  a  maxJmum  or  minimnm 
when  all  that  is  meant  is  that  its  variation  vanishes,  sometimes 
when  it  really  is  neither  a  maximum  nor  a  minimum.  Sometimes 
an  expresBion  is  said  to  be  a  maximum  when  all  that  is  meant  ia 
that  it  is  not  a  minimum.  Thus  Poisson  says  in  his  treatise  on 
Mechanics  that  the  shortest  line  on  a  closed  surface  between  two 
given  points  can  be  a  maximum ;  but  it  is  obvious  that  by  inde- 
finitely small  inflexions  wt  can  increase  the  length  of  any  such  line 
however  long.  In  fact  the  shortest  line  will  only  be  really  a 
minimum  when  the  general  condition  laid  down  is  fulfilled  (Art. 
225) ;  that  is,  when  between  the  two  limiting  points  of  the  curve 
two  others  cannot  he  found  which  can  be  joined  by  another  such 
curve  indefinitely  close  to  the  first.  In  other  cases  the  shortest 
line  is  not  indeed  a  maximum ;  it  is  neither  a  maximum  nor  a 
minimum.  For  aurfaces  which  have  at  every  point  opposite  cur- 
vatures I  have  demonstrated  that  the  shortest  line  between  any 
two  points  is  really  a  minimum. 

[By  tlie  ahorleet  line  in  the  above  paragraph  is  meant  the  line 
which  is  furnished  by  the  ordinary  rules  of  the  Calculus  of  Varia- 
tions ;  the  investigation  of  it  is  given  in  moat  treatises  on  the  sub- 
ject, but  these  treatises  do  not  determine  whetlier  the  line  called 
the  shortest  Ime  between  two  points  really  is  tlie  shortest  line 
between  those  points.     Such  a  line  is  also  called  a  gfodttic  curve.'\ 


CHAPTER  X. 


COMMENTATORS  ON  JACOBL 


229.  We  now  proceed  to  give  an  account  of  the  commen- 
taries and  developments  which  have  arisen  from  Jacobi's  memoir. 

In  the  sixth  volume  of  Liouville's  Journal  of  Mathematics, 
dated  1841,  there  is  an  article  hj  V.  A.  Lebesgue  entitled  Memoir 
an  a  Formula  of  Vandermonde'a  and  its  application  to  the  demon' 
stratum  of  a  Theorem  of  Jacobins.  It  extends  over  pages  17 — 35  of 
the  volume.  It  begins  thus — The  principal  object  of  the  following 
pages  is  in  the  first  place  to  demonstrate  the  identical  equation 

^dKMtyY^^d'.Bj^"^ 
^^       dotf         ''^     daf     ' 

both  the  summations  are  taken  from  i  =  0  to  t  =  n;  {tyY  denotes 

d^ty  dH 

-^  and  t^^  denotes  -j-i]  y,  t,  A^,  A^,  ...  A^  denote  any  functions  of 

X ;  J?^,  B^,...B^  are  ftinctions  of  y,  -4^,  A^y ...  A^  and  their  difieren- 
tial  coefficients.  In  the  second  place  we  propose  to  find  the  law  of 
the  functions  J5^,  B^^ ...  B^. 

The  above  words  indicate  the  object  of  Lebesgue's  article.  The 
investigations  are  rather  complicated  and  difficult  to  follow ;  they 
depend  partly  upon  the  knowledge  of  the  condition  of  integrability 
of  a  function. 

230.  In  the  same  volume  of  Liouville's  Journal  there  is  an 
article  by  C.  Delaunay  entitled  Essay  on  the  distinction  between 
maxima  and  minima  in  questions  which  depend  upon  the  Calculus  of 
Variations.  This  essay  is  in  fact  a  commentary  upon  Jacobi's 
memoir ;  it  extends  over  pages  209 — 237  of  the  volume. 


DELAUNAT.  265 

331.  DelRunay  first  proves  the  tlieoretn  enunciated  by  Jacobi, 
which  we  have  given  in  Art.  222;  Dclaunay's  proof  is  eomewhat 
complicated  but  perfectly  intelligible,  and  it  does  not  assume  & 
knowledge  of  the  condition  of  iHtegrahilit^  of  a  function.  It  may  be 
observed  that  the  result  obtained  by  Delaunay  might  be  stated 
more  distinctly  than  he  has  himself  stated  it.  He  really  proves 
the  following  theorem ;  whatever  functions  of  x  the  symbols  «,  i/,- 


A^,  A^, ...  A,,  may  denote,  it  i 
fonctions  of  :c  that 


possible  to  take  J,,  ft,, 


,  such 


£«- 


(l^ 


a  A^-f-i, 

dx" 

IP       ' 


where  tlic  summations  denoted  by  S  relate  to  the  letter  m  and 
extend  from  wi  =  1  to  m  =  n  both  inclusive.  Now  add  A,u*y  to  both 
sides  of  this  identity,  and  suppose 


A«V+S« 


,    d''uy 


tj/+Z- 


d-b. 


JTy 


■E=- 


..(1). 


If  now  M  be  taken  so  that  i^  =  0  the  right-hand  member  of  thia 
identity  is  immediately  integrable,  and  by  integrating  we  have 


J+S,. 


in- 


•  <fc=S- 


..(2). 


Thus  Delaunay  first  establishes  tlie  general  identity  (1)  and 
then  deduces  (2)  whicli  is  Jacobi's  theorem  enmiciated  in  Art,  222. 

This  is  in  fact  the  same  order  of  demonstration  as  that  chosen 
by  Lebesguc.  Delaunay's  demonstration  haa  been  adopted  in  sub- 
Btance  by  subsequent  writers  on  the  Calculus  of  Variations ;  see  the 
works  of  Jellctt,  Price,  and  Stegmann. 

It  should  be  observed  that  in  equation  (2)  since  it  has  been 
obtained  by  an   integration    an   arbitrary  constant   ought   to   be 
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explicitly  added  to  the  right-hand  aide  or  else  supijosed  to  be  im 
plicitlj  involved  on  the  left-hand  aide. 

232.  Delaunay  next  proves  that  S  V  can  be  put  in  the  form 
which  Jacobi  givea ;  see  Art.  224,  Delaunay  then  inveatigates  in 
fill!  the  terms  of  the  second  order  in  the  variation  for  the  two  cases 
iwhich  Jacobi  specially  considers,  namely 

//(a:,  y^  y')  ^    and  j/[x,  y,  y',  y")  dx. 

A  miatake  occurs  in  this  part  of  Delaunay's  memoir  which 
sliould  be  noticed ;  it  is  on  Ids  page  222,  and  lias  passed  from  De- 
launay into  other  writers.  We  will  here  notice  it  in  the  form  in 
which  it  appears  in  Mr  Jellett's  work,  since  that  will  probably  be 
most  accessible  to  the  reader.  On  page  95  of  Mr  Jellett'a  work  he 
has  the  following  equation 

dJSy 


\itig<h,  =  B, 


dx 


'  dx* 


dx 


and  he  says  that  any  value  of  hy  which  makes  S^  =  0  will  also 
make 

g^y  ^       '  dx* 

'  dx  dx 

vanish  ;  the  true  inference  ought  to  have  been  that  any  value  of  hy 
which  makes  6(9  =  0  will  make 


S, 


dx 


equal  to  a  c^matant.  This  constant  will  not  be  zero  unless  a  rela- 
tion is  established  between  the  constants  which  are  involved  in  the 
value  of  h'y.  That  is,  in  Mr  Jellett's  notation  the  four  constants 
C,,  (7,,  0,,  (7,  are  not  all  arbitrary,  for  such  a  relation  must  cxiat 
among  them  as  to  satisfy  his  equation  {d)  and  thus  reduce  them  to 
three  arbitrary  constants ;  and  this  should  be  the  case  since  equa- 
tion (t/)  is  a  differential  equation  of  the  third  order. 

In  fact  Delaunay  by  this  mistake  omitted  that  part  of  Jacobi'a 
loir  which  forms  the  latter  part  of  Art.  221,  in  which  Jacobi 
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uiHmates  that  hU  results  will  really  involve  no  more  arbitrary  con- 
stants than  they  ought ;  whereas  in  Dclaunay's  process  tliere  would 
be  too  many  arbitrary  constants. 

It  ia  possible  that  the  mistake  may  have  been  introduced 
through  Jacobi'a  statement  given  in  Art.  224  that  K,  =  0  is  satis- 
fied when  we  put  S'y  =  -* ;  but  Jacobi  has  expressly  said   a  little 

before  that  u  and  «,  are  to  have  the  racaninga  already  assigned,  and 
when  u  and  »,  were  introduced  in  Art  221  it  was  stated  that  the 
constants  occurring  in  them  were  subjected  to  certain  relations. 

233,  Dclaunay  next  considers  the  case  in  which  questions  of 
relative  maxima  and  minima  are  proposed.  Mr  Jellett  says  on  page 
363  of  his  work  with  reference  to  this  part  of  Delaunay's  memoir, 
"  the  reasoning  does  not  appear  to  me  to  be  quite  satisfactory,  and 
the  conclusion  is  far  leas  perfect  than  in  the  case  of  absolute  maxima 
and  minima." 

234.  Delaunay  examines  four  problems  as  examples  of  Jacobi's 
criteria.  1.  The  ahorteat  lino  between  two  points.  2.  The  brachis- 
tochrone.  3.  The  carve  of  given  length  which  includes  a  given 
area.  4.  The  curve  of  given  length  which  has  its  centre  of  gra- 
vis highest  or  lowest. 

23d.  Lastly  Delaunay  demonjstrates  the  statements  made  hy 
Jacobi  respecting  three  differential  equations  given  in  Art.  221.  It 
may  be  observed  that  .Tacobi's  memoir  involves  two  points.  We 
have  on  the  one  hand  Jacobi  "s  own  method  of  exhibiting  the 
criteria  for  the  maxima  or  minima  values  of  an  integral;  this  is 
described  by  Jacobi  in  Art.  224,  and  it  is  explained  by  Delaunay 
in  his  pages  209 — 234,  On  the  other  hand  since  the  method  of 
Jacobi  does  solve  the  problem  in  question,  it  may  be  inferred  that 
his  method  will  really  supply  the  solution  of  the  complicated  differ- 
ential equations  on  which  Legendre  had  made  the  problem  depend ; 
this  is  in  fact  what  Jacobi  states  in  Articles  220  and  221,  and  what 
Delaunay  explains  in  his  pages  234 — 237.  It  should  be  remarked 
that  Delaunay  here  notices  the  relations  which  must  exist  among 
the  constants,  according  to  Jacobi'a  observation  at  the  end  of  Art. 

17 
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221.  The  second  point  in  Jacobins  memoir  will  thns  be  seen  to  be* 
long  rather  to  the  subject  of  differential  equations  than  to  that 
of  the  Calculus  of  Variations. 

236.  Delaunaj^s  memoir  is  interesting  and  valuable  and  dc* 
serves  especial  attention  as  being  the  first  which  gave  a  demonstra- 
tion of  the  whole  of  Jacobi's  method.  We  have  however  not 
thought  it  necessary  to  reproduce  the  investigations  because  they 
have  been  substantially  adopted  by  writers  whose  works  are  readily 
accessible;  see  Art.  231. 

237.  In  the  Journal  de  VEcole  Polytechntque,  Cahier28, 1841, 
there  is  an  article  by  M.  J.  Bertrand  entitled,  Demonstration  of  a 
theorem  of  M.  Jaccbi;  the  article  extends  over  pages  276 — ^283. 
The  theorem  in  "question  is  that  given  in  Art.  222.  Bertrand*a 
article  was  published  in  the  same  year  as  those  of  Lebesgue  and 
Belaunay,  but  whether  it  preceded  them  both,  or  followed  them 
both,  or  came  between  them,  does  not  appear.  The  proof  given  by 
Bertrand  depends  upon  a  knowledge  of  the  condition  of  integr ability 
of  a  function ;  the  proof  is  valuable,  and  as  it  seems  possible  to  pre- 
sent it  in  a  clearer  form  than  Bertrand  has  done,  we  shall  exhibit  it 
here  with  some  modifications. 

238.  Let  a^,  ^j,  ttj,  ...  a„,  denote  any  functions  of  a? ;  let  y  be 
any  function  of  a?,  and  let  y\  y'\  ...  y**,  denote  the  successive  differ- 
ential coefficients  of  y  with  respect  to  ic  Then  a  differential  expres- 
sion of  the  following  form  we  shall  call  a  differential  expression  of 
Jacoht^sfbrm^ 

""^^   dx^    da?    ^    da?     ^-^^bT' 

and  we  shall  denote  this  function  of  a;,  y,  and  the  differential  co- 
efficients of  y ,  by  ^  ( y ) ;  and  ^  (v)  will  denote  what  the  expression 
becomes  when  y  is  changed  to  v. 

We  shall  now  prove  the  following  theorem ;  let  t?  be  a  quantity 
such  that  v6{y)  is  an  exact  differential  coefficient,  then  it  is 
necessary  and  sufficient  that  v  should  satisfy  the  differential  equa-^ 
tion  ^  (t?)  =  0. 


BKItTliAMI. 


By  Biying  that  ^^(.y}  is  an  exart  differ&ttial  eoe0cienl  we  mean 
tbat  v^{y)  mil  result  irom  differentiating  with  respect  to  x  some 
function  of  x,  y,  and  the  differential  coefficients  oiy,  tliia  function 
remaining  unchanged  in  form  wliatever  may  be  the  value  of  y  in 
terms  of  x. 

"We  have 

Now  "^(y)— y^(i')  w  an  exact  differential  coefficient.  For 
consider  a  pair  of  terms  from  this  expression,  for  example 

"     tlx'        ■''     dx'     ' 


integrate  by  parte,  and  we  obtain 


dv  d'~^a,y^'^ 
dx    dx'' 


The  term  still  under  the  integral  sign  may  be  integrated  again 
by  parts ;  and  so  on.  Then  after  r  integrations  by  parts  we  shall 
have  nndet  the  integral  sign 


d;v 

dif" 


-S-' 


that  IB  zero. 


Thus  the  pair  of  terms  ia  shewn  to  be  an  exact  differential 
coefficient  by  actually  finding  its  integral.  Similarly  each  pair  of 
terms  in  v^iy)  —y<t>{i>)  is  «n  exact  differential  coefficient,  and  there- 
fore w^(y)  — ,V0('')  is  an  exact  differential  coefficient. 

Since  then  »'^(y)  -.V0{*-)  +l/ipi")  is  to  be  an  exact  differential 
coefficient,  and  r<l>{i/)  ~y^{v)  is  such,  y^(t')  must  either  be  an 
exact  differential  coefficient  or  most  vanish.  The  former  cannot  be 
the  case.,  since  it  is  impossible  that  y<f>{o)  can  be  obtained  by  differ- 
entiating with  respect  to  x  any  function  of  if  and  ita  differential 
coefficients  whatever  y  may  be ;  wc  must  therefore  have  ^(r)  =  0. 

239-  We  shall  now  prove  the  converse  of  the  preceding  theo- 
rem, namely  the  following ;  if  any  linear  differential  expression  of 
an  even  order  has  the  property  that  ir  is  made  an  exact  differential 
coefficient  when  multiplied  by  any  one  of  the  quantities  which 
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make  the  differential  expression  vanish,  and  by  no  other  mnl- 
tipiier,  that  differential  expi-ession  can  be  put  in  Jacobi's  form. 

The  proof  of  this  theorem  is  somewhat  indirect.  We  first  ex- 
amine the  nature  of  the  conditions  which  must  be  satisfied  in  order 
that  a  linear  differential  expression  of  an  even  order  may  be  capable 
of  being  put  in  Jacobins  form. 

If  we  developethe  expression  which  we  have  denoted  by  <f>{y), 
we  obtain  for  it 

'^'daT^^dx  dar-'^\    l.i      da?  ^ ^-'J  daT^ 
/n(n-lHn--2)  rfV  .  <fo„\  <P-y 

■*■  [ 17273 —  1^  +  ^"-  ^^  -^)  ^^^  -. 

The  chief  point  to  be  observed  here  is  that  the  coefficient  a^ 

does  not  occur  until  we  arrive  at  the  term  -j-% ,  and  then  it  does 

dor 

occur  in  the  simple  form  a^. 

Now  let  any  linear  differential  expression  of  the  order  indicated 
by  2n  be  denoted  thus, 

<r*y  d^*y  rf*^y  dy 

^  ^^  ■*■  ^^'d^^  ■*■  ^^^^d^  "^  ••'  ■*■  ^*  di"^^^' 

in  order  that  this  differential  expression  may  take  Jacobins 
form  the  coefficients  must  agree  with  those  in  the  developed 
form  of  <f>{y)>  This  requires  that  we  should  be  able  to  find 
^}  <V.i9  ^n^j ...  a,,  so  as  to  satisfy  the  following  equations ; 

1.2     ^^^-t-'^'  1.2.3        '^'^^'"'^^'^ 


It  will  not  be  necessary  for  us  to  do  more  with  respect  to  these 
equations  than  to  observe  the  following  two  points.  The  first, 
third,  fifth,...  of  these  equations  will  determine  successively  a^, 
^»-i>  ^••.ij  •••  Oq}  whatever  the  coefficients  Cj^,,  Cj„_,,  Cfc»_4,  ...  c,,  c^, 
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nm^  be ;  and  the^  assign  a  single  definite  value  to  eacli  of  the 

coeiBcienta  a,,  a^,,  ...  «„.  The  second,  fourth,  sixth,  ...  of  thcae 
efjnations  will  then  give  relations  involving  c^,.,,  c^,,,  c»^j, ...  c,,c,, 
wliicli  these  coefficients  must  fulfil  in  order  that  it  may  be  possible 
for  the  proposed  differential  expression  to  take  Jacobi's  form. 

Now  let  the  differential  expression  which  is  under  consideration 
be  denoted  by  ■^(j),  and  let  u*  examine  the  nature  of  the  con- 
ditions which  must  be  satisfied  in  order  that  ir^{r/)  may  be  an 
exact  differential  coefficient  when  u  ia  such  that  ^(c)  =  0  and  only 
then. 

In  order  that  ("^(y)  may  be  an  exact  differential  coefficient  it  Is 
necessary  and  sufficient  that 

~d?^~     ch^-'     "*"     di»"     " "^"'"''""-"■ 

This  follows  from  the  known  condition  for  the  inUgrabtlily  of  a 
function  which  wilt  be  given  hereafter  iu  this  work.    It  may  also  be 
deduced  from  a  known  theorem  in  the  differential  calculus,  namely 
d'y     d'lfi        d'~*  I   dz\     i-(r-l)    d"*  /   dh\ 
'd^-~S^~'''d^'\^di)^~r2~  3^Vd^) 

d'B 


K-DV 


daf' 


Put  c,  V  for  z  and  use  this  theorem  to  transform  every  term 
in  v^i^);  thus  we  shall  find  that  v^{y)  consists  of  a  series  of 
terms  each  of  which  is  an  exact  differential  coefficient  together  with 
the  term  Cy,  where 

n  —  ^'^^     J*^c>t.,  V     d*''*c„^  V  dc,v 

^"d^  5?=^"''"     d3?^  ~      "^  "'■'''*'• 

Therefore  v^{y)  cannot  be  an  exact  differential  coeffideot 
unless  C  =  0. 

Or  we  may  obtain  the  result  still  more  simply  tlius.  Integrate 
by  parts  the  terms  oiv^{t/)  as  much  as  possible;  thus  wc  shall 
find 

\v^(jf)dx=8-^\Cydx, 

where  8  represents  a  series  of  terms  free  from  the  integral  sign. 
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Hence,  as  before,  v^  (y)  cannot  be  an  exact  differential  coefficient 
unless  (7=0. 

Now  hj  hypothesis  the  values  of  v  which  make  (7=0  mnst  be 
those,  and  those  only,  which  make  '^(r)  =  0;  and  therefore  the 
differential  equation  d=0  must  be  identical  with  the  differential 
equation  -^(v)  =  0.  Hence  comparing  the  coefficients  of  the  various 
differential  coefficiwts  of  t?  we  m^st  have  the  following  relations 
satisfied, 

2n(2>t-l)  (2n-2)  d*c^     (2n-l)  (2»-2)  d*c^,  .dc^, 

rXl  d^  1.2  da?    +^^"^-^1    dx  ~^*^ 


It  will  not  be  necessary  for  us  to  do  more  with  respect  to  these 
equations  than  to  observe  the  following  two  points.  The  second, 
fourth,  sixth,  •••  of  these  equations  will  determine  successively 
<V4>  <W^>  <W5>  •••  ^8*  ^i>  i^  ^nm  of  c^,  c^^,  e^^, ...  c,,  c^;  and 
tiiey  assign  a  single  definite  value  to  each  of  the  coefficients 
^W-iJ  <W^>  <W6>  •••  ^8>  ^t*  T^Q  first,  third,  fifth,  ...  of  these 
equations  will  then  give  relations  which  these  quantities  must 
satisfy,  and  by  substituting  the  values  of  these  quantities  the  re- 
lations will  only  involve  the  coefficients  with  the  even  suffixes.  It 
is  however  certain  that  these  relations  will  then  be  identically 
satisfied;  because  if  they  were  not  it  would  follow  that  some 
necessary  conditions  must  hold  among  the  coefficients  with  even 
suffixes  in  order  that  t^(y)  may  be  an  exact  differential  coefficient 
when  V  satisfies  -^  (r)  =  0  and  only  then.  But  this  is  impossible ; 
because  by  the  former  part  of  the  present  article  we  know  that 
whatever  the  coefficients  with  even  suffixes  may  be,  if  the  others  are 
properly  determined,  -^(y)  will  take  Jacobi's  form,  and  there- 
fore ir^(y)  be  an  exact  differential  coefficient  when  v  satisfies 
•^  (t?)  =  0  and  only  then.  » 


26^ 

Hence  we  infer  that  exactly  die  same  conditionB  must  hoM 
wljctlier  we  require  tliat  t"^(y)  aliould  be  an  exact  differential 
coefficient  when  yjr  (r)  =  0  and  only  then,  or  whether  we  require 
that  ^  (t/]  should  be  capable  of  being  put  in  Jacobi's  form.  For 
we  have  proved  in  the  preceding  article  that  when  the  second  of 
these  properties  subsists  the  first  foIlowB;  and  we  have  proved  in 
the  present  article  tliat  to  ensure  either  the  first  or  the  second  pro- 
perty, each  coefficient  with  an  odd  suffix  must  have  a  single 
definite  value  in  terms  of  the  coefficients  with  even  suffixes  which 
are  themselves  arbitrary. 

Thus  we  have  proved,  aa  we  proposed,  the  converse  of  the 
theorem  proved  in  the  preceding  article. 

240.     We  shall  now  prove  Jacobi's  theorem  given  in  Art.  222. 

Let  0('y)  denote  what  ^(y)  becomes  when  ti/  is  put  fory;  and 
let  Y  denote  J0('y)  —  ty^[ji).  Then  Y  is  an  exact  differential 
coefficient  whatever  y  may  be;  this  may  be  shewn  in  the  same 
maimer  as  that  in  which  it  is  proved  in  Art.  238,  thai 
v^[y)  —y^iv)  i»  an  exact  difFerentlal  coefficient.  Let  if  stand  for 
the  integral  of  Zand  let  i  be  an  arbitrary  constant 

Suppose  T-  to  be  a  quantity  such  that  j-  (Z—  k)  is  an  exact 
dificrcntlal  eoefGcient,    We  have 


.{Z-k)-j, 


thus  if -7-  (Z—k)  is  an  exact  differential  eoetKcient  zY  ia  eo  also. 
But 

and  ^ifi/)  —  t<p(y)  is  of  Jacobi's  form  with  respect  to  «  and  its 
differential  coefficients,  where  w  =  tj/.  Hence,  by  Art.  2.38.  if  t  Y  is 
an  exact  differential  coefficient,  ya  must  be  one  of  the  values  of  m 

found  from  ^(«) 0(y)  =  O,  say  y«  =  «,;  therefore  j~~~ij.{y)' 
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Thus  the  multiplier  of  Z—  k  which  will  make  the'  product  an  exact 
differential  coefficient  is  a  quantity  of  which  the  type  ^  3"  ( "*  J  • 

We  must  now  indicate  some  properties  of  the  expression  Z—  k. 
It  will  be  seen  on  examination  that  Fdoes  not  contain  t  itself  but 
only  the  differencial  coefficients  of  t;  this  will  also  be  the  case 
with  Zy  which  is  the  integral  of  Y. 

For  suppose  the  differential  expression  Y  when  arranged  ac- 
cording to  ^fferential  coefficients  of  ^  to  take  the  form 

.<*.£?•«  J    d**t 

then  if  ^contained  ^  at  all  it  could  be  only  by  reason  of  the  term 
A^t  entering  into  Z;  and  then  -7-  or  F  would  contain  the  term 

t  -j^ .    And  -^  is  a  function  of  y  which  is  at  present  quite 

dA 
arbitrary,  so  that  -7-^  cannot  be  zero.    Thus  as  Y  does  not  con- 
tain t  but  only  its  differential  coefficients,  it  follows  that  Z  does  not 
contain  t  but  only  its  differential  coefficients. 

We  may  shew  that  Z  does  not  contain  t  in  another  way.  K 
we  integrate  each  pair  of  terms  in  Fin  the  manner  given  in  Art. 
238,  we  find  that  Z  consists  of  pairs  of  terms  of  which  the  type  is 

^      ^  \daf      doT*  daf     dx"^'    j ' 

and  on  effecting  the  differentiations  we  see  that  t  does  not  occur  in 
this  expression  but  only  differential  coefficients  of  I. 

dt 

If  then  we  put  t  for  ^  the  expression  Z—k  will  be  a  differ- 
ential expression  of  the  order  2»  -  2  with  respect  to  t  and  its  differ- 
ential coefficients.  And  the  solutions  of  Z—k  =  0  can  only  be  such 
quantities  as  render  Z  constant  and  therefore  Y  zero ;  that  is,  the 

values  of  t  must  be  those  of  which  the  type  is  3-  ( — )  • 
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Thos  Z^Je  18  a  difTGrcntial  expression  Bucb  that  any  multiplier 
of  it  which  renders  the  product  an  exact  diiferential  coefficient  must 
be  a  solution  of  Z—  ^  =  0,  Hence,  by  Art.  239,  this  differential 
espression  must  be  capable  of  being  put  in  Jacobi's  form ;  that  is, 
omitting  the  arbitrary  constant,  the  integral  of  ^^(ty)  — (y0(y)  is 
of  the  form 

h  ^/      '^V  t/"~'&.T"'" 

'         dx        dn^       ""         dx"~* 

If  now  we  suppose  y  anch  that  <f  (^)  =  0,  we  have  the  integral 
of  t/f  {(y)  assuming  the  above  form.  This  is  the  theorem  enunciated 
in  Art.  222. 


241.  A  remark  may  be  added  to  obviate  a  possible  miscon- 
ception of  part  of  the  preceding  article.  Tlie  equation  Y=  0  is  of 
tite  order  2r  —  1  in  t  and  its  differential  coefficients ;  thus  the 
general  solution  of  it  will  involve  2n  -  I  arbitrary  constants.     This 

general  solution  would  make  Z  conalanl  since  it  makes  -^-  =  0j 

therefore  in  order  that  Z~k  may  be  zero  a  relation  most  hold 
among  the  2w  —  1  arbitrary  constants.  Thus  in  effect  we  have 
only  2n  — 2  arJiVrary  constants  in  the  solution  of  2'-i=0,  as  of 
course  should  be  the  case.  Particular  solutions  of  Z—  k  =  0  will 
tlien  be  obtained  by  giving  particular  values  to  any  or  all  of  these 
arbitrary  constants. 

242.  More  than  ten  years  elapsed  before  another  commentator 
upon  Jacobi's  memoir  appeared.  We  have  next  to  consider  a 
memoir  published  by  Professor  G.  Mninardi  in  the  third  volume 
of  Tortolini's  Annali  di  Scienze  Maihematiche  e  FuCche,  1852. 
This  memoir  is  entitled  Heseardies  on  the  Calculus  of  Variultons; 
it  occupies  pages  149 — 192  of  the  volume,  and  there  is  an  appendix 
which  occupies  pages  379 — 383. 

243.  Mainardi  begins  by  referring  to  what  had  been  done  by 
Poisson,  Ostrogradaky,  Cauehy,  Samis,  Jacobi,  Bortrand,  Lebesguo 
and  Delaonay ;  he  intimates  that  the  propositions  of  Jacobi  require 
yet  to  be  more  completely  developed,  and  he  says  that  with  respect 
to  the  criteria  which  distinguish  a  maximum  from  a  minimum  La 
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the  case  of  multiple  integrals  he  believes  nothing  had  been  added 
to  the  remarks  of  Legendre  and  Lagrange. 

244.  Mainardi's  memoir  is  divided  into  five  sections.  The 
first  section  occupies  pages  149—^163;  this  section  contains  some 
illustrations  of  the  method  which  was  used  by  John  and  James 
Bemouilli  in  solving  isoperimetrical  problems.  Foisson  in  his 
memoir  had  referred  to  this  old  method,  see  Arts.  88  and  97 ;  and 
Mainardi  intimates  that  he  will  hereafter  publish  his  researches  on 
the  comparison  of  the  old  and  modem  methods.  He  confines  him* 
self  in  this  section  to  shewing  how  the  old  method  could  be  made 
to  give  the  terms  relative  to  the  limits  in  the  case  of  a  single  inte- 
gral, and  how  it  could  be  made  to  give  the  variation  of  a  double 
integral. 

245.  The  second  section  occupies  pages  154 — 171.  Mainardi 
says  that  in  this  section  he  proposes  a  new  method  for  distinguish- 
ing between  the  maxima  and  minima  values  of  integrals.  Speaking 
generally  this  method  may  be  described  as  Legendre's  improved 
by  some  additions  borrowed  from  Jacobi.  Mainardi  considers  suc- 
cessively six  cases.     (1)  A  single  integral  involving  oj,  y,  and  -^ . 

(2)  A  single  integral  involving  oj,  y,  ^ ,  and  ^ .     (3)  A  single 

integral  involving  ^>  y>  ^  >   jS  »  *^^  ^  •     W  -^  double  integral 

tt2r  dz 

involving  a,  y,  «,  ^,  and  -r-.     (5)  A  double  integral  involving 

dz     dz    d>z      d  z  t  d  z    ^      m      .      ^  « 

*'  y'  *'  ^'  ^'  d^'  d^'  *°^  ^'  ^*  "^  ^''''^^  "p*'''  ^^ 

particular  case  in  which  the  double  integral  involves  only  a?,  y,  z, 

S  •  I '  *°^  ^  •     (®)  ^  "°ele  integral  involving  x,  y,z,%, 

dz 
and  ;t--    Of  these  cases  (1)  and  (4)  may  be  considered  to  be  com- 
pletely investigated,  (2)  and  (3)  nearly  completely,  and  the  others 
only  imperfectly.    We  shall  presently  give  a  more  detailed  account 
of  some  of  these  cases. 
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246.  in  his  tliird  aection  Mainardl  gives  an  invcsiigation  of 
Jacobi's  tiieorcm  enunciated  in  Art.  222,  using,  aa  lie  aays,  Bertrand 
for  Ilia  guide.  Tliis  inveatigation  extcmU  over  pages  172 — 179, 
and  tlien  Mainardi  indicates  briefly  the  application  of  the  theorem 
to  the  Calenilus  of  Variations.  Slainatdi's  proof  does  not  seem  so 
good  aa  Bertrand'a;  the  principal  difference  consists  in  replacing 
the  indirect  reasoning  of  Art.  239  by  direct  reasoning.  But  a 
student  who  had  not  read  Bertrand's  proof  would  find  one  point  of 
Mainardi's  unsatisfactory.  For  on  comparing,  as  we  have  done  on 
page  262,  the  coefficients  of  the  various  differential  coefficients  of  v, 
Minardi  only  WTites  down  what  we  have  called  the  second,  fourth, 

sixth, equations;   and  he  says  briefly  that  these  include  the 

others;  see  his  page  177  at  the  top.     This  amounts  to  omitting 
one  of  the  most  difficult  points  in  the  investigation. 

247.  In  his  fourth  section  Mainardi  applies  Jacobi's  method  to 
a  double  integral ;  this  section  extends  over  pages  183 — 185.  There 
is  no  ditSciUty  in  his  first  case  where  differential  coefficients  of  the 
first  order  only  occur;  but  in  his  second  case  where  differential 
coefficients  of  the  second  order  occur  Mainardi  himself  intimates  at 
the  end  of  the  section  that  he  has  accompliflhed  very  little. 

248.  The  fifth  section  extends  over  pages  185 — 192.  In  this 
BcCtion  Mainardi  says  that  he  will  collect  some  applications  of  the 
Calculus  of  Variations  which  afford  ground  for  some  remarks; 
accordingly  he  discusses  four  examples.  (1)  He  gives  a  theorem 
on  geodetic  curves;  this  amounts  to  finding  the  first  integral  of 
the  etination  which  determines  such  a  curve  for  a  large  class  of 
eorfaces.  (2}  He  speaks  of  Oauss's  theory  of  capillary  attraction 
as  affording  one  of  the  finest  modem  applications  of  the  Calculus 
of  Variations ;  but  lie  thinks  that  the  investigation  given  by  Gauss 
admits  of  great  simplification.  Accordingly  Mainardi  gives  an 
investigation  of  the  variation  of  the  function  which  Gauss  con- 
sidered; see  Art.  71.  Mainardi's  investigation  is  far  shorter  than  that 
of  Gauss,  hut  it  would  not  be  very  easy  to  follow  unless  tlic 
fttndent  had  previously  read  Poisson's  memoir  or  some  equivalent 
method.  (3)  Mainardi  forms  the  equation  furnished  by  the  Cal- 
culus of  Variations  for  the  form  of  a  flexible  surface  which  is 
in  equilibrinm  under  the  action  of  gravity;  tliis  problem  will  be 
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found  in  Mr  Jellett's  Calculus  of  Variationa,  page  323.  (4)  Mai- 
nardi  aaya  that  Steiner  found  by  a  geometrical  method  an  elegant 
property  of  the  polygon  of  given  perimelcr  which  can  be  drawn  on 
a  given  surface  so  as  to  have  a  maximum  area.  Mainardi  infers 
from  the  Calculus  of  Variations  that  when  such  a  polygon  is  to 
be  inscribed  in  a  given  polygon,  the  two  arcs  of  the  required 
polygon  which  meet  on  a  side  of  the  given  polygon  will  there  make 
equal  angles  with  that  side.  Mainardi  gives  no  reference;  a 
memoir  by  Steiner  will  however  be  found  in  tlie  sixth  volume  of 
Liouville's  Journal  of  Mathematics.  Steiner's  enunciation  of  his 
theorem  occurs  on  page  XG8,  and  the  enunciation  is  more  explicit 
than  Maiuardi's,  namely,  the  two  arcs  which  form  a  part  of  the 
inscribed  fignre,  and  meet  on  the  same  side  of  the  given  figure, 
either  cut  it  in  one  point  at  equal  angles  or  else  touch  it  in  two 
pointa. 

249.  We  have  thus  given  an  outline  of  the  whole  memoir, 
and  we  shall  now  return  to  the  second  section  of  it  and  examine 
more  particularly  the  method  proposed  by  Mainardi  for  distinguish- 
ing between  maxima  and  minima  values.  The  second  section  con- 
stitutes in  fact  the  most  important  part  of  the  memoir,  and  although 
it  will  be  seen  that  the  investigations  are  incomplete,  they  arc  not 
without  interest  and  value.  The  appendix  to  the  memoir  is  de- 
voted to  the  elucidation  of  part  of  the  second  section,  and  we  shall 
presently  have  occasion  to  refer  to  it.  We  may  remark  that  the 
whole  memoir  is  difficult,  and  that  it  is  disfigured  by  extreme 
inaccuracy  of  printing. 


250.     We  will  first  give  Mainardi's  method  for  distinguishing 
a  maximum  from  a  minimum  in  the  case  of  a  single  integral  in- 


volving  X,  y,  and  - 


Let  \F  {x,y,y')  dx  denote    the   integral   which  is  to  be  a 

maximum  or  minimum.  Change  y  into  y  +  ia,  where  i  is  sup- 
posed to  be  an  indefinitely  small  constant  quantity  and  at  an  arbi- 
trary function  of  x.  Then  expand  the  new  value  of  F{t,  y,  y) 
in  a  series  proceeding  according  to  ascending  powers  of  i;   tlius 


tlie  ne»  value  of  the  integral,  that  is  JF  {x,  y  +  I'w,  y  +  tV)  dx, 
is  equal  to 

\f  ix,y,y)dx+ 1,1  +  1^^-  +  .. . 


where  the  ferras  not  expreascd  inrolvo  powers  of  i  higher  than  the 
second;  and 


r/d-F  . 


.).., 


The  expression  /,i  constitutea  the  variation  to  the  first  order  of 
the  proposed  integral ;  this  must  vanish,  and  thus  by  the  usual 
method  we  arrive  at  the  equation 


i 

)f     ~ 


dy     dxdy' 
From  this  equation  wc  must  suppose  ^  to  lae  found  i 
of  a!,  aii5  when  this  value  of  j  is  used,  let 

d'F      ^  d'F        „        d'F 


,(1). 


.=  0. 


We  have  then  to  examine  the  sign  of 
j(J«'  +  aSaw'  +  Cw'*)  dx. 


Now  assume  tliat  we  have  identically 

Aw*  +  2Btotit  +  Ca>*  =  {Maty  +  ato*  +  2JaKu'  +  c«'' ; 
then  we  must  have 

a  +  M'  =  A,    b^M^B,     c=C (2). 

We  have  thua  three  equations  involving  the  fmr  unknown 
qnantitiea  a,  h,  c,  M,  so  that  wc  are  at  liberty  to  make  one  more 
supposition  respecting  tbcm ;  it  is  found  convenient  to  introduce 
another  quantity  and  to  mate  two  more  suppositions. 

Let  $  denote  this  new  quantity,  and  suppose 

.  ae-^'hff  =  Q.  and  W  +  c^=0 (3); 
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thus  (2)  and  (3)  supply  five  equations  for  determining  five  quan-^ 
tities. 

From  the  first  two  equations  of  (2)  combined  with  (3)  we 
obtain 

Bd+Cff^  Md,    Ad-^  B6'^  {Mdy (4) ; 

hence 

Ad+Bff^{Bd+cey=o (5). 

From  this  diflFerential  equation  d  mu^t  be  determined,  and  then 
from  the  first  of  equations  (4)  we  have 

then  from  equations  (2)  we  must  obtain  a  and  h ;  also  it  appears 
from  (3)  that  ac  =  £',  so  that 

Also  c=  C;  thus  finally 

[(^0)"  +  250)0)'  +  Ca>'^  dx  =  i/o)*  +  f  C  ^o)'  +  ^  aXdxy 

where  M  has  the  value  just  assigned. 

Hence  if  C  retains  constantly  the  same  sign  between  the 
limits  of  the  integration,  and  ifo)'  either  vanishes  at  the  limits 
or  gives  rise  to  a  result  of  the  same  sign  as  C,  we  have  in 
general  a  maximum  or  a  minimum  according  as  the  sign  of  C  is 
negative  or  positive. 

It  may  be  observed  that  -^  =  — yt~  =  ""  "g  • 

251.  The  above  article  contains  all  that  is  peculiar  to  Mai- 
nardi,  for  the  difierential  equation  (5)  is  solved,  with  the  assistance 
of  Jacobi,  in  the  following  manner;  see  Art.  221.  Let  the  value 
of  y  found  from  (1)  be  denoted  by /(a;,  7^,  7,),  where  7^  and  7, 
are  arbitrary  constants;  then  we  shall  have 

where  fi^  and  fi^  are  new  arbitrary  constants;  this  we  shall  now 
prove. 

The  expression  I^  is  the  coefficient  of  t  in  the  expansion  of 


the  varied  ralue  of  the  proposed  integral  iF{x,  y,  y")  dx,  and  I^ 

ia  the  coefficient  of  —  in  the  same  expansion.     We  may  also  aay 

tliat  /,  is  the  coefficient  of  t  in  the  expansion  of  the  vai'ied  value  of 
/, ;  that  is,  if  in  /,  we  change  y  into  y  +  tw,  and  expand  in  a  series 
proceeding  according  to  ascending  powers  of  i,  the  tema  involving 
t  will  be  found  to  be  IJi.  Now  if  the  limiting  values  of  j/  are  fixed, 
/,  will  vanish  whatever  may  be  the  values  ascribed  to  the  constants 
7,  and  7,,  so  that  /,  will  also  vanish  when  7,  is  changed  into 
7,  +  £7, ,  and  7,  into  7,  +  S7, .     Thus  I^  vanishes  when 

i'=/('.  7..7,). 
and  /,  also  vanishes  when  y  receives  the  increment 


K 


h,. 


where  Sy,  and  87,  arc  indefinitely  aniall ;  that  ia,  tl^  vanishes  when 

and  87,  and  87,  arc  indefinitely  small. 

Now  we  may  modify  the  form  of  /,  and  of  /^  by  inti!gration  by 
parts,  and  thus  obtain 

dF  _    ,   ffdF     d  dF\ 


'     dy         J  \dy     <lx  dyj         ' 
'     \dy  dy'         ely"  "  / 


^  dx  \dy  dy'  dy"* 


reodx. 


f(d'F^  ,  d'F 

And,  as  before,  if  in  /,  we  change  y  into  y  +  I'w  the  term  involv- 
ing t  in  the  expansion  of  the  new  valnc  of  /,  will  be  )'/,.  Hence 
we  infer  that  the  coefficient  of  m  under  the  integral  sign  in  7,  will 

vanish  when  fw  =  -y^  87,  +  -r-Sy,. 
dy,      '     dy,     * 

But  the  coefficient  of  m  tinder  the  integral  sign  in  the  last  form 

of  /,  is  a  linear  differential  expression  of  the  second  order  in  w, 

and  no  the  general  form  of  the  valne  of  w  which  makes  this 
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coefficient  vanish  must  be  fijA^  +  ^,u,,  where  P^  and  )8,  are  arbitrary 
constants  and  u^  and  u^  are  functions  of  x.  Hence  we  infer  that 
the  value  of  w  which  makes  the  coefficient  of  a>  under  the  integral 
sign  in  the  last  form  of  J^  vanish,  must  be 

Thus  the  value  of  ^  is  to  be  found  in  the  manner  already  stated. 

252.  The  solution  of  the  diffierential  equation  (5)  of  Art.  250 
does  in  ftct  constitute  one  of  the  most  important  parts  of  Jacobi's 
theory.  We  have  here  had  occasion  to  use  it  in  only  a  simple  case, 
namely  that  in  which  equation  (5)  of  Art.  250  is  of  the  second 
order;  the  method  however  is  perfectly  general  whatever  be  the 
order  of  the  equation  analogous  to  (5),  and  we  shall  have  to  apply 
it  again.  The  general  process  is  as  follows.  With  the  usual  nota- 
tion the  terms  of  the  first  order  in  the  variation  of  an  integral  will 
take  the  form  fVSy  dxy  excluding  the  integrated  terms.  The  terms 
of  the  second  order,  with  the  same  exclusion,  will  take  the  form 

-  ISFSydo?,  where 

Now  suppose  that  the  solution  .of  the  equation  V^  0  is 

where  7^,  7,, ...  are  arbitrary  constants.  If  this  value  of  y  be  sub- 
stituted in  V  the  result  will  be  identically  zero,  so  that  we  may 
differentiate  V  with  respect  to  any  of  the  arbitrary  constants  which 

occur  in  /,  and  the  result  will  still  be  zero.     Let  -J-  =  u,  then  by 

differentiating  V  with  respect  to  7^  we  obtain 

dV       dV  ,dV   ,.  . 

'^''^d^''^W''  ^  ' 

This  shews  that  SF=0  is  satisfied  by  8y  =  w;  and  therefore  it 
will  be  satisfied  by  Si/=^fiu,  where  /9  is  an  arbitrary  constant. 
Hence  the  general  solution  of  8F=  0  will  be 
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258.    Next  let  the  proposed  integral,  which  is  to  be  &  maxi- 

mnm  or  a  minimimi,  involve  x,  y,  -r-  and  -^. . 
'  "   dx  da? 

Let  jF{x,  y,  y',  y")  dx  denote  this  integral,  change  as  before  y 
into  y  + 1«,  and  expand  the  new  valne  of  i^(^,  y,  y,  y")  in  a  series 
proceeding  according  to  ascending  powers  of  i ;  then  the  new  valae 
of  the  integral  may  be  denoted  bj 

JF{x,y,y\y")dx  +  I^i+  J^*~-V , 

where  /.=J^^„  +  _  „  +^- «  J&,. 


'  JWy^        dy^       '^y  dydy 


„  d*F       „         d'F     .  . 
dydy  dy  dy 


\dx. 


Then  as  UBual  /,  most  Tauish ;  tlus  leads  to  the  equation 

dF^d^dF^dF  . 

dy     dx  dy'     dj?  dy"        

From  this  equation  we  must  suppose  y  to  be  found  in  terms  of 
X,  and  when  this  value  of  j/  is  used  let 


rfy*         '      dydy'' 

^^        '    dydy"        '    dt/ dy" 
We  have  then  to  examine  the  sign  of 

jiAo)'  +  2Se*«'  +  Co>'*  +  Ov>'*  +  iHo>a,"  +  iKoito")  dx. 

Now  aBBume  that  the  expression  under  the  integral  sign  is  iden- 
tically equal  to 

(3/w*+  2iVo)«'  +  Pw'')' 

+  ow'  +  26»«'  +  cw'* + y«"*  +  aAow"  +  Si«'»" ; 
T.  H.  18 
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then  we  most  hare 

a+M'  =  A,    b  +  M+N'  =  B,    e  +  2N+P'^C, 


g=^G,  h  +  N  =  H,  k  +  F 


Zk] («• 


We  have  thus  six  equations  involving  the  nine  unknown  quan- 
tities Mf  Nf  P,  a,  h,  c,  g,  hy  k,  so  that  we  are  at  liberty  to  make 
three  more  suppositions  respecting  them ;  it  is  found  convenient  to 
introduce  another  quantity  and  to  make  Jour  more  suppositions. 
Let  0  denote  this  new  quantity  and  suppose 

gff'  +  k0^  +  h0^O,  kff'  +  cff+bd^O,  hff'  +  bff  +  ae=^0...{3); 

l? 
also  suppose  c ^=0 (4). 

Thus  (2),  (3)  and  (4)  supply  ten  equations  for  determining  ten 
quantities. 

From  ihe  equations  (2)  combined  witif  (3)  we  obtain 

Hff'  +  Bd'  +  Ad=  {M0  +  NffY  )  ^  ^' 

Hence, 

Hr+Bff+Ad-{Kr+  Gff+Sffj'+iOff'  +  Kff  +  HB)"  =  0...  (6). 

From  this  differential  equation  6  must  be  determined,  and  then 
from  equations  (2),  (3)  and  (4)  the  rest  of  the  unknown  quantities 
must  be  foimd. 

Also  since  c =  0,  we  have 

oof  +  2*0)0)'  +  CO)"  4-  flw'"  +  2Ao)0)"  +  2A:o)'o)" 

but  \ij  eliminating  ff'  from  equations  (3)  we  obtain 

{J^-gc)e■¥{hk-hg)0==Q,    {kk-hg)  ff-{-{h*-ag)  tf  « 0, 


VfS 


80  that  since  Jf  —  ffr.  =  Q,  we  have  also  kk  —  bg  =  0,  and  J"  -  oj  =  0. 
Therefore 

flw' +  2JaM>' +  CO)'' +^«i"' +  ZAokd"  +  2io)'w" 
(  ..  ,  AV  +  Awy 


Also  g=  O;  thus  finally, 
=  Jfw'  +  2Au(a'  +  f w'*  + 


+  2i7«M' -i-2AV(i 


/.(.■ 


a 


■•)dx 
dx. 


Hence  if  G  retains  constantly  the  same  sign  between  the  limits 
of  the  integration,  and  the  integrated  part  either  vanishes  or  gives 
rise  to  B  result  of  the  same  sign  as  Q,  we  have  in  general  a  maxi- 
mum or  a  minimum  according  as  the  sign  of  (7  is  negative  or 
positive. 

254.  It  remains  to  shew  how  to  determine  the  auxiliary  quan- 
tities a,  h,  c  A,  k,  M,  N,  P,  0  which  are  introduced  in  the  preceding 
article ;  for  if  they  are  not  determined  we  shall  not  l>c  able  to 
ascertain  whether  they  remain  finite  or  not  between  the  limits  of 
the  integration.  The  value  of  B  ia  determined  as  before ;  sec  Arts. 
251  and  252.     If  we  represent  the  solution  of  (1)  by 

a'=/(a'.  7..7.,  7,.  7*) 
where  7,,  7,,  7,,  7,  are  arbitrary  constants,  we  shall  have 

where  ^,,  /9,.  y9„  ^^  are  new  arbitraiy  constants. 

It  13  with  respect  to  the  methods  which  he  proposes  for 
determining  the  remaining  auxiliary  quantities  that  Mainardi's 
investigations  are  the  Icajrt  satisfactory.  He  proposes  in  &ct  three 
methods  for  this  purpose. 

(1)  He  intimates  obscurely  that  h  and  Jc  may  be  determined 
thuB ;  let  ^  be  a  quantity  found  like  0  from  the  differential  equation 

18—2 
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(6)  of  the  preceding  article,  so  that  <f>  is  of  tixe  same  form  as  0  but 
has  other  arbitrary  constants  instead  of /3j,  )9,,  /9,  and  fi^;  then 
h  and  k  will  be  determined  by  the  equations 

aa'  +  kS'  +  he^O,     G<l>"  +  k<f>'+hit>  =  0 (7). 

Mainardi  seems  to  intimate  that  if  h  and  k  be  thus  determined 
and  then  the  remaining  auxiliary  quantities  deduced  from  such  of  the 
equations  (2),  (3),  (4)  as  may  be  convenient,  the  remainder  of  these 
equations  will  be  satisfied.     See  his  page  157  at  the  bottom. 

(2)  Mainardi  however  seems  to  allow  that  the  statements  just 
made  require  to  be  proved ;  and  accordingly  he  proceeds  to  verify 
them.  With  respect  to  this  verification  we  may  observe  that  it  is 
really  a  long  process,  and  in  consequence  of  it  Mainardi's  method 
loses  the  apparent  simplicity  which  constitutes  its  chief  recom- 
mendation. Moreover  in  this  verification,  on  the  sixth  line  of  his 
page  168  the  right-hand  member  of  his  equation  should  be  a  con- 
stant and  not  zero  as  he  gives  it ;  this  in  fact  is  the  same  mistake 
as  we  have  already  indicated  in  Art.  232.  Thus  h  and  k  cannot 
be  found  as  Mainardi  intimates  from  equations  (7)  where  the  four 
constants  in  <f>  and  the  four  constants  in  0  are  all  arbitrary ;  there 
must  be  a  relation  between  these  constants. 

(3)  Mainardi  returns  to  the  point  in  the  appendix  and  ofiers 
another  reason  for  the  statement  that  h  and  k  are  to  be  found  from 
equations  (7).  He  says  the  equations  (2)  of  Art.  253  really  ex- 
press the  conditions  that  must  hold  in  order  that 

+  2  (JT-  h)  0)0)"  -f  2  {K^  k)  o)'o)" 

may  be  an  exact  differential  coefficient.  Now  when  0  is  found 
from  equation  (6),  he  says  that 

Aff  +  2B0ff  +  C0'^  +  Off""  +  2H0ef'  +  2Kffff' 
is  an  exact  differential  coefficient,  and 

a^+2Jfl^H-c^'  +  (7^"+2Adr+2Ar^r 
vanishes.    Thus 
{A  -  a)  o>'  +  2  {B^b)  0)0)'  +  (C-c)  «'«+  (G-e^)  o)"» 

+  2  {H^  h)  0)0)"  +  2  {K^  k)  o)'o)" 


sn 


is  sn  eXftCt  differential  coefficient  when  a  =9,  and  when  v  =  ^, 
and  therefore  the  equations  (2)  must  be  aatitified  when  ft  and  k  and 
the  reraaindev  of  the  auxiliary  qtuntitiea  are  found  in  tlit-  way  pro- 
posed. Tliia  however  is  quite  unsound ;  the  equations  (2)  express 
the conditionfl  that  {A— a)  a'  +  2{B—b)  o)ti}'+  ...  ehouhl  bean  exact 
differential  coefficient  whatever  w  may  be,  and  to  say  that  this  ex- 
pression is  integrable  when  a>  =  B  or  =  0  is  very  difierent  from  saying 
that  it  is  an  exact  differential  coctKcient  whatever  a  may  be. 


2.55.  The  student  of  the  original  memoir  will  see  that  we 
have  not  kept  to  the  original  notation  ;  that  notation  is  singularly 
perplexing  and  the  language  inaccurate.  We  will  indicate  one 
example  of  the  latter;  Mainardi  has  a  term 


(«->■) 


Y  and  this 


term  vanishes  by  virtue  of  the  relation  c  —  ^  =  0  which  he  esta- 
blishes ;  but  instead  of  saying  that  the  term  vanishes  he  says  that 
y=0,  which  is  not  the  case.     This  inaccuracy  occurs  repeatedly. 

256.  We  will  now  indicate  the  method  which  Mainardi  gives 
for  distinguishing  a  maximum  from  a  minimum  in  the  case  of  a 
double  integral  which  involves  differential  coefficients  to  the  first 
order  only. 


Ut 


jjn 


is  to  be  a 

z  for  -r 


[x,  y,  s,  z',  z)  dx(itf  denote  the  double  integral  which 

maximum  or  a  minimum,  where  a'  stands  for  -^  and 
ax 

Change  t  into  z  +  ia  where  i  is  supposed  to  be  an 


indefinitely  small  constant  quantity  and  to  au  arbitrary  function  of 
X  and  y.  Then  expand  the  new  value  of  F  (,r,  y,  z,  z,  z)  in  a  series 
proceeding  according  to  ascending  powers  of  (';  thus  the  new  value 
of  the  double  integral  is 


^F{x,  y.  z,  e',  z)  tUJy^IJ  +  /,  j^  + 
,      (ndF        dF    .      dF 


m,  ]  i/j:  di(. 
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^-//{^- 


cPF  ^     ^  d'F     ,     ,  d*F   ,\,  J 


The  expression  I^  must  vanish,  and  thus  in  the  usual  way  we 
arrive  at  the  equation 

dF      d  dF     d  dF  ^^  ^-^ 

dz      dx  dz      dy  dz^"    

From  this  equation  we  must  suppose  2;  to  be  found  in  terms  of 
X  and  y,  and  when  this  value  of  i?  is  used  let 

ds?^     '     dzdz'"^'      dzdzT    ' 

dz*^"^'     d^r  ^" 

We  have  then  to  examine  the  sign  of 

\\{Ao?  +  250)0)'  +  2  <7o)fl),  +  Ow*  +  250)^  +  K<o^  dxdy. 

Now  assume  that  the  expression  under  the  integral  sign  is 
identically  equal  to 

(Ifo)')'  +  (-Nii)*)^  +  aa?  4-  ibwo  +  2co)0)^  +  Gci>*  +  25io'o),  +  Ka>*  ; 

then  we  must  have 

a  +  ilf'  +  JV;  =  ^,    b+M=B,    c  +  N=G (2). 

We  have  thus  three  equations  involving  the^we  unknown  quan- 
tities a,  &,  c,  My  Nj  so  that  we  are  at  liberty  to  make  two  more 
suppositions  respecting  them ;  it  is  found  convenient  to  introduce 
another  quantity  and  to  make  three  more  suppositions. 

Let  0  be  this  new  quantity  and  suppose  that 

Gff  +  HB,  +  b0=:^O 

ffff  +  K0^  +  c0=^O\ (3). 

hff  +  c0^  +00^0 


■  W; 


1  (9)  and  (3)  we  obtain 

Off  +  IIS,  +  Be  =  Md  ] 

jie'  +  K0_  +  ve  =  N$  I 

JBff  +  C$,  +  Ae=  [MB)'  +  (A'l?),  1 


M+  ce,+Ae  ~  {Gff  +  iJ0,+ Bey  -  {Hff + Kd,+ ce)=o  (5). 

From  this  partial  differential  equation  0  mtmt  be  found;  then 
from  the  first  and  Bccoud  of  equations  (4)  we  obtain  M  and  JV, 
namely, 

M=l{Ge'+ne,  +  s0},  N=l{Hff  +  Ke,  +  c0}i 

and  from  equations  (3)  we  obtain  a,  b,  and  c.     Now  we  have 
am'  +  2lwa'  +  icaco,  +  Ga>'^  +  ZlIto'iD^  +  Km' 


""1     o    a[Ka-ir)\ 


I  tlie  coefBcient  of  en'  in  the  last  line  raitisliea,  us  we  shall  find 
by  eliminating  -r  and  3  from  equations  (3). 

Hence,  finally,  wc  obtain 

\{Ata*+  iBem'  +  2 Ctoai^  +  Oia*  ■»- illm'a,  +  Kw^  dxijy 

lO«  +  m,+m  ,Y    iiw  +  KS.  +  ce  ,\\,  , 
[ r — ")  +(, r — "j]'^-'!/ 


0{«'  +  - 


I+U-- 


^KO-W 


9]  [  dniy. 


The  expression  in  the  first  of  these  two  lines  really  involves 
only  a  single  integral ;  the  expression  in  the  eeeond  line  is  a  double 
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integral.     la  order  to  eiisare  that  this  double  integral  Bhall  retain 

//' 

the  same  sign;  that  is,  GK—tP  must  be  positive.  Then  if 
GK—IP  is  constantly  positive  throughout  the  limits  of  the  inte- 
gration we  shall  in  general  have  a  maximum  if  O  be  constantly 
negative,  and  a  minimum  if  (?  be  constantly  positive.  These  results 
agree  with  tboae  obtained  in  Art.  213. 

257.  A  value  of  9  which  will  satisfy  equation  (5)  of  the  pre- 
ceding article  may  be  obtained  in  the  manner  explained  in  Art. 
251.  Suppose,  for  example,  a  eolation  of  (1)  obtained  which  in- 
volves two  arbitrary  constants,  and  denote  it  by 

where  7,  and  7,  are  the  two  arbitrary  constants ;  then  the  partial 
differential  equation  (5)  will  be  satisfied  by 

where  /9,  and  ^,  are  arbitrary  constants. 

258.  Thus  it  will  be  seen  that  the  investigation  given  by 
Mainardi  of  the  question  discussed  in  the  pTBCeding  two  articles 
may  be  considered  complete,  because  the  values  of  the  auxiliary 
quantities  introduced  can  be  really  found.  But  the  investigation 
is  not  preferable  to  another  which  Mainardi  gives  and  which  exactly 
follows  the  method  given  by  Jacobi  for  a  single  integral.  With 
this  other  investigation  we  will  close  oiur  account  of  Mtunardi'a 
memoir.     We   will  suppose,  as   is   usual   in  discussing  Jacobi's 


■  dx  ' 


'rf.^- 


the  quantifies  a>,  m,  and  w,  vanish  at  the  limits.  With  this  sup- 
position it  will  be  found  that  the  expression  in  Art.  25G  of  which 
the  sign  is  to  be  examined  may  be  written  thus, 


We  may  prove  this  by  integrating 

jj{B<a+ Om'-vMaXadxdy  and  jj(Cco  +  IIai' +  KmXta<fMl^ 

each  once  by  parts,  and  then  we  shall  obtain  the  eame  expreBeion 
as  we  used  in  Art.  25G.  Or  we  may  modify  the  form  of  7,  and 
then  deduce  that  of/.  In  the  manner  explained  in  Art,  251. 


Let  a  Bland  for  A—£'—C/,  then  the  expression  of  which  the 
sign  is  to  be  examined  may  he  written 

Jljaw  -(Oa+  Buy  -  (//«'  +  A'«,)  I  o>dxdy. 

Let  0  be  such  a  quantity  that 

a0-{G0'  +  Hey  -  (HO'  +  EO),  =  0, 
and  assume  w  =  uO.     The  above  doable  integral  becomes 

jjLue-(Gue  +  Ou0'+nufi+Hii0y 

-  [Hu'0  +  Huff  +  Ku,0  +  Ku0)\  u0iLcdy ; 
and  this  on  reduction  will  be  found  eqnal  to 

-//([( ffw'  +  ^»)  ^  +  [(^•''  +  -£■«<)  ^j  «dM/y. 

Integrate  by  parts  and  omit  the  terms  which  vaiuBh  at  the 
limits ;  thus  this  double  integral  becomes 

\\\{Gu'  +  Hxt)  eu  +  {Hu  +  A'k.)  ^«]  dxdy, 


JJ  j  (?«"  +  27/«y  +  A'tt,'}  0'dxd,j. 

Hence,  finally,  we  have  in  general  a  maximum  if  OK— IP  is 
poeitive  and  G  negative  throughout  the  limits  of  the  integrations, 
and  a  minimain  if  OK—H'  is  positive  and  O  positive. 

The  qnantity  0  may  be  determined  in  the  manner  explained  in 
Art.  257. 
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259.  In  the  volume  of  Tortolini'a  Mathematical  Joomal  which 
contains  Mainardi'^  memoir  there  is  a  short  article  on  our  eubjuct 
by  Professor  F.  Brioschi.  It  is  entitled,  On  a  theorem  o/Jacobi's 
relative  to  the  criteria  for  disttnginshing  the  maxima  from  the  mi- 
nima values  of  inlep-ah.  The  article  occupies  pagee  322 — 326  of 
the  volume. 

3rio3clu  refers  to  Mainardi's  metliod  for  distinguishing  maxima 
from  minima  values,  and  he  says  this  methotl  is  complicated,  hy 
the  admission  of  Mainardi  himself.  Brioschi  then  says  he  will 
briefly  indicate  criteria  for  solving  the  problem  proposed.  Thus 
the  title  of  the  article  does  not  give  a  correct  idea  of  its  con- 
tents ;  for  there  seems  to  be  no  reference  to  Jacobi's  theorem, 
bat  instead  of  that  a  new  method  is  proposed. 

260.  Brioschi  does  not  demonstrate  the  theorems  he  enun- 
ciates ;  the  theorems  themselves  are  enunciated  in  the  language  of 
determinants.  The  following  example  will  give  some  idea  of  the 
object  of  the  article. 

Consider  tlie  expression 

Aos^  +  -Cw"  +  Cw"*  +  ^Etoto  +  2i^(i)M"  +  2  Gta'ti 
this  expression  can  be  pat  in  the  fonn 

c(„"+2?:+i2)'+.K+^.)-+,„., 

where  a,  /9,  7  are  certain  functions  of  A,  B,  ...  G;  we  have  in 
fact  indicated  the  values  of  a,  /9,  7  in  Art.  256.  The  use  of  such 
a  transformation  is  that  we  can  thus  see  wliat  conditions  must 
hold  in  order  that  the  original  expression  may  be  incapable  of 
changing  its  sign;  if  a,  7  and  C  are  all  of  the  same  sign,  or 
if  a  and  7  are  zero,  the  proposed  expression  caiuiot  differ  in  sign 
from  C  Now  the  theory  of  deterviinants  famishes  general  forms 
for  such  coefficients  as  we  have  denoted  by  a  and  7  whatever 
be  the  number  of  the  quantities  a,  to',  w",  ...which  occur  in  the 
original  expression.  It  is  this  part  of  the  theory  of  determinants 
which  Brioschi  introduces;  and  he  indicates  its  tise  in  the  ques- 
tion of  distinguishing  a  maximum  from  a  minimum  value  of  an 
integral  which  involves  x,  y,  and  z,  and  the  differential  coefEcienta 


4 


of  y  and  t  with  respect  to  fr  up  to  those  of  the  n*"  order.  Bat 
aa  we  have  stated,  the  results  are  briefly  en^mcUted  without  any 
demonstration. 

261.  The  introduction  of  the  theory  of  determinants  into  the 
subject  is  an  important  point,  and,  as  we  shall  see  hereafter,  this 
has  been  recognized  by  Ilesse  and  Clebach.  It  should  be  stated 
that  tliere  are  intimations  of  tlie  value  of  the  theory  of  determinants 
in  Mainardi's  memoir,  but  we  have  not  adverted  to  them  in  our 
acconut  of  that  memoir,  because  they  are  merely  intimations  which 
do  not  in  any  practical  degree  affect  the  nature  or  value  of  Mai- 
tiardi's  investigations. 

262.  On  the  last  page  of  Brioschi's  article  there  are  two  ob- 
servations which  may  be  noticed.  The  first  is  historical ;  Bri- 
osclii  states  that  the  fomiulre  for  the  complete  variation  of  a  double 
integral  were  given  by  Bordoni  in  his  treatise  on  tlie  higher 
Calculus  in  1831,  while  Poiason's  memoir  appeared  in  1833,  and 
Ostrogradsky's  in  1838.  Brioschi  however  refers  to  the  fiict  that 
Poisson  had  himself  enunciated  his  formulae  in  1818.  This  fact 
seems  to  render  Brioschi's  observation  altogether  superfluous. 
Moreover  Fuisson  enunciated  his  formula  in  I8tG  and  not  in  1818 
aa  Brioschi  states;  see  Art.  102.  Also  Ostrogradsky's  memoir 
was  first  published  in  1836  in  Crcllc's  Journal,  and  not  in  1838, 
as  Brioschi  states. 

The  second  observation  is  on  a  mechanical  point.  Mainardi 
had  applied  the  Calculus  of  Variations  to  determine  the  form  of  a 
flexible  surface  which  is  in  equilibrium  under  the  action  of  gravity. 
Brioschi  states  that  Mainardi's  result  is  only  true  on  the  supposi- 
tion that  the  tension  is  constant  in  every  direction  round  any  point 
of  the  surface ;  he  says  tliat  this  follows  from  the  researches  of 
Poisson,  Cisa  de  Gresy  and  Mossotti.  Brioschi  gives  no  references 
to  the  places  in  which  these  %vriter3  have  discussed  the  qncstion, 
but  probably  the  following  are  the  works  he  has  in  view.  (1) 
Poiason's  memoir  in  the  Mimotrea  de  rinntitul  for  1812,  entitled 
Mhitoire  sur  les  surfaces  iltultqM&s,  (2)  A  memoir  by  Cisa  dc 
Gresy  in  tl»e  Memon'e  delta  Rrale  Accadeunia  del/e  Scimee  di 
Torino,  Tomo  xxiu.   1818,  entitled  Consuliration.i  Bur  Viquililn 
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(3)   Mossotti'a  Lezioni  di 


des   surfaces  jUxihUs  el   inextenatbles. 
Meccanica  Raztonah,  Fircnze,  1851. 

263.  The  next  memoir  we  have  to  consiiJer  is  by  Eisenlolir, 
entitled  Researches  on  the  Calculua  of  Variations ;  UntersucJiungrn 
Uber  Vartations-rerhnung.  Inaugural-Disgertalion  von  Dr  FriedTich 
Eisenlohr.  Manheim,  1853.   This  is  a  quarto  pamphlet  of  20  pages. 


264.  The  memoir  begina  witli  a  few  introductory  observations ; 
the  author  says  that  his  object  was  to  give  a  simple  proof  of  the 
propositions  required  in  Jacobi's  method,  and  to  shew  that  in  a 
certain  case  that  method  might  be  extended  to  a  double  integral. 
He  says  that  so  far  as  he  knew  the  second  variation  of  a  double 
integral  had  not  yet  been  considered ;  on  this  point  Eiaenlohr  was 
in  error,  as  appears  from  Articles  147,  213,  and  258. 

265.  The  memoir  is  divided  into  eleven  sections.  The  first 
section  contains  some  remarks  on  the  natnre  of  the  Calculus 
of  "Variations ;  and  Eiaenlohr  here  objects  to  the  introduction  into 
the  subject  of  such  problems  as  we  have  considered  in  Art.  3. 
In  his  second  section,  Eisenlohr  gives  the  ordinary  investigation 
of  the  variation  of  a  single  integral.  In  hia  third  section,  he  infers 
from  t!ie  result  of  hia  preceding  section  the  condition  that  must 
hold  in  order  that  a  given  function  of  a,  y,  and  the  differential 
coefficients  of  y  with  respect  to  x,  may  be  an  exact  differential 
coefficient.     In  hia  fourth  section,  Eisenlohr  distinguishes  between 

the  maximum  and  minimum  of  \f[x,y,  -^.\  dx;   and  in   effect 

he  verifies  the  statements  of  Jacob!  in  Art.  220.  In  his  fifth 
section,  Eisenlohr  distinguishes  between  the  maximum  and  mini- 
mum of  i/(x,y,  -f- ,  yij  dx;  and  in  effect  he  verifies  the  state- 
ments of  Jacobi  in  Art.  221.  These  investigations  in  his  fourth  and 
fiftli  sections  serve  as  Eisenlohr  says  to  prove  the  truth  of  Jacobi's 
solutions  a  posteriori,  and  the  length  to  which  they  extend  shews 
the  necessity  for  some  general  method  of  ti-eatraent.  Accordingly 
in  his  sixth  section,  Eisenlohr  gives  his  investigation  of  tlie  funda- 
mental theorems  of  Art,  222.     In  his  seventh  section,  he  shews 
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the  spplicntion  of  these  fundamental  tlieoretns  to  the  Calculus  of 
Variations.    In  his  eighth  section,  Eiaeiilohr  investigates  tlie  maxi- 

mum  or  minimum  of  j/{^-,  y,  y',  y")  t^x,  as  !n  Jacobi'a  process  of 
Art.  224 ;  Eisenlohr  also  illustrates  Art.  225  of  Jacohi's  memoir, 
in  the  case  where  we  have  to  find  the  maximum  or  minimum  of 
f/f^iJ»  J  1  ^-  ^°  ^'^  ninth  section,  Eisenlohr  gives  the  ordi- 
nary investigation  of  the  variation  of  a  double  integral  arising 
from  the  variation  of  the  dependent  variable;  he  confines  himself 
to  the  case  in  which  no  differential  coefficient  occurs  of  a  higher 
order  than  the  first.  In  his  tenth  section,  Eisenlohr  gives  a  theorem 
respecting  linear  partial  difTerential  equations,  analogous  to  that 
which  he  proved  in  his  sixth  section.  In  his  eleventh  section  he 
distinguishes  between  the  maxiirium  and  minimum  value  of  a 
double  integral  in  which  no  differential  coefficient  occurs  of  a 
higher  order  than  the  first ;  this  investigation  is  equivalent  to  that 
by  Mainardi  which  we  have  given  in  Art.  258. 

It  may  be  observed  that  Eiaeiilohr  is  free  from  that  mistako  as 
to  the  constants  which  we  have  noticed  in  Arts.  232  and  254. 

From  the  above  general  account  of  Kisenlohr's  memoir  it  will  be 
seen  that  the  only  points  of  novelty  which  it  presents  are  the  proof 
of  Jacobi's  theorems  in  the  sixth  section,  the  application  to  the  Cal- 
culus of  Variations  in  the  seventh  section,  and  the  extension  of 
J.icobi's  thuorems  in  the  tenth  section ;  these  we  shall  now  give. 

266.  Eisenlohr  says  in  his  sixth  section  that  Jacobi's  method 
depends  upon  the  following  theorem ;  a  differential  expression  of 
the  form 

can  always  be  pnt  in  the  form 

This  theorem  was  not  proved  by  Jacobi  himself;  proofs  how- 
ever   had    been    given   by   Delaunay,   Lebesgue,   and   Bertrand. 
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Eisenlohr  sajrs  that  Bcrtrand's  proof  is  the  only  one  that  is  eatis- 
factoiy,  and  that  13  very  long ;  (worunter  nur  der  tetztere  Bewein 
hefriedigend,  aher  auch  sehr  iceitlaujiif  tst).  EiaeTilohr  does  not  say 
what  objection  he  has  against  the  proofs  given  by  Delaunay  and 
Lebesgue.  He  then  produces  hia  own  proof,  which  he  aaya  rests 
npon  the  same  principles  as  Bertrand's.  Eisenlolir  establishes  the 
following  theorem.  Lot  there  be  any  linear  differential  expression 
which  involves  x,  y,  and  the  differential  coefficients  of  y  with  respect 
to  X ;  let  it  be  multiplied  by  ^  ao  that  we  may  denote  the  product 
^y  yF{x,y,  y',y", ...).  Now  pat  y  =  m3,wherc  w  ia  any  (unction 
of  z,  and  subtract  the  terms  which  involve  a',  so  that  the  remainder 
may  be  denoted  by  ai^,  (a:,  /,  z", .,.).  If  then  F^  {x,z',z", .,,)  is  an 
exact  differential  coefficient  whatever  w  may  be,  the  expression 
yF{x,  y,  y,  y", ...)  can  be  put  in  the  form 


We  shall  denote  this  form  for  shortness  by  y^{x,  y,  y',  y",  .,.). 
Now  if  F{x,  y,  y,  y", ...)  be  linear  and  of  an  order  not  exceeding 
2m  it  is  obvious  that  if  J, ,  i, ,  fi,  ,.,.&,,  are  properly  chosen 

F{.r.y,}/,f,...)-<l'ix,y,^,f....) 

can  be  made  to  involve  only  differential  coefficients  of  y  of  odd 

orders ;  that  ia,  we  can  obtain  the  identity 

^{x,y,^,f,  ...)-^{x,y,^,y",...)=r^y+ey+...  +  c^,y^-". 


(See  tlie  commencement  of  Art.  230.)  If  then  we  wish  to  prove 
Umt  F{x,y,t/,  y",...)  can  be  put  in  the  form  ^(ic,  y,  y,  5",  ...)i 
we  must  shew  that  c,,  c„  ...  Cj,^,  all  vanish. 

We  suppose  it  given  that  if  in  yF{x,  y,  y,  y"  ...)  we  change  y 
into  ws  and  subtract  the  terms  which  involve  z*  the  remainder 
when  divided  by  2  ia  an  exact  differential  coefficient  whatever  10 
may  be;  and  we  shall  prove  that  y^ix,  y,  y',  y", .,.)  possesses  the 
same  property.  For  when  we  change  y  into  wz  in  the  last  expres- 
sion we  obtain  a  scries  of  terms  of  which  the  type  is 

d':  f^iwzy* 


and  after  Rubtractmg  all  that  involTea  «*  we  obtain  pairs  of  terms  of 
wLich  the  type  is 

d' .  h,  Urz)  "■'  ,  (?' .  i,  w"' 

wz fV-^ wr  — ~- — , 

ax  ax 

and  thus  after  dividing  ty  z  tlie  type  becomes 


and  tliis  expression  is  an  exact  differential  coefficient,  as  we  see  by 
the  method  used  in  Art,  238  and  referred  to  in  Art.  240. 

Thus  y*(x,  y,  y,y,„.)  does  possess  the  property  which  by 
hypothesis  yFl^x,  y,  y,  y", ...)  posaesaea ;  hence  also 


^ 


•■)-*{^.y.y,, 


..)! 


possesses  the   property,  and   therefore  so  also  docs  the  identical 
equivalent  of  this  expression,  namely 

y  [f,y  +  c^'"  +  ...  +  c*^,y""""]. 


{c,((or)'  +  c,(Mz)'"- 


f'-^M"-"! 


(fc,W+0,W    +   ...  +  Ctn-yW^ 


is  an  exact  differential  coetficient,  whatever  v>  may  be,  or  else  it  la 
jscro.  Now  apply  the  theorem  in  Differential  Calculus  which  we 
have  quoted  in  Art.  239,  to  ever)'  term  in  the  former  part  of  tlie  last 
ocprosston,  or  else  integrate  by  parts  as  much  as  possible ;  we  shall 
thua  find  that  the  whole  expression  consists  of  terms  which  are  im- 
mediately iutegrable  together  with  a  term  —  C'jez,  where 

C=  (c,K')'  +  (c,w)"'  +...+  (c^,w)"*""+  c,w'  +C,K'"'  +...  + tViW""'". 

Now  C  does  not  contain  a  and  t  ta  arbitrary,  so  that  Cwx  cannot 
bo  an  exact  differential  coefficient ;  we  must  therefore  have  0  =  0. 
And  as  C  must  vanish  whatever  w  may  bo,  the  coefficients  of  the 
differential  coefficienta  of  w  which  occur  in  C  must  scjiarately 
vanish ;  thna  we  shall  obtain  in  succession 


c*^  =  0,  c^j  =  0,  , 


'  =0,  c,  =  0. 
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This  proves  Eisenlohr'e  theorem.     Now  to  apply  thie  theorem 
consider  tbe  expression 


5^a,ji^ 


j3         ^  ■" 


'JkiT 


change  y  into  we,  subtract  the  part  involving  z*,  and  divide  by  e 
we  thus  obtain  pairs  of  tcrma  of  which  the  type  is 


d:aA«> 


>■(<"')" 


The  last  expression  is  an  exact  differential  coefficient,  as  we  ^ee 
by  the  method  used  in  Art.  238  and  referred  to  in  Art.  240. 
Hence  by  Eisenlohr'a  theorem  it  follows  that  the  expreasion 


uy  ia^ui,  +  - 


«,("y)'  I  '^'■'^.("g)" 


dx 


dj? 


'■("y)'-' 


which  is  of  the  form  yF{x,  y,  y,  y",  , 
is  linear,  can  be  put  in  the  form 


.),  where  F{x,  y,  y,  y", ...) 


■•^  dc^  r 

267.  The  proof  in  the  preceding  article  is  that  given  by 
Eisenlohr  himself,  except  that  he  does  not  enter  into  any  detail 
respecting  the  relation  0=0,  but  merely  intimates  that  it  follows 
from  the  known  covdition  of  integrahiUly  of  a  function.  It  may  be 
remarked  that  the  memoir  is  not  free  from  misprints  and  inaccu- 
racies ;  thus,  for  example,  Eisenlohr  uses  the  words  differential 
equation  repeatedly,  when  he  means  differential  expression,  and  he 
speaks  of  subtracting  the  coi-ffident  of  z'  when  he  means  subtracting 
the  terme  involving  r'. 

268.  In  his  seventh  section  Eisenlohr  shews  that  the  terms 
of  the  second  order  in  the  variation  of  an  integral  will  take  the 
form  which   Jacobi  gives;   see  Art.  224.     The   variation  to  the 

first  order  may  be  denoted  by  I  VBydx,  where  we  omit  the  in- 
tegrated terms ;  that  is,  we  suppose  the  limiting  values  of  x  and 
y,  and  of  the  differential  eoefficients  of  y  to  be  fixed.     Then  the 


qtuntily  of  the  second  order  which  we  have  to  esamine  will 

be  JErSyttc,     We  have  then  to  shew  that  SF"  is  a  function  of 

£y  and  its  differential  coefGcienta  which  can  be  pat  in  Jacobi's 
form.  This  will  follow  "by  Eisenlolir's  theorem  since  we  shall 
prOTe  that  5K  has  the  following  property;  in  SFSy  change  5y 
into  w&!  where  w  is  any  function  of  x,  and  subtract  the  terms 
involving  (fii)',  then  divide  by  Bz,  and  the  quotient  will  be  an 
exact  differential  coefficient  whatever  w  may  be. 

For  suppose  that  /  F^Bydo;  becomes/  l\Bedxhy  the  change  of  ^  into 

wr,  then  by  the  same  change  jSVBi/tla;  must  become  jBV^Bzdx,  that 


by  the  change  of  Sy  into  loSz,    The  part  of 
dV,  , 


is,  BVStf  becomes  BJ\Bi 

S  V,Bz  which  involves  (Sz)*  is  ^'  (&)';  hence  the  expression  which 

is  to  be  shewn  to  be  an  exact  differential  coefficient  is 

dr. 


srsy- 


i(8.r, 


dV„ 


Now  suppose  that  l/{x,B,t',  .,.)dii:  represents  the  integral  of 
which  the  variatioD  to  the  first  order,  excluding  the  integrated 
terms,  is  I  V,Sx  dx :  then  V,  —  —  ts  an  exact  differential  coefficient : 

and  80  also  is  BV  —  B-r-.    Hence  we  have  only  to  shew  that 

i-f- =a  8»  is  an  exact  differential  coefficient.    Now  if  we  de- 

(U      ds 

velope  iB-J-dx  by  the  ordinary  process  of  the  Calculus  of  Vari- 
ations we  shall  find  that  we  obtain  a  series  of  terms  free  from 
the  integral  sign,  together  with  the  term 

19 
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COMMENTATORS  ON  JACOBI. 


whexef^  stands  for  - 

CdV 
be  l-j-^  hz  dx,  30  that  5 


And  the  last  integral  trill  l>e  found  f 
^  —  -j-i  Sz  is  an  exact  differential  coeffi-1 


Hence,  SFSy  does  possesa  the  required  property,  and  there-  I 
fore  by  Eisenlohr's  theorem  SFcan  be  put  in  Jacobi's  form. 

269.  The  following  ia  the  theorem  which  Eisenlohr  givea  in 
his  tenth  section,  analogous  to  tliat  in  his  sixth  section.  I 

Let  F{x,y,s,z',z )   be  any  lineax   differential   expresaion 

in  z,  and  ita  partial  differential  coefficients  with  respect  to  x  and 
y,  where  as  usual  accents  above  z  indicate  differentiations  with 
respect  to  x,  and  accents  hehw  s  indicate  differentiations  with  re- 
spect to  y.  Multiply  the  expression  by  s,  put  B  =  wt  where  to  ia 
any  function  of  x  and  y,  and  subtract  all  the  terms  which  involve 
(*.  If  every  term  of  the  remainder  when  divided  by  ( is  susceptible 
of  at  least  one  integration  with  respect  to  a:  or  y  whatever  w  may 
be,  Fix,  y,  z,  z,  z )  can  be  pat  in  the  form 


-<.»  +  s(A»'  +  A'.)+s(V 


-  Cf) 


+  ^^^f"■*■By,  +  Of,i  + 


dxdy 


The  proof  is  similar  to  that  in  Art.  266.  We  denote  the 
expreaaion  last  given  by  "I*  {^x,y,z,z\z,,...). 

Then  in  the  first  place  we  obaer\'e  that  by  properly  choosing* 
the  coefficients  Ag,  A„  B^,  C,,  A^  ...  we  can  obtain  the  following 
identity, 

'zF{x,  y,  z,  a',  «,, ...)  —  z^(x,  y,  z,  t\  z )  =z'^[x,  y,e',  «,, ...), 

where  '9{x,  y,  «*,  «,,...)  is  &  linear  function  of  the  differential  co- 
efficients of  3  of  odd  orders. 

In  the  second  place  we  prove  that  zO(a;,y,  «,z',c,, ,..)  possesses 
the  proper^  wliich  by  supposition  zF^ie,  y,  z,  s',  a,, ...) 
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^ot  cuuige  «  into  Kt  and  subtract  all  that  involves  f  and  then 
divide  hy  t;  we  thus  obtain  terms  which  may  be  arranged  in  pairBi 
and  by  pairing  them  suitably  we  sliall  obtain  expressions  which  are 
integrable  either  with  respect  to  a;  or  y.  For  example  a  part  of  the 
reeult  is 

-m-i^A,^-     +B,«,,  }-»<^JA»'     +0,»,   fi 
and  we  arrange  these  terms  in  the  following  pairs, 

d 

d 


II 


w-j-  B,  {wt)'  —  tc(  J-  B,  w  : 


it  of  these  four  expressions  is  exactly  integrable  with  respect 
to  ic  and  the  aocond  with  respect  to  y;  the  third  expression  ia 
equal  to 

ax       '^    '•      ay         ' 
and  the  fourth  to 

T- wB,  (at)'  — r-v}tB,v!  ; 
dy       ' ^    '       dx         '    ' ' 

and  tboB  every  term  ts  Bosceptible  of  exact  integration  either  with 
respect  to  a:  or  y. 

The  general  process  which  is  exemplified  in  the  first  and 
second  of  these  four  expressions  presents  no  difficulty  ;  that  which 
is  exemplified  in  the  third  and  fourth  of  these  expressions  will 
Xm  now  given. 

Let  ufl  denote  one  of  the  terms  in  s^{x,  y,  z,  z',  s,,  ■•■)  by 
d'    /p.    rf~r  \ 

19—2 


292  GOMMENTATOBS  ON  JACOBI. 

where  r  +  #sf>-f-<rsf9»;  then,  as  we  sappose  r  not  equal  to  p, 
there  will  also  be  the  term 


dafdy^\     dafdt^i 

Now  change  z  into  tot  and  subtract  all  that  involves  ^*,  and  divide 
by  t.    We  thus  obtain 

rf*     fj^  d^wt  \        ^     dr      (^  d'^w  \ 

Now  by  repeated  integration  by  parts  we  have 

where  8  represents  a  series  of  terms  free  from  the  integral  sign. 
Then  if  we  integrate  both  members  of  the  last  equation  with  respect 
to  jfj  we  shall  find  that  the  only  term  on  the  right-hand  side  that 
remains  imder  the  double  integral  sign  is 


(- 1)-//, 


d^w    ^  d^%Dt     ,    T 


didd'^      dafdyf 

And  this  term  is  the  only  term  that  will  remain  under  the 
double  integral  sign  when  we  integrate 


wt 


r^K^dafdy^J' 


dafdy 

Hence  the  first  pair  of  terms  written  above  is  such  that  it  consists 
of  parts  which  are  susceptible  of  exact  integration  either  with  re- 
spect to  a;  or  y.  And  the  same  holds  with  respect  to  the  second 
pair  of  terms.  Thus  «<>(«,  y,  r,  z\  «,,...)  does  possess  the  property 
in  question. 

In  the  third  place  it  will  follow  that  z'9{x,  y,  z\  «^, ...)  musi 
also  possess  the  property  in  question  or  else  vanish  identically ; 
and  from  this  it  will  follow  that  **  («,  y,  «',  «,,...)  does  vanisl: 
identically. 

If  for  example  *  (a?,  y,  «',  «,,...)  does  not  involve  differentia 
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coefficients  of  a  higher  order  than  the  third,  we  should  h&re  for 
e^  {x,  y,  e,  »,, ...)  an  expreasion  of  the  form 

8  |j//  +  3/.«,  +  Ny  +  N,z"  +  NjiJ  +  N^^A  . 

Hence  the  following  expression  must  be  susceptible  of  inte- 
gration with  respect  lo  x  or  y,  or  else  vanish  identically, 

- wt  { J/, w  +  J/; w,  +  N^ w" + itf, w,"  +  if, w*,, + i>r, w,  I . 

By  reducing  the  terms  of  the  first  line  by  integration  by  parts 
with  respect  to  x  or  y,  we  arrive  at  an  uniotegrated  expression  of 
the  form  Ct  where  C  does  not  contain  / ;  tliis  must  vanish  since 
it  cannot  be  an  exact  integral  with  respect  to  a^  or  ^.  And  as  G 
must  vanish  whatever  u>  may  be,  we  shall  find  in  sacceasion  that 
N^,  N^,  N,,  JV,,  Jtf„  J/,  must  all  vanish. 

Thus  Kiaenlohr's  theorem  is  established. 

The  theorem  is  applied  to  the  purposes  of  the  Calculus  of  Vari- 
ations in  a  manner  similar  to  the  application  of  the  theorem  in 
fiisenlahr's  sixth  section. 

270.  The  next  work  we  have  to  consider  is  by  Spitzer,  on- 
titled  On  the  criteria  for  taaxima  and  minima  in  prohlema  of  the 
Calculus  of  Variations.  This  Work  conaiats  of  two  memoirs 
which  were  communicated  to  the  Academy  of  Sciences  at  Vienna; 
the  memoirs  were  published  in  ISHi  in  the  SitzungsberichU  of  the 
Academy.  The  first  memoir  extends  over  pages  1014 — 1071  of 
the  12th  volume,  and  the  second  over  pages  41 — 120  of  the  14tfa 
volume  of  the  SiUungsherichte. 

Spitzer  refers  in  the  beginning  of  his  first  memoir  to  the 
memoirs  of  Jacobi  and  Delaunay,  which  we  have  already  noticed; 
and  then  he  says,  that  he  has  sought  to  deduce  Jacobi's  criteria  in 
another  manner,  and  believes  that  this  new  way  may  deserve 
some  consideration. 

271.  The  two  memoirs  consist  altogether  of  thirty  sections, 
of  which  thirteen  are  contained  in  the  first  memoir,  and  the 
remainder  in  the  second.     The  first  section  gives  the  ordinaiy 
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investigation  of  the  terms  of  the  first  order  in  the  variation  of  all'' 
integral  which  involves  x,  y,  and  the  differential  coefficients  of  y 
with  respect  to  x.  The  second  section  gives  an  investigation  of 
the  terms  of  the  second  order  in  the  variation  of  the  integiaL 
The  third  section  shews  how  Legendre  transformed  the  terms  of. 
the  second  order  so  that  the  existence  of  a  maximum  or  minimnio. 
might  be  recognized ;  Spitzer  writes  the  equations  at  full  for  the 
case  in  which  the  integral  involves  only  the  first  differential' 
coefficient  of  y,  for  the  case  in  which  it  involves  both  the  first. 
and  second  differential  coefficients  of  y,  and  for  the  case  in  which, 
it  involves  the  first  second  and  third  differential  coefficients  of  y. 
In  his  foiurth  section  Spitzer  makes  some  remarks  on  the  equnr-' 
tions  given  in  his  third  section;  he  shews  that  the  equations  takoi 
the  complicated  form  that  has  been  indicated  in  Arts.  220  and  221, 
and  he  says  that  Jacobi  had  succeeded  in  integrating  these  equa^. 
tions  by  a  refined  and  difficult  analysis,  and  that  he  himself  had' 
solved  the  equations  in  a  much  simpler  manner.  The  fifth 
tion  contains  that  part  of  Jacobi's  theory  which  we  have  given 
in  Art,  252,  The  sixth  section  indicates  briefly  the  general  way. 
in  which  Spitzer  proposes  to  solve  the  problem  under  discD»« 
sion.  The  seventh  section  contains  a  complete  investigation  of  thfr' 
general   criteria  for  the   maximum   or  minimum   of  an  integral 

I     Vdxy  where   V  involves  x,  g,  and  y'.     The  eighth  section 

tains  &  discussion  of  that  particular  case  in  which  --j-^  ia 

The  ninth  section  contains  a  complete   investigation   of  the  gtw 

neral  criteria  for  the  maximum  or  minimum  of  an  integral  1   '  Vda 

where  V  involves  a;,  y,  y',  and  y".    The  tenth  section  contains  4 

discussion  of  that  particular  case  in  which   -^-^   is  zero.     Thfl 

eleventh  section  contains  a  complete  investigation  of  the  genentl^ 

criteria  for   the  maximum   or  minimum  of   an  integral    /     V3m. 

■where  V  involves  x,  y,  y',  y",  and  y'".    The  twelfth  and  thirteenl 
sections   contain   a  discussion   of   tliat   particular   case   in   whi« 

-j-»,,   is  zero.     The   fourteenth,   fifteenth,  and   sixteenth  sectioni 


aw 


ne  Additional  investigations  reapecting  the  partienlar 
cases  Tvhich  ate  discussed  in  the  eightli,  tenth,  twelfth,  and  thir* 
teenth  BcctioiiB.  The  aerentecnth  section  gives  the  ordinary  in- 
vestigation of  tho  terms  of  the  fiTBt  order  in  the  vatiKtian  of  an 
integral  which  involves  x,  y,  s,  and  the  differential  coefiGcienta  of 
y  and  b  with  respect  to  x.  The  eighteenth  section  gives  an  inves- 
tigation of  the  terms  of  the  second  order  in  the  variation  of  tha 
integral.  The  nineteenth  section  shews  how  the  terms  of  the 
second  order  are  to  be  transformed  so  that  the  existence  of  a 
maximam  or  a  minimnm  may  be  recognised ;  the  necessary  equa- 
tions are  given  at  full  for  the  case  in  which  the  differential  co- 
efficients which  occur  do  not  rise  atrnve  the  first  order,  and  for  that 
in  nhicli  they  do  not  rise  above  the  second  order.  The  twentieth 
section  generalises  the  theorem  given  in  the  fifth  section.  The 
twenty-first  and  twenty-second  sections  contain  a  complete  inves- 
tigation of  the  general  criteria  for  the  maximam  or  minimum  of 
an  integral  I  '  VeU  where  V  involves  x,  y,  z,  y  and  z.  The  re- 
maining sections  contain  discussions  of  the  particular  cases  which 
occur  when  V  assumes  particular  forms. 

272.  Speaking  generally  we  may  describe  Spitzer's  work  in 
the  terms  wo  used  with  reference  to  Mainardi's,  namely,  as  Le- 
gcudre's  method  improved  by  addilions  borrowed  &om  Jacobi ; 
see  Art.  245.  Bpitzer  was  acquainted  with  Mainardi's  memoir, 
for  he  refers  to  it  on  page  62  of  the  Uth  volume  of  the  8iltung»- 
herichu.  The  investigations  of  Spitzer  however  are  much  more 
complete  than  those  of  Mainardi ;  Spitzcr  docs  not  shrink  Irom 
the  labour  of  working  out  the  solutions  of  his  equations  com- 
pletely. Spitzer  was  the  first  who  developed  completely  the 
second  variation  of  an  integral  involving  x,  y,  y\  y'\  and  y'";  the 
preceding  wnters  had  confined  themselves  to  the  case  in  which 
the  integral  involved  only  x,  y,  y'  and  y".  Spitzer'a  investigation 
of  this  problem  ia  extremely  complex,  and  occupies  twenty  large 
octaro  pages;  besides  seven  more  pages  which  relate  to  certain 
special  cases.  In  fact  it  seems  improbable  that  any  student 
would  verify  the  long  calculations  contained  in  Spitxer's  twelfth 
and  thirteenth  sections,  and  in  his  sections  comprised  between  the 
twenty-firet  and  thirtieth  inclusive. 
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It  Bhoold  be  olMerved  that  the  memoir  ia  well  and  c 
printed ;  Bome  mistakes  at  tlie  ends  of  sections  8,  10,  and  13  are 
corrected  hy  the  author  himself  in  a  note  to  section  14.  A  mis- 
take occurs  in  the  second  line  of  page  1032  of  tlie  12th  volume  of 
the  Sitxungsherichte,  for  the  sign  of  tlie  right-hand  side  of  the 
equation  most  be  changed ;  this  mistake  leads  to  two  more  on 
the  same  page,  and  it  appears  again  on  page  44  of  the  14th 
volume. 

273.  We  will  now  give  some  specimens  of  the  investigations 
and  conclusions  of  Spitzer. 

In  Arts.  250  and  251  we  have  shewn  how  in  general  we  maj 
distinguish  between  the  maximum  and  minimum  of  I  Vdx,  where 
V  involves  x,  y,  and  y'.  Now  suppose  for  a  particular  case  that 
-rn  =  0,  then,  excluding  the  integrated  terms,  the  value  of  /,  on 
page  271  will  take  the  fonn 

Kdf'dxd^) 

Thus  for  a  maximum  or  mimmam  it  ia  necessary  that 
d*V     d    d^V 


*das. 


should  be  respectively  constantly  negative  or  constantly  positive 
throughout  the  limits  of  the  integration. 

Since  ^  =  0,  it  is  obvious  that  Fmust  be  of  the  form 

thus  the  differential  equation  from  which  y  ia  to  be  found,  namely, 
dV_d^  dr_ 
dy      dx  dy'  "    ' 

d^      dx        '  -     . 
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Thin  gives  y  as  a  function  of  x  without  any  arbitraty  constant. 
Tliua,  adopting  geometrical  language,  the  limiting  points  between 
which  the  required  carve  is  to  be  dranu  cannot  be  taken  aibitrarily ; 

they  most  lie  on  the  curve  determined  hy  -^  —  -^  =  0,  or  else  the 

problem  will  be  impossible. 

In  the  next  place  let  ua  suppose  that  besides  -j-i^  =  0,  we  have 

also  -r~r  —  -5-  -; — r:  =  0 ;  Spitzer  in  his  fourteenth  section  deter- 
a^      ax  dyatf 

mines  what  the  form  of  V  must  then  be,  in  the  ibUowing  manner. 

d*V 
Since  T-ii  =  0,  we  must  have  V  of  the  form  f^  {x,  y)  +  y'f^  {x,  y). 

Now  suppose  f^  [x,  y)  and  f^  {x,  y)  expanded  in  series  proceeding 
according  to  ascending  powers  of  y,  and  let 

/  (x,y)  =^,  +  ^,y  +  ^,y*  + ^,y"+ ... 


dydy' 
dx  dydy' 


And  since 
we  must  have 


A^  +  2. 3A,y  +  3 .  t^,y*+  ... 
+  y'(1.25,  +  2. 35.^  +  3.45,/+...); 

=  J5,'  +  25,'y  +  3J3,y  +  4£.y  +  ;.. 

+  y'(1.25,  +  2.35,y  +  3.4B,y'+...). 

d*V  ^  d    d'V 
dy*       dx  dy  dy' ' 


2A^=b;,  s-d,  =  b;,   ^a^^b;,  ... 

Thus    F=.A+^^+§^/+§^y+^y+... 

+  y' {B.+ 5,y  +  5,y'  +  5.y'  +  5./+ -). 
01        r=.^.  +  ^,y  +  5,y'+(§y'  +  f/+^y +  ...)'. 
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This  giyes  for  Vtiit  foUowing  form, 

or  we  may  express  oar  result  without  any  loss  of  generality  thus. 

With  this  value  of  Fwe  have 

jVdx  =  '^{x,y)  +jyx{x)  ^ ; 

thus  in  S I  Vdx  the  tmintegrated  part  is  jx{^)^^i  <^cl  this  will 

not  vanish  unless  x  (^)  vanishes.    Then  I  Vdx  is  exactly  integrable, 
and  its  maximum  or  minimum  cui  be  sought  by  ordinary  methods. 

274.    Besides  Spitser's  method,  we  may  use  another  for  finding 
the  form  of  F  in  order  that  we  may  have 

^  =  0,andalso^.^^^  =  0. 

The  latter  result  is  the  candtiion  of  xnUgrability  of  the  function 

dV  dV 

-J- ;  so  that  we  must  have  -^  an  exact  differential  coefficient  of 

some  function  of  x  and  y .    Thus 

We  do  not  introduce  y'  into  the  function  f{x^y)y  because  if 

dV 
we  did  -7-  would  contain  y"\  and  this  is  impossible,  because  since 

d}V      ^ 

^  =  0,  we  know  that  7  is  of  the  form  f[x,y)  +y'/,(a?,y), 

dV 
and  so  -^  does  not  involve  y". 

therefore  F=  /^  dy  +  y'  \-^  dy. 


Now  let  F{x,i/)  be  such  a  function  of  a;  and  y,  that 

dg  Id)  " 

dF 


3  that 


* 


»/(=^,!')-X.W. 


where  Xi(^)  '^  ^"  arbitrary  function  of  a;. 

Then    /|*-/m+  X.'w}^J-g'+«.V)+X.W. 
where  Xt  [^  '^  another  arbitrarj  fdnctioo  of  «. 

Tlerefere        r=g'+y^+3%'W +X.W 

And  this  agreee  with  Spitzer's  form  of  V. 

275.    We  will  in  the  nest  place  shew  the  manner  in  which 
Spitzer  investigatea  the  criteria  for  the  maximum  or  minimum  of 

iVdx,  where  Kinvolvea  x,  y,  y'  andy.     We  have  first  to  find 

in  the  ordinary  manner  the  terms  of  the  first  order  in  5  /  Vdx  and 

to  make  them  vaniBh.     Then  to  diatingnish  between  a  maximum 
and  a  minimum,  we  most  investigate  the  sign  of 


^iy" 


dydy 


+  2 


d}fdi/' 


dy 


+  i 
dV  ,    dV   . 


d^V 


where  w  ia  put  for  Sy. 

Suppose 

then  the  above  expression  which  we  have  to  examine  ia  equivalent 
,dW 


tdW    /dWX")        ,» 

itdw   idw\; 


-m<m'v 
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The  coinddenoe  of  tlie  two  expxessiona  is  easily  shewn  by  in« 

tegrating  ji'T^)^^  OBce  by  parts,  and  n-rTr)  ^dx  twice  by 

parts. 

Now  assume  that  these  terms  of  the  second  order  can  be  put 
in  the  form 

vu^  4-  2vjtow'  +  vju)*  +1  -j-fTt  {w" + \w'  +  fiwY  dxy 

where  t;,  t?^,  t?,,  X,  and  f&  are  at  present  undetermined. 

In  order  that  this  transformation  may  be  possible  the  following 
equations  mnst  be  satiBfied: 

WW''"*  W 

We  may  observe  that  if  X  and  fi  are  known  the  last  three  of 
these  five  equations  will  find  in  succession  t;,,  v^  and  v. 

We  do  not  propose  to  give  the  long  process  by  which  Spitzer 
solves  these  equations ;  we  will  however  briefly  indicate  the  prin- 
ciple on  which  he  proceeds. 

Let  u^  denote  a  value  of  t^  or  Sy  which  makes  the  unintegrated 
terms  of  the  second  order  in  the  variation  vanish,  that  is,  which 
makes 

dW    fdW\  ,  (dWS'    ^ 
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then  we  may  infer  that  thia  will  make  w"  +  Xio'  +  fiw  vanish,  that 
is,  we  shall  have 

u,"  +  X«,'+/*«,  =  0 (2). 

Similar] J,  let  v,  be  another  such  value  of  w  or  Sy,  then 

«,"  +  X«,' + /tw,  =  0 (3). 

Then  from  (2]  and  (3)  we  can  find  \  and  ft  in  terms  of  u,  and 
u,  and  their  first  and  second  differential  coefficients;  and  when  v,  t\, 
and  w,  are  expressed  in  terms  of  X  and  /t  from  the  last  three  of  the 
five  equations  given  above,  it  remains  to  shew  that  the  first  two  of 
these  five  equations  are  satisfied. 

When  the  equation  (1)  is  developed  it  takes  the  form 


■'  +  2 


/d'vy 


dydy"      dy"      Kdydy")       \dy"' J  J 


^Uy'       \dydy-}"'\dydf)r 


.(4). 


This  is  a  differential  equation  of  tlie  fourth  order,  so  that  u, 
and  u,  may  each  involve  four  arbitrary  con»taiits.  But  practically 
to  find  M,  and  w,  wo  do  not  require  to  solve  this  differential  equa^ 
tion ;  for  we  use  the  principle  explained  in  Art.  252. 

Spitzer  does  shew  that  when  X  and  p,  are  found  in  the  manner 
indicated,  and  then  «,  v, ,  and  r,  deduced,  the  first  two  of  the  five 
eqoations  given  above  are  satisfied,  provided  a  certain  relation 
subsists  among  the  eight  constants  which  occur  in  u,  and  u,.  This 
agrees  with  Jacobi's  statements  in  Art.  221. 

Since  the  above  five  equations  lead  by  the  eliminatioQ  of  X 
and  /*  to  three  differential  equations  of  the  first  order  for  finding 
V,  p,,  and  i'„  it  follows  that  if  the  most  general  values  of  these  quan- 
tities are  obtained  three  arbitrary  constants  should  be  involved. 
And  Spitzer  shews  that  the  eight  constants  which  occur  in  u,  and 
B,  do  combine  in  such  a  manner  as  to  leave  finally  three  independ- 
ent arbitrary  constants  in  the  values  of  i;,  v,,  and  v,.     This  gives  a 
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completeness  to  the  inyestigiiAions  which  is  desirable,  but  it  is  not 
absolutelj  necessary.  For  all  that  is  required  in  order  that  the 
proposed  transformation  of  the  terms  of  the  second  order  in  the 
variation  maj  be  effected,  is  that  certain  differential  equations 
should  be  satisfied;  and  it  would  have  been  of  no  importance  if 
the  number  of  arbitrary  constants  had  been  less  than  the  extreme 
number  which  the  most  general  solutions  would  supply. 

276.  The  general  results  at  which  Spitzer  arrives  in  the  in- 
vestigations noticed  in  the  preceding  article  are  the  same  as  those 
of  Jacobi  given  in  Art.  224 ;  but  in  addition  to  these  he  discusses 
some  particular  cases,  and  these  we  will  now  consider. 

Suppose  then  that  we  have  X7fi  =  0;  then  V  must  be  of  the 
form 

/i(«,y,y')+yV.(«»y>y')- 

In  this  case  the  differential  equation  in  y,  which  is  formed  by 
equating  to  zero  the  terms  of  the  first  order  in  h\  Vdx^  is  a  dif- 
ferential equation  of  the  second  order.  We  will  suppose  its  inte- 
gral to  be  y  =  0  («,  a^,  a^. 

Now  assume  that  the  terms  of  the  second  order  which  we  have 
fo  examine  can  be  put  in  the  form 

W  +  ^v^  +  v.tt?'*  -{-[Piyi  •\-  XwY  dx ; 

and  put  for  shortness 


dydy"        '      dydy' 
Then  we  require  that 


ThoB  we  moat  have 

A  =  ^  +  PK', 

£  =  2ii, +  .;,■  +  ?, 

i>-»., 

£-»„ 

J'-v  +  f.'+VP. 

Now  let  u=  C,  -^  +  C.-^  ,  where   f,  and   C,  are  arbitrarr 
'  ddj         Va,  '  "  •' 

conatantfl ;  and  asanme  X  such  that  w'  +  Xk  =  0 ;   we  shall  then 

examine  if  we  can  Batisfy  the  above  fire  equations.     The  third 

and  fourth  give  immediately  v,  =  £,  v^  =  i? ;  then  the  second  and 

fifth  give 

P=B-iE-2y, 

v  =  F-E'  +  ^{B-2£:-iy); 

it  remains  to  try  if  the  values  thua  obtained  aatiafy  ' 

A=v'  +  P\'.  ' 

This  requires  that 

A=F'-E"  +  "'  (ff-  2E' - D")  +  """7"'*  iB-2E~  U) 

+  ^  (B-2J5-i/), 
that  is 

(il-/"+£")«  +  w'(2i:'  +  i?"-B')  +  u"(2jF+Z)'-5}  =  0. 

This  equation  is  in  fact  what  equation  (4)  of  the  preceding 
article  becomes  when  -r^,,  —  0,  with  u  in  the  place  of  w ;  and  from 
Art.  252  we  know  that  the  value  assigned  to  «  does  satisfy  it. 

Thus  the  unintegrated  part  of  the  terms  which  we  are  ex- 
amining, that  is, 

fp(w'+XK.)*<iB, 
becomes 

UB--iE-iy)(v}-^w\dx', 


I 
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hence  for  a  maximum  or  mlnimiim  B-^-^E^iy  must  1)6  respeo^ 
tivelj  negative  or  positive  throughout  the  limits  of  the  inte- 
gration. 

Next,  suppose  that  we  have 

^.-0,  andalso  2^-2^^-(^  =0. 
The  unintegrated  part  of  the  terms  of  the  second  order  is  now 


/' 


{A-F'  +  E")tfdx, 

and  thus  for  a  maximum  or  minimum  ^  —  j^'  +  E"  must  be  re- 
spectivelj  negative  or  positive  throughout  the  limits  of  the  in- 
tegration. 

In  this  case  the  equation  -^  —  ( -j-r  1  +  ['■j-n  )  =  0,  is  no 

longer'  a  differerUiat  equation  for  finding  k?,  because  «?"",  to'",  to% 
and  to'  disappear  from  it.    This  suggests  that  the  equation  obtained 

hj  putting  the  terms  of  the  first  order  in  BjVdx  equal  to  zero 

will  not  be  a  differential  equation  in  y,  but  an  ordinary  equation ; 
and  this  will  be  found  to  be  the  case. 

For  Spitzer  shews  in  the  same  manner  as  in  Art.  273,  that 
the  form  of  V  must  in  this  case  be 

i>  (a?,  y)  +  y  ^  (a?,  y)  +  (x  (»,  y,  y)}', 

and  as  in  Art.  273,  we  shall  obtain  for  determining  y  the  equation 

dy     dx 
Lastly,  suppose  that  we  have 

rf'F_  d'V     ^    d'V      (  d^V\_^ 

dy'-^""^       dy-'^d^^-^Kd^')-^^ 
andalso 


df      \dydy')^\dydf)-^' 


Spitzer  shews  in  the  same  manner  as  in  Art.  273,  that  th» 
form  of  F  must  in  this  case  be . 

v^  H  +  {^  (a?,  y)}' + \x  (a',  y.  yO}'; 


thus  in  81  Vdx  the  tmintegrated  part  is  jtp  {x)  B^vlar,  and  this  will 

not  vaniBh  unless  <p  {x)  vanishes.     Then  /  Vdx  is  exactly  integrable, 

and  its  masimum  or  minimnm  can  be  sought  by  ordinaiy  methods. 

277.     We  may  also  obtain  the  resnltB  of  the  preceding  article 

by  another  method.     Suppose  -r-^  =  0,  then  the  left-hand  member 

of  equation  (4)  of  Art.  275  takes  the  form 

(2£+  i/ -  B)  k"  +  {2£"  +  D"  -  B')  K+{A~F'  +  E'-)  w, 

where  A,  B,  D,  E,  F  have  the  same  meaning  as  in  Art.  276.     The 
above  expression  may  be  written  thus 

[(2£+  U-B)  »■}■  ■^■{A-F-  +  E-)  w., 

80  that  we  have  to  determine  the  sign  of 

\[{{2E-\-n~B)v>-]'  +  {A-F'-^  E")  w]  imfe. 

Suppose  u  such  a  quantity  that 

[{2£+  n-B)  «')■  ^■{A-F-  +  E")u  =  0. 
Then  the  expression  which  we  have  to  examine  may  be  written 

j\{{2B-^n-E)w'\-{{2E+]y-B)u-\^v!dx. 

Integrate  by  parts;  then  the  terms  remaining  under  the  integral 
sign  will  be 

I  [(S  -2E-  J)-) «,"  -  {S  -  iE~  D-)  u'  (^')]  dx, 

that  is,  ({B-2E-  Z>')  (w-~w\dx. 

This  agrees  with  the  result  at  the  bottom  of  page  303. 

278.     In  his  sixteenth  section  Spitzer  examines  some  excep- 
tional cases  which  occur  in  finding  the  maximom  or  mininmn  of 

20 
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/ 


Vdxy  when  V  involves  a?,  y,  y',  y",  and  y'".    He  does  not  here 

prove  that  V  must  have  specific  forms  in  certain  cases,  but  he 
assmnes  specific  forms  for  V  and  shews  that  certain  exceptional 
cases  do  thence  arise.  The  following  four  forms  for  V  are  ex- 
amined. 

1.  *(^,y,y',y")+y'"^(^,y,y,y"). 

2.  * {xy y, y')  +  y" ^ (a?, y, y')  +  [x («?, y , y, y")]'. 

8.  0  {x,  y)+y'ir  {x,  y)  +  [xi  (a?,  y,  y')]'  +  [x«(a:,  y,  y',  y")]'. 

4.  y 0  (a?)  +  [xi  (a?»  y)y  +  [Xi  (^»  y>  y')]'  +  [xs  (^>  y>  y'»  y")]'- 

279.  In  concluding  our  account  of  Spitzer's  memoirs,  we  may 
state,  that  the  most  interesting  and  valuable  portion  of  them  con- 
sists in  the  examination  of  certain  special  cases  in  which  the 
general  results  obtained  by  Jacobi  require  to  be  modified;  and 
these  special  cases  appear  to  have  been  examined  by  no  other  writer. 

280.  The  next  memoir  we  have  to  consider  is  by  Otto  Hesse ; 
it  is  entitled,  On  the  criteria  Jbr  the  maanma  and  minima  of  single 
Integrals.  It  was  published  in  the  54th  volume  of  Crelle's  Mathe- 
matical Journal  in  1857,  and  occupies  pages  227 — 273  of  the 
volume.  In  the  beginning  of  his  memoir  Hesse  refers  to  the 
following  authors  who  have  written  commentaries  on  Jacobi's 
memoir,  Lebesgue,  Delaunay,  Bertrand,  Eisenlohr  and  Spitzer; 
he  makes  special  mention  of  Spitzer,  and  commends  his  acuteness 
and  industry.  It  seems  probable  that  Hesse  was  led  to  turn  his 
attention  to  the  subject  by  seeing  Spitzer's  investigations. 

281.  The  first  twenty  pages  of  Hesse's  memoir  contain  inves- 
tigations of  Jacobi's  theorems.  Although  there  is  little  that  is 
substantially  new  here  given,  the  investigations  are  well  worthy 
of  study  from  their  complete  and  systematic  form. 

282.  In  the  next  seven  pages  the  result  obtained  by  Jacobi's 
method  is  developed  by  the  aid  of  the  theory  of  determinants,  so 
as  to  present  the  imintegrated  part  of  the  second  variation  in  a 
more  explicit  form  than  that  in  which  Jacobi  leaves  it.    These 


Beven  pages  constitute  the  most  important  portion  of  the  memoir; 
and  we  will  give  here  the  resnit  obtained  by  Hesse.     Suppoae 

that  I  Vdx  is  to  be  a  maximum  or  minimum,  where  V  contains  x,  y, 

and  the  differential  coefBcients  of  //  up  to  the  n""  inclusive.  Let  a 
stand  for  8_y ;  then  the  terms  of  the  second  order  which  we  have 

to  examine  can  be  put  in  the  form  {•^{i)zdx.    This  is  proved 

\>y  Hesse;  it  is  e(]uiTa1ent  to  the  statement  in  Art.  223,  that  the 

terms  of  the  second  order  can  be  put  in  the  form  /  5  VZydx.    Now 

let  «,  11,  w,...  be  values  of  z  which  satisfy  the  equation  i^  (e)  =  0 ; 
we  suppose  n  of  these  solutions  obtained,  and  tliey  will  be  all  of 
the  same  _^rin,  but  differ  in  the  values  of  the  2n  arbitraty  constants 
which  each  of  them  involves.  Now  adopting  the  usual  notation  of 
determinants  let 


V,    V,    V  , 
xo,  v),  w", 


where  accents  denote  as  usual  differential  coefficients.  Thus  y  is 
I  determinant  of  the  («  +  l}""  order  and  V-  'b  a  determinant  of  the 
•*"  order.     Then  Hesse  proves  that  the  terms  of  the  second  order 

I  which  we  have  to  examine  can  be  put  into  the  form  I  N-^dx, 

[  where  N  is  the  second  differential  coefficient  of  I'  with  respect 


308  COMMENTATORS   ON   JACOBI. 

Moreover  Hesse  draws  particular  attention  to  the  (act  that 
certain  relations  mufit  hold  among  the  arbitrary  conatanta  involved 
in  K,  r,  w,...  See  Arts.  221  and  232. 

283.  The  remainder  of  Heaee's  memoir  is  devoted  to  the 
examination  of  three  particular  cases,  that  in  which  die  integral 
involves  x,  y,  y',  that  in  which  the  integral  involves  x,  y,  y',  y", 
and  that  in  which  the  integral  involves  x,  y,  y,  y",  y'".  These 
cases  are  treated  very  fully,  and  the  relations  which  hold  among  the 
arbitrary  constants  are  completely  exhibited.  No  notice  however 
is  taken  of  the  exceptions  to  the  general  theory  which  Spitzer 
considered ;  see  Arts,  273,  274,  276.  In  connexion  with  the  first 
of  the  three  particalar  cases  which  he  examines,  Hesse  gives  a 
good  diacosaion  of  the  remarks  made  by  Jacobi  relating  to  the 
extreme  limits  wliich  may  be  assigned  to  an  integral  in  order  to 
ensure  a  maximum  or  a  minimum  ;  see  Art.  225. 

284.  The  memoir  by  Hesse  forms  the  most  elaborate  commen- 
tary that  has  yet  appeared  on  Jacobi'a  theorems  and  method.  The 
student  who  masters  this  and  examines  what  Spitzer  has  given  on 
the  exceptional  cases  will  not  require  any  further  information  on 
the  maxima  and  minima  of  single  integrals  which  involve  one 
dependent  variable.  Hesse  uses  the  theory  of  determinants,  but 
a  student  who  is  acquainted  with  the  elements  of  that  subject  will 
not  find  any  serious  difficulty  in  Hesse's  memoir. 

285.  We  have  next  to  consider  a  memoir  by  A.  Clebsch ;  it 
13  entitled  Oh  the  reduction  of  the  second  variation  to  its  simplest 
furm.  It  was  published  in  the  55th  volume  of  Crellc's  Mathemati- 
cal Journal  in  1858,  and  occupies  pages  254 — 273  of  the  volume. 

T]\\3  is  the  first  of  three  memoirs  by  this  writer  on  the  Calcalua 
of  Variations.  He  begins  by  referring  to  Jacobi's  results,  and  to 
the  excellent  memoir  published  by  Hesse  respecting  them.  He 
then  indicates  the  points  in  which  Jacobi's  results  require  still  to 
be  generalised,  namely,  that  aimilar  investigations  should  be  sup- 
plied for  the  case  of  a  single  integral  which  involves  more  than 
one  dependent  variable,  and  for  the  case  of  a  multiple  integral,  and 
for  the  ease  in  which  equations  are  given  connecting  the  variables 
involved  in  the  integral,     The  present  memoir  proposes  to  supply 
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Bome  of  these  required  investigations.  Tims,  C!e>>scl»  states  that 
the  memoir  solves  the  following  problem ;  to  reduce  the  second 
variation  of  a  single  integral  ao  as  to  miike  it  depend  opon  the 
smallest  numlrer  of  variations,  the  integral  involvbig  any  number 
of  dependent  variables  and  their  differential  coefficients  to  any 
order,  and  also  any  number  of  equations  being  given  connecting 
the  variables.  In  addition  to  the  solution  of  this  problem,  there  is 
a  sliort  section  on  tlie  subject  of  multiple  integrals,  but  this  is  of 
no  great  importance;  the  writer  however  intimates  that  at  the 
time  of  printing  he  had  succeeded  in  overcoming  the  difficulties  of 
tliis  part  of  the  subject,  and  would  publish  a  memoir  on  it,  and  in 
iiict  the  third  memoir  fulfils  this  promise. 

As  an  example  of  hia  method,  Clebscli  gives  the  ordinaiy  case 
of  one  dependent  variable  without  any  connecting  equations,  and  he 
arrive*  at  the  result  obtained  by  Hesse;  see  Art.  281. 


286.  The  second  memoir  by  Clebscli  is  entitled  On  those 
protileme  in  the  Calculus  of  VariiUiouB  wktck  involve  only  one  in- 
dependent  variable.  It  was  published  in  the  55th  volume  of 
Crelle's  Mathematical  Journal  in  1858,  and  occupies  pages  335—^55 
of  the  volume. 

This  memoir  may  be  said  to  consist  of  two  parts.  The  first 
part  is  occupied  in  pro\'ing  that  the  solution  of  any  ]iroblcm  in  the 
Calculus  of  Variations  in  which  there  is  only  one  independent 
variable  may  be  made  to  depend  on  the  solution  of  a  certain  partial 
differential  equation  of  the  first  order.  It  had  been  intimated  by 
Jacobi  that  this  proposition  was  true  in  a  certain  case,  so  that  a 
problem  in  the  Calculus  of  Variations  could  be  treated  in  a  manner 
analogous  to  the  treatment  of  dynamical  problems  by  the  methods 
of  Hamilton  and  Jacobi.  Clebsch  easily  proves  the  proposition 
which  he  enunciates. 

The  second  part  of  the  memoir  is  occupied  in  shewing  that 
I  this  mode  of  treating  a  problem  in  the  Calculus  of  Variations 
^presents  great  advantages  in  the  discussion  of  the  terms  of  the  second 
i  order  with  the  view  of  discriminating  between  maxima  an<l  n 
^Taluea.     This  part  of  the  memoir  is  extremely  complicated  i 
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requires  the  reader  to  possess  a  good  knowledge  of  the  theory  of 
determinants. 

287.  The  third  memoir  by  Clebsch  is  entitled  On  the  second 
variation  of  Multiple  Integrals.  It  was  published  in  the  66th 
volume  of  Crelle's  Mathematical  Journal  in  1859,  and  occupies 
pages  122 — 148  of  the  volume. 

The  object  of  the  memoir  is  to  shew  how  to  discriminate  be- 
tween the  maxima  and  minima  values  of  multiple  integrals ;  like 
the  second  memoir  by  the  author  it  is  extremely'complicated,  and 
requires  the  reader  to  possess  a  good  knowledge  of  the  theory  of 
determinants. 

288.  We  have  been  compelled  to  give  very  brief  accounts  of 
the  memoirs  by  Hesse  and  Clebsch.  From  the  nature  of  the 
memoirs  it  seems  impossible  to  present  any  abridgement  of  them 
or  any  extract  from  them  which  will  be  easily  intelligible ;  and 
moreover  the  memoirs  belong  rather  to  the  Theory  of  Determinants 
than  to  the  Calculus  of  Variations.  As  however  these  memoirs 
have  been  published  so  recently  they  can  be  readily  obtained,  and 
thus  there  is  less  need  of  a  detailed  account  of  them  than  in  the 
case  of  works  which  are  more  difficult  of  access. 


CHAPTER  XL 

ON  JACOBl'S  MEMOIR. 


289.  The  preceding  chapter  contains  an  account  in  chrono- 
logical order  of  the  writings  of  commentators  on  Jacobfs  memoir; 
the  present  chapter  consista  of  some  miacellaneoua  articles  bearing 
on  certain  parts  of  Jacobi'a  memoir. 

In  Art.  328  we  have  given  Jacobi's  remarks  on  the  ahortcat 
line  that  can  b<:  drawn  on  a  surface ;  those  remarks  are  connected 
with  those  in  Art.  225,  We  have  also  intimated  that  some  of  the 
commentators  on  Jacobt's  memoir  hare  considered  these  parts  of 
;  see  Arts,  2G5  and  283.  There  is  a  note  by  J.  Bertrand  entitled 
On  the'  shortest  distance  between  two  points  on  a  surface,  which  was 
pnblished  in  1855  in  the  second  volnme  of  the  third  edition  of 
Lagrange's  Micanique  Analytique,  pages  350 — 352,  We  will  give 
this  note  in  the  next  article. 

!90.  When  a  material  point  mores  on  a  fixed  surfiice,  and 
has  an  initial  velocity  but  is  acted  on  by  no  force,  Lagrange  proves 
that  its  velocity  is  constant  and  the  curve  which  it  describes  ia  the 
shortest  that  can  be  drawn  between  two  of  its  points.  In  order  to 
prove  this  proposition  the  illustrious  author  shews  that  the  varia- 
tion of  the  arc  jds  is  zero,  and  therefore  there  is  either  a  maximum 
or  a  minimum :  but  he  says  there  cannot  be  a  maximum  and  there- 
fore there  must  be  a  minimum.  This  manner  of  reasoning  ia  in- 
admissible, because  we  know  that  the  variation  of  an  integral  may 
be  ecro  while  the  integral  is  neitlier  a  maximum  nor  a  minimum. 
However  in  the  particular  case  in  question  Lagrange's  stalenicnt 
is  exact,  as  we  may  shew  in  a  few  words. 
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The  differential  equation  which  expresses  that  the  variation  of 
the  integral  fdsia  zero  proveB,  as  ia  well  known,  that  the  oscu- 
lating plane  of  the  curve  is  at  every  point  normal  to  the  aiufsce. 
But  if  we  suppose  the  two  extremities  of  the  arc  considered  to  be 
indefinitely  cloae,  among  all  the  arcs  drawn  on  the  surface  joining 
the  extremities,  the  least,  that  in  fact  which  difiei's  least  from  the 
chord,  will  evidently  be  the  arc  which  has  the  least  curvature, 
that  is,  the  arc  which  lias  the  greatest  radius  of  curvature.  But 
the  arcs  which  unite  two  points  of  the  surface  indefinitely  close 
may  be  considered  as  having  tlje  same  tangent,  and  therefore,  by 
the  well-known  theorem  of  Meunier,  that  of  which  the  oscnlating 
plane  is  normal  to  the  surface  has  the  greatest  radius  of  curvature, 
and  is  consequently  the  shortest. 

The  proposition  enunciated  by  Lagrange  is  exact  as  we  have 
just  seen  for  any  indefinitely  small  arc,  but  it  would  cease  to  be 
BO  if  we  considered  an  arc  of  finite  size.  There  exists  a  curious 
theorem  on  this  subject  enunciated  by  Jacobi  without  demonstra- 
tion, which  gives  a  general  method  for  determining  willi  respect 
to  every  line  traced  upon  a  surface  and  satisfying  the  conditions  of 
a  minimum,  the  limits  between  which  it  is  really  the  shortest 
line. 

Let  AMA'  he  stick  a  line ;  proceed  along  this  line  from  thA 
jpoint  A  which  M  Jkced  towards  the  filhwing  points  of  the  curve. 
If  we  lake  one  of  these  points  as  a  second  limit  it  may  happen  that 
between  this  point  and  the  first  another  curve  can  be  drawn  which 
satisfies  the  analytical  condition  for  a  minimum  as  well  as  the  first  ^ 
then  the  line  considered  will  cease  to  be  a  minimum  between  thA 
point  A  and  the  second  extremity  considered,  at  a  point  fir  which 
the  second  line  coincides  with  {se  confond)  the  first. 

This  theorem  has  not  been  demonstrated  by  the  mathematiciana 
who  have  explained  the  celebrated  letter  in  which  it  is  enunciated. 
We  think  that  it  will  be  useful  to  indicate  briefly  how  it  follows 
from  the  analysis  of  Jacobi. 

The  integral  considered  being  lf(x,y,  -fjdx,  the  variation 
takes  the  form   I  VBydx,    V  being  the  function  which  by  being 


equated  to  zero  fiimiahes  by  integration  the  solntio 
blem. 


SIS 


of  the  pro- 


That  tliere  may  be  a 


,iV 


the  function  -j^,  must  remain 


constantly  positive  during  the  limits  of  integration.  This  con- 
dition will  certainly  be  fulfilled  whatever  the  limits  may  be,  be- 
cause we  have  seen  that  there  is  always  a  minimum  between  any 
two  limits  whatever  if  they  are  sufficiently  close.  Besides  this  we 
must  have  according  to  Jaeobi's  analysis  another  condition  ful- 
filled. Let  y  denote  the  expression  deduced  from  the  equation 
V=  0,  then  y  contains  two  constants  a  and  Ij  suppose ;  let  a  and 
j8  be  two  other  constants,  and  let 

Then  the  other  condition  is  that  it  must  be  possible  to  take  the 
constants  a  and  j3  so  that  the  expression 

\flydy'     u  rfy*  (b:i 

may  not  become  infinite  between  the  limits  of  integration,  or, 
which  comes  to  the  same  thing,  u  must  not  vanish  between  these 

limits.    Hence  it  is  clear  that  for  each  value  of-  if  the  expression 

for  u  becomes  zero  in  two  points  of  the  minimum  line  furnished 
by  the  Calculus  of  Variations,  then  between  these  two  points  we 
can  affirm  that  the  integral  i^^  a  minimum.  Now  two  such  points 
will  possess  the  property  indicated  by  Jacobi,  that  is,  it  will  be 
possible  to  draw  between  them  two  lines  indefinitely  close,  each 
of  which  has  the  minimum  property.  For  we  observe  that  the 
expression 


*da^ 


db 


is  the  general  integral  of  the  linear  equation  5  V=  0,  in  which  ^ 
is  the  unknown  quantity.  (See  Jaeobi's  Memoir.)  If  then  we 
put  instead  of  y  the  value  y+  «,  where  a  and  ,9  are  so  chosen  as 
to  make  u  indefinitely  small,  which  is  allowable,  the  expression  V 
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will  yamsh,  because  by  supposition  y  makes  it  vanish  atid  the 
indefinitely  small  increment  u  renders  its  variation  zero. 

Thus  there  are  two  lines  indefinitely  close  joining  the  same 
two  points,  for  which  the  relation  F=  0  is  fulfilled,  that  b,  two 
lines  which  equally  satisfy  the  conditions  of  minimum. 
'  The  proposition  thus  demonstrated  is  not  identical  with  that  of 
Jacobi,  but  it  is  perhaps  allowable  to  suppose  that  the  illustrious 
author  went  a  little  too  far  in  the  rapid  sketch  which  he  gave  of 
his  results ;  it  is  clear,  for  example,  that  the  conditions  found  by 
him  are  sufficient  but  not  necessary  for  the  existence  of  a  minimum. 
There  is  therefore  no  ground  for  affirming  that  the  minimum  ceases 
to  exist  because  the  function  u  becomes  zero ;  but  this  would  be 
necessary  in  order  that  the  enunciation  should  take  the  completely 
affirmative  form  given  above. 

We  may  observe  before  closing  this  note  that  Jacobi's  memoir 
^ntains  the  enunciation  of  another  very  remarkable  theorem;  ifai 
every  point  of  a  surface  the  two  curvatures  are  in  opposUe  directions 
the  line  which  satisfies  the  analytical  conditions  of  a  minimum  is 
always  really  the  shortest.  We  confine  ourselves  to  recalling  this 
theorem  to  the  attention  of  mathematicians ;  a  more  detailed  dis- 
cussion of  the  geometrical  problem  which  is  the  object  of  this  note 
would  be  out  of  place  here. 

291.  Bertrand  in  the  first  paragraph  of  his  note  says  that 
Lagrange  is  right  in  asserting  that  there  is  necessarily  a  minimum 
in  the  case  considered ;  in  the  third  paragraph  of  his  note  he  says 
that  Lagrange's  statement  is  not  necessarily  exact  except  for  an 
indefinitely  small  arc. 

The  remarks  which  Bertrand  then  makes  on  Jacobins  theorem 
coincide  in  substance  with  those  of  other  writers  on  this  subject ;  see 
for  example  Mr  Jellett's  treatise,  pages  90  and  98.  These  remarks 
depend  on  the  following  consideration ;  Jacobi's  method  reduces  the 
unintegrated  part  of  the  terms  of  the  second  order  to  the  form 

1  [d^  (\   du^       dSyV  , 
2l^^[u^^^"^)^^ 

and  thus  we  cannot  be  sure  of  a  minimum  if  u  vanishes  between 
the  limits  of  integration.  Bertrand  however  is  alone  in  pointing 
out  that  this  does  not  prove  so  much  as  Jacobi   asserts  in  the 
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particular  problem  nnder  conaideration,  for  Jacoti  asserts  that  there 
will  not  be  a  minimum ;  and  Bertrand  conjectures  that  Jacobi  here 
oTerstated  hia  reaulta.  But  it  haa  since  been  shewn  by  Ossiao 
Bonnet  that  Jacobi  was  quite  correct;  the  proposition  to  which 
Bertrand  calls  attention  at  the  end  of  his  note  is  also  proved  hj 
Bonnet. 

Two  notes  have  been  written  by  Bonnet  on  the  point  we  are 
considering.  The  first  note  ia  entitled  On  some  properliea  of  geo- 
desic Unett.      It   was  published   in  the  Comptea  Rendvs  de 

I'Academie  dea  Sciences,  Vol.  40,  1855,  pages  1311—1313.  We  will 
give  it  in  the  next  article. 

292.  A  line  traced  upon  a  surface  is  called  a  geodexio  JtVx, 
when  its  osculating  plane  is  always  normal  to  the  surface. 

An  arc  of  a  geodesic  line  is  the  shortest  line  that  can  1>e 
drawn  on  a  curved  surface  between  its  two  extremities,  provided 
the  arc  be  comprised  within  certain  limits  which  have  been  fixed 
by  Jacobi  in  the  following  manner.  Consider  a  geodesic  line  AM 
which  starts  from  the  point  A,  and  let  A'  be  the  point  where  this 
line  is  met  by  another  geodesic  line  AM'  which  also  starts  from 
the  point  A  and  is  indefinitely  close  to  AM.  Between  the  points 
A  and  A'  the  line  AM  wiil  always  bo  a  niinimnm  line ;  but  beyond 
the  point  A'  the  line  AM  will  generaUtf  be  neither  a  maximum  nor 
a  minimum.  Assuming  this,  let  p  denote  the  variable  distance 
MM'  between  two  indefiuitely  close  geodesic  lines  AM  and  AM'. 
By  a  formula  due  to  Gauss,  p  considered  as  a  function  of  the 
arc  AM  will  satisfy  the  differential  equation  of  the  second  order 

where  AM=  s,  and  B,  R'  are  tiie  principal  radii  of  curvature  of  the 

surface,  and  in  addition,  when  *  =  0  we  have  p  =  0  and  -^  =  the 

as 
angle  dd  between  the  geodesic  lines  AM  and  AM',  which  will 
completely  determine  ji.     Now    suppose    that  the   surface  is   of 

opposite  curvatures ;  ^^  will  be  negative,  and  we  can  aasumo 


where  a  is  a  real  constant. 
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Let  OS  take  the  equation 

and  integrate  it   so  that  when  « =  0  we  may  have  p,  =0  and 
-p  szdO:  we  shall  obtain 

(Z8 


a, 4 


But  from  a  theorem  demonstrated  bj  M.  Storm  in  his  excellent 
Memoir  on  differential  equations  of  the  second  order,  it  is  known, 
that  for  any  interval  whatever  starting  from  a  =  0,  the  value  of  p^ 
must  vanish  at  least  as  often  as  that  of  p ;  but  p^  never  does 
vanish,  and  so  p  cannot  vanish.  Thus  in  a  surface  of  opposite 
curvatures  a  geodesic  line  is  always  a  minimum  throughout  its 
length.  This  beautiful  theorem  was  enunciated  by  Jacobi,  but 
it  had  not  been  demonstrated  up  to  the  present  time  so  feu:  as 
I  know. 

Suppose  in  the  next  place  that  -^^^  is  positive  and  less  than  -^  • 
Consider  the  equation 

d^  ^a«     "' 

and  integrate  it  so  that  when  «=0  we  may  have  />,  =0  and  -^-  =d0; 
we  shall  obtain 

p,  SB  ad0  sin  - . 

But,  from  a  second  theorem  demonstrated  by  M.  Sturm,  it  is 
known  that,  starting  from  «  =  0,  ^  will  vanish  before  p/^  but  p^ 
vanishes  when  a  =  ira,  therefore  p  vanishes  before  a  =  ira.  Hence 
we  infer  that,  in  the  case  considered,  a  geodesic  line  cannot  be 
generally  a  minimum  line  throughout  a  greater  length  than  tto. 
Consequently  the  shortest  distance  between  any  two  points  on  a 
convex  surface  is  less  than  ira  where  a*  is  a  number  greater  than 
the  product  BR  of  the  principal  radii  of  curvature  for  all  points 
of  the  surface. 
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The  theorem  due  to  Gauss  which  Bonnet  qnotes  in  the 
preceding  article  ia  contained  in  the  DUquisitiones  generales  circa 
Buperjioies  curvas.  This  memoir  was  presented  by  Gauas  to  the 
Royal  Society  of  Gottingen  on  October  8th,  1827,  and  was  publiahed 
in  1828  in  the  sixth  volume  of  the  Commentattones  Becentiores  of 
t  Society.  This  memoir  is  reprinted  in  Liouville's  edition  of 
B  ApplicatioH  de  V Analyse  6  Ja  Qiomifrie. 
i  theorem  in  question  ia  also  proved  by  Ossian  Bonnet  in 
memoir  on  the  general  theoiy  of  surfaces  in  the  Journal  de 
r£(»le  Polytechniqu,e,  Cahier  xxxil,  1848. 

The  memoir  by  Sturm  to  which  Bonnet  refers  will  be  fonnd  in 
the  first  volume  of  Liouville's  Journal  of  Mathematics. 

The  second  note  by  Bonnet  is  entitled  Second  note  on  geodesic 
lines.  It  was  published  in  the  Compter  Rendus. ..  Vol.  il,  1855, 
pages  3S — 35.     We  give  it  in  the  next  article. 

294.  In  a  note  presented  to  the  Academy  on  the  18th  of  June, 
I  established  some  general  properties  of  geodesic  lines.  My  in- 
Testigatinns  depended  on  the  following  theorem  due  to  Jacob!. 

Lei  AM  be  any  geodesic  line  which  slartjs  from  the  point  A,  and 
suppose  A'  to  be  the  point  where  this  geodesic  line  is  met  6y  a  geodeate 
line  which  also  starts  from  the  point  A  and  is  indefinitely  near  to 
the  first;  then  the  line  AM  will  be  a  minimum  between  the  points 
A  and  A',  and  will  cease  to  be  a  minimum  beyond  the  point  A'. 

Jacobi  did  not  demonstrate  his  tlieorem ;  he  merely  said  that 
it  might  be  easily  deduced  from  the  general  rules  whicli  he  gave 
for  distinguishing  maxima  from  minima  in  qnestions  which  de- 
pend upon  the  Calculus  of  Variations.  H.  Bcrtrand  has  given  a 
proof  of  the  first  part  of  the  theorem  in  the  notes  which  he  has 
added  to  his  excellent  edition  of  the  Micanique  Analytique;  that 
is,  he  has  proved  tliat  between  the  points  A  and  A'  the  line  AM 
is  a  minimum.  In  the  mode  of  proof  M.  Bertrand  has  followed 
the  indications  of  Jacobi.  With  respect  to  the  second  part  of  the 
theorem  fil.  Bertrand  thinks  that  it  may  not  be  exact,  and  that 
at  all  events  the  method  of  Jacobi  is  not  competent  lo  decide  tlie 
point.  It  is  in  fact  certain  that  the  general  conditions  found  by 
Legendrc  and  completed  by  Jacobi,  for   diatinguiahing  between 
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mftyima  and  minima  in  problems  which  depend  upon  the  calculus 
of  yariationB  are  sufficient  but  not  necessaiy.  I  have  succeeded 
in  proving  bj  particular  considerations  both  parts  of  Jacobi*s 
theorem.  I  request  permission  from  the  Academy  to  communicate 
my  demonstration,  which  thus  removes  the  difficulties  which  re- 
late to  an  important  question,  and  at  the  same  time  gives  more 
precision  to  the  results  of  my  previous  investigations. 

Let  AMB  be  an  arc  of  a  geodesic  line  which  starts  from  A 
and  ends  at  B.  (The  reader  is  requested  to  make  the  figure  for 
himself.)  Draw  any  line  AMfi  indefinitely  close  to  AMB  and 
having  the  same  extremities.  I  proceed  to  estimate  the  difference 
of  the  lengths  of  AMB  and  AMJB  as  far  as  small  quantities  of  the 
second  order ;  for  this  purpose  I  draw  through  the  different  points 
of  AMB  geodesic  curves  normal  to  AMB,  and  I  denote  in  general 
by  ©  the  portion  of  these  curves  comprised  between  AMB  and 
AM^B.  Suppose  the  element  MN  of  AMB  =  ds,  and  the  corre- 
sponding element  MJf^  of  AMJB  =  cfo^ ;  then 

P  being  the  point  in  NN^  such  that  NP = MM^ .     But 

PN^=--T-  ds  =  w'ds, 

and  M^P  is,  by  a  theorem  due  to  Gauss,  the  integral  of  the  equation 

d^u       u    __ 

which  for  ©  =  0  satisfies  the  conditions  w  =  ds,  -y-  =  0.    Therefore 


^'^=*(^-2^)' 


if  we  neglect  powers  of  a>  above  the  second.     Therefore 

or  more  simply,  to  the  order  of  approximation  which  we  want, 


ds 


1    -     1   »*\ 


^  =  ds(^l+-<o---^) 


Therefore    the  difference  between  AM^B  and  AMB,  that  ia  the 
second  varintion  of  the  integral  ^da,  will  be 


\k^-i>'' 


..(1). 


We  see  imniediatcly  that  if  RE  be  negative  this  second  yaria- 
tion  is  always  positive ;  this  proves  the  first  theorem  which  1  have 
cstahliahed  in  another  manner  in  my  first  note;  in  any  surface  of 
opposiU  curvatures  a  geodtnic  line  is  a  minimum  ihrmighout  ^ 
length. 

Now  let  119  call  p  the  distance  comprised  between  the  line  AJtH 
and  another  geodettic  line  inde6nitely  close  to  it  which  also  Btarte 
from  A,  80  that  we  have 

^^+_£_- 

and  when  a  =  0  we  have  ^  =  0  and  ^  =  the  indefinitely  small  angle 

d0  between  the  two  geodesic  lines;  the  expression  (1)  can  be  put 
in  the  form 

But,  if  p  docs  not  vaniah  within  the  limits  of  integration, 

for  CD  is  zero  at  the  limits ;  thus  the  second  variation  is  reduced  to 

I  conclude  therefore,  tliat  so  long  as 


that  is,   to  a  positive  result, 
e  extremity 


met  by  the  geodesic  line 


beyond  the  point  A'  where  the  line  AMB  is 


^finitely  close  to  it  which  also  starts 


from  the  point  A,  the  arc  AMB  of  the  geodesic  line  is  a  minimum 
between  the  point  A  and  the  point  B;  this  is  the  first  part  of 
Jacobi's  theorem. 
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If  the  point  B  is  beyond  A\  then,  since  m  is  only  subject  to  the 
condition  of  vanishing  at  the  points  A  and  J5,  we  can  take  for  o»  a 
value  which  satisfies  an  equation  of  the  form 

where  Tc  is  real,  and  which  is  such  that  « =  0  and  ^  =  ^  when 
9=0.    This  follows  firom  the  fact  that  in  an  equation  of  the  form 

when  G  is  diminished  continuously  the  roots  of  the  equation  p^O 
increase  continuously,  {p  and  ^retaining  the  same  values  for  «=0). 
We  have  then  for  this  particular  value  of  fl» 

but,  since  ta  is  zero  at  the  limits,  we  have  also 


therefore 


Thus  the  second  variation  of  the  integral  fds  can  become  nega- 
tive, and  the  arc  AMB  is  neither  a  maximum  nor  a  minimum 
between  the  point  A  and  the  point  B  The  second  part  of  Ja- 
cobins Theorem  is  thus  established. 

•  

We  have  said  above  that  when  once  Jacobins  Theorem  is  fully 

demonstrated  we  can  give  more  precision  to  the  enunciation  of  the 
results  contained  in  the  note  of  the  I8th  of  June.  In  fact  we  can 
say  that  if  in  any  convex  BuiiaxiQ  the  product  BR  of  the  principal 
radii  of  curvature  is  less  than  the  constant  a\  the  shortest  distance 
firom  one  point  to  another  upon  the  surface  will  always  be  less 
than  TTO.  Hence  it  follows  that  every  convex  surface  in  which 
the  principal  radii  of  curvature  do  not  become  infinite  is  neces- 
sarily a  closed  surface. 
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loagh  80  many  proofs  have  been  givcQ  of  Jacobi'a 
theorems  that  it  may  appear  superfluous  to  present  others,  yet  the 
following  proofs  are  of  interest  as  they  depend  on  the  prineiplea  of 
the  Calculus  of  Variations  itaelf.  They  were  published  in  an 
article  entitled  Observatiotts  on  Jacobi's  Memoir  on  the  Calculus  of 
VarvUions,  by  E.  Heine,  in  Crelle's  Mathematical  Journal,  Vol.  54, 
1857,  pages  68 — 71.     They  will  occupy  our  nest  two  articles. 

296.  The  propoaitioa  which  Jacob!  published  in  the  17th 
volume  of  Crelle's  Journal  and  which  was  proved  by  Lebesgue  and 
by  Delaunay  in  the  Cth  volume  of  Liouville's  Journal  may  be 
demonstrated  also,  without  much  trouble,  in  the  following  way, 
which  depends  on  very  different  principles. 

Let  A  be  any  given  function  of  x,  u  any  function  of  x,  and 
let  u',  «", ...  denote  the  differential  coefficients  of  u  with  respect 
to  X.     Put 

2Z={-1)"PlM'-'«'"(ir (1), 


where  h*"'  atands  for 


,  then 


hZ={-\Y\Au'^'hu"'dx. 


.,-/. 


Now  by  integrating  by  parts  in  the  ordinary  way  ZZ  can  be 
separated  into  two  portions,  namely,  one  which  is  free  from  the  in- 
tegral sign,  and  which  we  will  call  L,  and  another  portion  which 
remains  under  the  integral  sign,  namely. 

Let  y  denote   any  given  function  of  x,   and   put   u=yt,  so  that 
Su  =  y&t ;  thus 

sz-i+/,£l^ftd. P). 

Now  we  must  obtain  an  equivalent  value  for  iZ  if  we  firat 
pat  yl  for  u  in  (1),  and  then  effect  the  variation;  the_^MTii  how- 
ever of  the  expression  for  iZ  will  differ  from  that  in  (2) ;  and 
this  difference  in  form  accompanied  with  equivalence  of  value  will 
give  a  proof  of  Jacobi's  Theorem, 

21 
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Put  yt  for  u,  then  w***  takes  the  fonn 

where  a,  a,, ...  are  simple  functions  of  y  and  therefore  functions  of 
X.  Thus  -4tt*"*w^**  will  consist  of  a  series  which  we  may  denote  by 
S/S^'**^^*  where  the  indices  m  and  p  may  take  all  values  between  0 
and  n,  and  the  functions  denoted  by  /8  will  be  like  a,  a^ , ... ,  given 
functions  of  x.  Put  this  expression  for  -^u^"'!****  in  (1),  then  we 
shall  shew  that  2^  can  be  put  in  the  form 

2Z=M+j{CjU^  C/t'+  C/r-...±  CjrH'^^)dx (3), 

where  M  contains  no  integral  sign,  and  C7^,  Cj, ...  are  given  func- 
tions of  X. 

For  2  Ifitf^^^dx  consists  partly  of  terms  for  which  m  =jp,  which 

thus  have  already  the  form  in  (3),  and  partly  of  terms  in  which  m 
and  p  are  different.  Suppose  then  p  greater  than  m,  and  first  let 
p=:m+l;  for  such  terms 


and  thus  we  obtain  again  terms  of  the  form  in  (3).  Next  suppose 
2>  —  wi  greater  than  unity ;  then  by  using  the  following  formula 

j/srH'^^dx = pr^i^^^--  jfi'r^fi-'^  dx  -  Ipr^'H^'^  dx, 

as  often  as  necessary,  we  shall  obtain  terms  in  which  the  indices  of 
t  are  either  equal  or  differ  by  unity ;  and  thus  finally  we  obtain 
terms  of  the  form  in  (3). 

Now  take  the  variation  of  ^expressed  as  in  (3) ;  then  by  the 
ordinary  formulae  of  the  Calculus  of  Variations  the  term  in  hZ 
which  remains  under  the  integral  sign  is 
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Tbe  expression  (4)  must  therefore  be  equal  to  the  integral 
in  (2) ;  thus 

The  quantity  G^  is  equal  to  y  — V f  ^ .    For  since  tt=  y<,  we 
have 

thus  the  term  y  — vj;    ^ 

is  the  only  term  which   can  contribute  any  portion  to  C^ty   and 
thus  obviously 

We  can  now  prove  Jacobi's  Theorem. 

where  -4^,  -4 j, ...  are  given  functions  of  x.    Put  t*  =y<  where  y  is  a 
given  function  of  x ;  then  from  what  has  been  proved 

whete  -B„  5„  ...  are  known  fanctions  of  ar,  like  C,,  C,, ...  were. 

thus  when  y  is  so  chosen  that  it  is  an  integral  of  the  differential 
equation  f7=0,  we  have  B^=^0\  and  then 

]yudx-B,t  +— ^-  +  -+    ^.-1    . 

as  Jacobi's  Theorem  asserts. 

Remark.    In  order  practicallj  to  determine  the  values  of  B^, 
B^,  ...  which  do  not  come  into  consideration  in  Jacobi's  memoir, 

21—2 
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the  method  may  be  modified  by  first  integrating  by  parts  and  thus 
xedncing  jAu^^u^^dx  to  ju     K^    ^  dx.  Now  put  fy  for  w,  and  then 

we  havd  to  consider  integrals  of  the  form  Ifitfi^dxy  and  not  as  be- 
fore integrals  of  the  form  ffi^^fi^dx. 

297.  Jacobi  published  another  proposition  in  his  Memoir,  of 
which  Delaunaj  haa  given  a  long  demonstration  in  the  place  already 
named.    This  is  the  proposition ; 

let     J=jf  {x,  y,  y ', . . .  y<"»)  dx, 

then  &/ consists  of  a  part  firee  from  the  integral  sign  together  with 

the  integral  I  VSy  dx,  where 

This  is  well  known;  then  Jacobi  asserts  that  SFmay  be  put  in 
the  form 

^^.ii^....,^:s^.w. <s,. 

f 

We  proceed  to  prove  this.  Let  S  and  0  be  symbols  of  variation 
which  are  independent  of  each  other ;  then  the  double  variation  S  6  J 
will  be  equal  to 

S|/'(y^,3^)(8y«~>«y^+^>Sy^)da? (7), 

where  the  sign  of  summation  refers  to  all  values  of  m  aud^  which 
are  comprised  between  0  and  n.  But  on  the  one  hand  this  expres- 
sion must  be  of  the  form 

L+jSVBydx; 

for  if  we  vary  /with  the  symbol  0  we  should  obtain  an  integrated 
part  and  the  unintegrated  part  I  VOy  dx ;  and  if  we  now  vaiy  the 
result  with  the  symbol  S  we  obtain  for  the  unintegrated  part 
(sveydx. 


Horaorer  the  expression  given  above  for  8  dJ  can  be  put  in 
the  form 

M^\{Aly6y-A^ydy'  +  ...  ±  J,Sy'"%'")  ^ W, 

afl  we  ahall  shew  presently.     Now  by  the  ordinary  method  of 
integrating  by  parts  the  tmintegrated  part  of  the  last  expression  ia 

found  to  be  I  WByAc\  and  thus 

%V=W, 
which  was  to  be  proved. 

We  have  then  only  to  shew  that  8  6J  really  has  the  form  (8). 
The  terms  in  (7)  for  which  m  =y  have  already  the  required  form ; 
suppose  then  p  greater  than  m,  and  first  let  p  =  m  +  1.  Then  it  is 
plain  that  by  single  integration 

is  referred  to  the  form 

If />  be  greater  than  m  +  1,  then  by  single  integration  we  make 


depend  on 


ftod 

and  by  proceeding  thus  wc  shall  ultimately  arrive  at  tlie  form 
in  (8). 

298.  There  is  an  article  by  Minding  entitled,  On  the  trans- 
Jhrmations  which  serve  Jbr  dUtinguUhing  maxima  from  mintma  in 
the  Calculus  of  Variations.  It  was  published  in  Crelle's  Mathe- 
matical Journal,  YoL  &5.  1858,  pages  300—309.     The  object  of 


826  ON  JACOBINS  MEMOIR. 

this  article  is  to  demonstrate  two  theorems  used  in  Jacobi's  memoir ; 
namely,  the  theorem  in  Art.  222  in  the  form  in  which  it  is  given 
in  Arts.  229  and  231,  and  the  theorem  respecting  the  form  of  SF 
in  Art.  223.  The  demonstrations  are  somewhat  complex,  bat  per- 
fectly satisfactory;  as  they  consist  however  almost  entirely  of 
ordinary  algebraical  transformations  it  will  be  unnecessary  to  enter 
upon  them  here. 

299.    We  will  close  this  chapter  by  giving  two  examples  of 
the  investigation  of  a  maximum  or  minimum  value. 

For  the  first  example  we  will  apply  Jacobi's  method  to  the 

expression  /  Vdx  where  F=  fp  +  ^ j  a?  +  (2c  +  cy*)  x.    This  is  in 

fact  the  example  given  on  page  108 ;  the  quantities  which  were  there 

denoted  by  r,  ^,  ^  we  now  denoted  respectively  by  a;,  y,  p.    The 

expression  of  the  second  order  which  determines  whether  there  is  a 
maximum  or  a  minimum  is  here 

fi^x  {Spy  +  2SpSy  +  (cx  +  l)  (%)  j  dx. 

Let  ^  =  ^-^^(^  +  1)' 

therefore  Bfi  =  cxSy  -x-j-lSpi-  ^  j ; 

therefore    |S/8%da?===[ca?(Sy)»d«  -  [a%^(Sp  +  ^)^ 

=  -a%^Sp  +  ^)+||a:(Sp)«  +  2^  +  (ca;+i)  %)jefo. 

Thus  we  see,  since  the  limits  are  supposed  fixed,  that  the  terms 
which  we  have  to  examine  can  be  put  in  the  form  lS/3Sydx;  this 
is  in  accordance  with  Jacobi's  theory. 
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Wow  lB^Sj/dx  =  juB0^<ix,  where  «  is  at  present  undeter- 
mined ;  alao  if  u  be  properly  detennined  we  shall  have 

for  this  only  requires  that 

.(..l)a.-4(.f)  =  -^{„.4(%)}, 

dx  I"*  dx      ^^  dx)  ' 
d  I    dhi\        dhvdtt  ,    d  t   -   du\ 

that  is,  we  madt  have 

"("+j)=s('"l)- 

Sappose  then  that  m  is  taken  to  eatisly  this  differential  equation ; 
tiien  we  get 

neglecting  the  termB  free  from  the  integral  sign,  which  vanish  at 
tlio  limits  if  no  infinite  quantities  occur. 

Now  «  is  such  a  quantity  that  if  put  for  %y  in  8/9  we  get 
S(8s=0;  hence  the  value  of  u  is  known  by  Jacobi's  theory;  see 

Art.  220.     The  value  of  y  which  makes  Z I  Vdx  =  0  is  in  the 

present  case  to  be  obtained  by  finding  -j  from  the  value  of  s  on 
page  108,  and  then  changing  t  into  x.     Thus  it  is 


Aljy--d.+Bljy 


J  (x  sin'  w)  da ; 


and  therefore  the  value  of  u  is  in  the  present  case  of  the  same  form, 
with  A  and  B  replaced  by  new  constants.     The  second  constant 
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must  be  supposed  zero  in  order  that  u  may  not  be  infinite  when 
x^O;  hence  finallj 


ti  =  af  6r«^«»» cos wdoD, 

J  A 


where  a  is  an  arbitrary  constant. 

This  value  of  u  however  vanishes  when  aj  =  0,  so  that  the  ex- 
pression tmder  the  integral  sign  in  the  value  of  I  SfiSydx  becomes 

injiniu  when  x  =  0.  Hence  we  are  not  certain  that  in  this  case  we 
really  have  obtained  a  minimum. 

300.  The  next  example  is  intended  to  draw  attention  to  the 
case  in  which  we  have  to  discriminate  between  the  maximum  and 
minimum  of  a  function  when  the  limits  are  not  fixed.  Writers  on 
the  calculus  of  variations  appear  firequently  to  intimate  that  the 
fact  of  the  limits  being  variable  does  not  really  render  the  problem 
more  difficult ;  this  however  does  not  seem  correct. 

Let  us  consider  the  problem  of  the  brachistochrone  in  which 
the  moving  particle  is  to  pass  firom  one  given  curve  to  another, 
starting  with  an  assigned  velocity.  Take  the  axis  of  x  vertically 
downwards ;  let  A  be  the  height  due  to  the  initial  velocity,  x^  and  x^ 
the  abscissae  of  the  starting-point  and  the  final  point  respectively. 

Then  we  have  to  find  the  minimum  value  of  I     Ydx^  where 

^==  j(Zi     _J  \  ^^^P^'^'    ^®  ®^^^  *^®**  ^^^  problem  in 

what  seems  the  best  way ;  we  shall  attribute  no  variation  to  the 
independent  variable  x  but  shall  obtain  the  requisite  generality  in 
our  formulae  by  changing  the  limits  of  the  integration.  Suppose 
then  that  p  receives  the  variation  Sj?,  and  that  the  limits  x^  and  x^ 
become  respectively  x^  +  dx^  and  x^  +  dx^.  In  consequence  of  the 
change  injp  and  x^  a  change  takes  place  in  F,  and  to  the  second 
order  F  becomes 


AN   EXAMPLE. 


Hence  the  variation  of  the  integral  ia 

r*,  +  ir,  rr, 

Vdx-       Vdn 


tlie  limits  in  the  last  line  being  a;,  +  tic,  and  a;,  +  db,. 

Now  we  observe  that  if  in  an  integral  |     tf>(x)dx  the  Qpper 
limit  ia  increased  by  (ir,  the  integral  ia  increased  by 

to  the  second  order ;  and  if  the  lower  limit  ia  increased  by  dx^  the 
integral  is  diminished  by 

to  the  second  order.     Thos  the  above  variation  becomes  to  the 
second  order 


/r;"^-^^-*'f* 


dpdx^ 


^^^^idx^y^dx, 


dV 


the  suffixes  1  and  2  indicate  that  x  is  made  eqnal  to  ar,  and  a:, 
resjjec  lively. 

By  reducing  the  second  of  the  above  three  lines  the  variation 
becomes  to  the  second  order 

F,  da;,  -  F.  (ic,  +  i  F,'  (<iej'  -  ~  V;  {dx^f 


330  ON  JACOBfS  MEMOIR. 

CdV 

The  term  I  -r-  Spdx  of  the  variation  becomes  by  integration 
by  parts 

dV 
Hence  we  infer  that  we  must  have  -y-  eqnal  to  a  constant,  in 

orfer  to  obUiB  .  aini„.„.  * 

We  have  now  to  examine  the  remaining  terms  of  the  variation. 
We  shall  first  transform  Sy,  and  5y^. 

Suppose  y  =  X  (a?)  the  equation  to  the  upper  limiting  curve,  and 
y  =  '^(x)  the  equation  to  the  lower  limiting  curve.  Then  the 
co-ordinates  x,,  y,  satisfy  the  latter  equation,  and  so  also  must  the 
co-ordinates  of  the  new  extreme  point  which  is  obtained  by  changing 
the  curve  and  the  limits.  The  abscissa  of  the  new  extreme  point 
is  a?,  +  c&, ;  the  ordinate  of  the  new  extreme  point  will  be  found 
by  changing  a?,  into  x^  +  da?,  in  the  function  y,  +  Sy,,  so  that  it 
will  be 

in  which  we  must  suppose  x  put  equal  to  x^.    Thus  to  the  second 
order  the  ordinate  in  question  is 

and  this  must  be  equal  to  '^(a;, +  &;J  estimated  to  the  second 
order.    Hence  we  get 

A  similar  expression  holds  for  Sy^. 

With  these  values  of  Sy^  and  Sy^  we  shall  find  that  the  variation 
reduces  to  the  following  terms  of  the  first  order, 

®.{*'<^>-i}.^.-(f).{'^(-)-i},*. 

'»dV 
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together  with  the  following  terms  of  the  second  order, 

The  interpretation  of  the  terms  of  the  first  order  is  well  known, 
but  we  will  give  it  here  to  render  our  investigation  complete. 

Equate  to  zero  the  coefficient  of  dx^i  thus 

dV 
Bubstitate  the  values  of  Fand  --r- ,  and  we  obtain 

f  Pir'{x)  +  l  \ 

Thus  {p^'{x)  +  1},  =  0,  which  shews  that  the  curve  described 
cuts  the  lower  limiting  curve  at  right  angles. 

Next  equate  to  zero  the  coefficient  of  dx^;  thus 

Now  -T—  =  — — — *      , ,  and  by  supposition  -r-  is  equal  to 
d^x     2{A  +  a?-a;J*  J       trr  dp       ^ 

a  constant,  that  is  -ttt sr-^r \  =  "7~  ^7 1 

hence  0*  = y -^— ,   l+p"= y . 

-^      a  — A  — aj  +  a:/         ^      a— A  — a?  +  a?i 

Thus  '^^  ^" 


^^^i     2(a-A-a+a!,)*(A  +  a!-a;,)*' 
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and  (i^dx-     V(«-*-«+a>.) ?_. 

Hence  ("^^  =  .^(1.1). 

Thus  our  equation  1)6001X168 

Va        1^1  va      va  \p%    PiJ 

Therefore  ^'  (ajJi?,  +  1=0,  and  thus  the  tangents  to  the  limiting 
curves  at  the  points  where  the  described  curve  meets  them  are 
parallel. 

We  have  now  remaining  in  the  variation  only  terms  of  the 
second  order;  by  reduction  they  become 

Kf).K'«>-S}.('^^--l©.k">-S},<^- 

Now  it  is  by  no  means  evident  that  the  above  expression  is 
necessarily  positive,  so  that  we  are  not  sure  of  the  existence  of  a 
minimum  as  asserted  by  Legendre ;  see  Art.  203.  Nor  do  Jacobi's 
investigations  give  us  here  any  assistance.  The  above  expression 
shews  that  cceteria  jparibtis  the  suppositions  that  y^"  {x^  is  positive 
and  that  x'{x^)  is  negative  are  favourable  to  the  existence  of  a 
minimum.  This  makes  the  lower  limiting  curve  convex  to  the 
axis  of  X  and  the  upper  limiting  curve  concave  to  the  axis  of  x  at 
the  points  where  the  described  curve  respectively  meets  them;  and 
it  is  obvious  from  a  figure  that  these  circumstances  are  favourable 
to  the  existence  of  a  minimum. 


+  2 


CHAPTER    XII. 

MISCELLANEOUS   MEMOIES. 


oOl.  The  present  chapter  contains  an  account  in  clironological 
order  of  various  articles,  memoirs,  and  treatises,  connected  with  the 
Calculus  of  Variations. 

302.  Poisaon,  Mdmoires  de  rinstitut,  1812,  page  224. 
Foisson  here  finda  the  differential  e<juation  to  the  surface  of  con- 

atftnt  area  which  makes  llv'(l  +i''  +  2'}  \~ +~.)  dx(fi/  a  minimum, 

where  p  and  ^' are  the  principal  radii  of  curvature  at  the  point  (a;,  ^,z} 
of  the  surface.    He  adds  that  the  equation  obtained  would  alao  be 

obtuned  if  we  required  that  1/^(1  +p'  +  ^{ ;)  dxdy  should 

be  a  miaimmn,  orthatl  IV(l  +p*  +  ^  ["•"''  "'»)*^''y  should  be  a 

minimum :  for  |  IS  — S — ~  dx  dy  vanishes,  so  far  as  the  terms 

JJ  pp 

imder  the  sign  of  double  integration  are  concerned.  There  are 
two  misprints  in  Poisson's  remarks,  but  there  can  be  no  doubt 
that  liifl  meaning  is  what  we  have  here  given. 

303.  Eodrigue.  Bulletin  des  Sconces  par  la  SocUU  Philo- 
mali^ue  de  Parts,  1815,  pages  34 — 36. 

This  paper  is  on  certain  properties  of  double  integrals  and  of 
the  radii  of  curvature  of  surfaces.     It  is  stated  that  the  variation 

of  the  double  integral  /m  [p,  q)  (rt  — «*)  dxdi/  contains  only  lerma 


334  POISSON.      CHOISY. 

relative  to  the  limits.  This  may  be  verified  without  much  diffi- 
culty ;  that  is,  we  can  shew  that  the  part  of  the  variation  under  the 
double  integral  sign  is  identically  zero.  Hence  we  see  that  this 
statement  is  an  extension  of  that  quoted  in  the  preceding  article 
from  Poisson. 

304.  Poisson.  Btdletin  des  Sciences  par  la  SoctStS  PhUoma- 
tique  de  Paria^  1816,  pages  82 — 86. 

This  paper  is  on  the  Calculus  of  Variations  with  respect  to 
multiple  integrals.  Poisson  refers  to  the  difficulty  which  Lacroix 
had  found  in  the  variation  of  a  double  integral,  which  led  him  to 
infer  that  hx  must  be  supposed  a  function  of  x  only  and  Zy  a  func- 
tion of  y  only ;  see  Art.  40.  Lagrange  adopted  the  same  hypothesis 
as  sufficient  for  his  purpose  without  asserting  its  necessity;  see 
MScanique  Analytique,  3rd  edition,  Vol.  I.  page  92.  Poisson  re- 
moves flie  difficulty  by  giving  the  correct  expressions  for  hz'^  &^, ... 
instead  of  those  given  by  Lacroix.  The  substance  of  this  paper 
was  given  by  Lacroix  in  his  third  volume,  pages  717 — 720 ;  and  it 
was  afterwards  incorporated  by  Poisson  in  his  memoir  on  the  Cal- 
culus of  Variations,     See  Art.  102. 

305.  Choisy.  Essai  Historique  sur  le  prohlhne  des  nuucimums 
et  minimums  et  sur  ses  applications  h  la  mScanique  par  J,  D,  Choisy^ 
Geneva,  1823. 

This  work  consists  of  66  quarto  pages.  It  is  divided  into  two 
parts,  llie  first  part  is  on  the  abstract  problem  of  maxima  and 
minima ;  this  contains  five  chapters;  (1)  Preliminary  considerations, 
(2)  Elementary  and  synthetical  methods,  (3)  Analytical  methods 
up  to  those  of  the  Bemouillis  inclusive,  (4)  Methods  of  Euler,  (5) 
Methods  of  Lagrange.  The  second  part  is  on  the  applications  of 
the  theory  of  maxima  and  minima  to  Mechanics ;  this  contains  six 
chapters ;  (1)  On  the  use  of  indeterminate  coefficients  in  the  appli« 
cations  of  the  Calculus  of  Variations  to  Mechanics,  (2)  On  the 
principle  of  least  action,  (3)  On  the  Cycloid,  (4)  On  the  Catenatji 
(5)  On  elastic  curves,  (6)  On  equilibrium. 

At  the  end  of  the  work  is  a  list  of  authors  on  the  subject ;  thid 
list  does  not  seem  to  contain  anything  of  importance  in  addition  to 
the  usual  references. 
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The  present  writer  has  never  seen  Choisy's  work ;  for  the  above 
notice  of  it  lie  is  indebtol  to  a  frientl,  who  nt  hia  request  examined 
the  copy  in  the  Bodleian  Library  at  Oxford. 

306.  C.  H.  GraeflFe.  CommentaU'o  Hisioriam  Calculi  Variee- 
tuMum  inde  ab  ortgine  Calculi  Differ enlialie  atque  Intcgralia  uaqua 
ad  nostra  temjiOra  comphctem. 

This  essay  obtained  a  prize  from  the  Univeraity  of  Gottingen 
in  1825;  the  adjudicators  however  state  that  it  is  defective  in 
giving  so  little  information  on  tlio  more  recent  investigations  re- 
lating to  the  Calculus  of  Variations,  The  author  in  his  preface 
stales  his  intention  of  going  further  into  the  subject  la  a  future 
essay ;  this  intention  however  does  not  appear  to  have  been  ever 
carried  out. 

The  essay  occupies  60  quarto  pages ;  it  traces  the  history  of  the 
subject  from  its  origin  until  the  time  of  Lagrange.  The  essay  thus 
goes  over  the  same  ground  as  the  well-known  work  of  Woodhouae. 
It  is  however  not  bo  full  as  the  work  of  Woodhouse ;  it  sometimea 
merely  states  that  certain  results  were  obtained,  without  explaining 
the  method  by  which  they  were  obtained. 

The  essay  does  not  bear  up^m  the  subject  of  the  present  volume, 
because  it  scarcely  alludes  to  anything  after  the  works  of  La- 
grange. A  few  lines  are  given  to  Dirksen,  a  few  to  Ohm,  and  a  few 
to  Buquoy ;  the  latter  two  are  not  highly  estimated  by  Graeffe. 
Thus  he  says :  "  Conntus  quos  Ohm  ad  hunc  calculum  atabilieudum 
publicavit  parvi  momenti  sunt,..,"  and  "...  ad  calculi  variationum 
principia  fundanda  Comitem  de  Buquoy  etiam,  qnanquam  frustra, 
vires  tentasse ;  non  eat  tameu  meum  propositum  hos  conatus  scien- 
tiam  non  augcntcs  accurate  ex plicare."  Oraeffe  refers  to  Lacroix  in 
the  following  terms:  "...inlet  coa  qui  libros  quJbua  doctriniQ 
matheseos  exponuntur  jHirscripserunt,  Lacroix  calculum  variationum 
diligentissime  tracfasse." 

These  extracts  are  all  taken  from  tlie  last  two  pages  of 
Graeffc'a  work.  The  present  writer  has  never  seen  the  work  of 
Buquoy  to  which  Graeffe  refers;  its  title  api>ear3  to  be  Eine 
tigene  DurgleUung  d'-r  Onindlehren  der  Vnriaiiotii-rechnung,  and 
the  date  1812  is  ascribed  to  tt  in  a  bookseller's  catulogue. 
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307.  Minding,  Grelle's  MathemcUical  Journal,  Vol,  5,  pages 
297—304,  1830.  This  article  ia  entitled  On  curves  of  shortest 
perimeter  on  curved  surjuces;  it  contiiina  a  discussion  of  a  problem 
proposed  in  the  third  volume  of  Crelle's  Journal  by  Crelle  himself. 
The  problem  13  to  find  the  shortest  curve  which  can  be  drawn  on 
a  given  surface  so  as  to  include  a  given  area.  Minding  obtains 
the  following  results.  If  the  given  surface  be  a  sphere  the  required 
curve  is  a  plane  curve,  and  therefore  a  circle.  He  obtains  the  re- 
quired curve  when  the  surface  is  a  right  cone.  He  remarks  that 
if  the  surface  be  any  developable  surface,  the  required  curve  most 
be  such  as  will  become  a  circle  when  the  surface  is  developed; 
tliis  follows  from  the  known  fact  that  of  all  plane  figures  a  circle 
is  that  of  least  perimeter  which  bounds  a  given  plane  area. 

Minding  also  establishes  the  following  result.  Whatever  bo 
the  surface  the  curve  required  has  this  property;  the  cosine  of  the 
angle  between  tlie  osculating  plane  of  the  curve  at  any  point  and 
the  tangent  plane  of  the  surface  at  that  point  la  proportional  to 
the  radius  of  curvature  of  the  curve  at  that  point.  This  property 
htis  since  been  proved  by  other  writers  wlio  Lave  discussed  the 
problem,  namely,  Delaunay,  Bonnet,  Jellett,  and  Schellbach. 

The  last  five  pages  of  the  article  are  occupied  with  an  investi- 
gation respecting  another  property  of  the  curve ;  Minding  appears 
to  have  here  fallen  into  an  error,  and  some  detail  will  be  required 
to  illustrate  the  point. 

A  geodesic  line  is  a  curve  drawn  on  a  surface  so  that  at  every 
point  its  osculating  plane  contains  the  normal  to  the  surface  at 
that  point.  Now  suppose  a  series  of  geodesic  lines  starting  from 
a  common  point  on  a  surface,  and  let  a  series  of  curves  be  drawn 
cutting  these  geodesic  lines  at  right  angles.  The  latter  curves 
may  be  called  geodesic  circles,  because  it  can  be  proved  that  the 
length  of  the  geodesic  line  drawn  from  the  common  starting-point 
to  any  point  of  one  of  these  curves  ia  constant.  This  property  of 
a  geodesic  circle  from  which  its  name  is  derived  is  proved  by 
Minding,  although  he  does  not  use  this  name.  The  name 
is  used  in  Price's  Infinitesimal  Calculus,  Vol.  II.  and  the  pro- 
perty is  there  proved;   see  also  Bonnet's  Memoir  on  the  general 


I  tkfloiT'  of  snrhces  in  the  Journal  de  VEcole  Pol^techrnqtu,  Gahier 
82,  page  74. 

The  property  then  which  Minding  considers  that  he  proves  is 
that  the  cnrve  of  least  perimeter  which  can  be  drawn  on  a  given 
snrface  so  as  to  inclade  a  given  area  is  &  geodesic  circle.  This  U 
in  fact  true  for  any  developable  surfitce  in  virtue  of  the  remark 
already  made ;  but  it  does  not  appear  to  be  generally  true.  It  is 
however  remarkable  that  Bonnet  and  Schellbach,  who  both  seem  to 
allude  to  Minding's  solution,  take  no  notice  of  this  part  of  it. 

We  will  indicate  the  grounds  for  considering  this  part  of 
Minding's  article  to  be  erroneous.  Let  p  be  the  radius  of  curvature 
at  any  jKiint  of  the  required  curve,  9  the  angle  which  the  osculating 
plane  at  any  point  of  the  curve  makes  with  the  tangent  plane  to 
the  surface  at  that  point.     Then  the  characteriatic  property  of  the 


required  curve  is  that  - 


=  a  constant.    If  then  Minding's  result 


were  correct  it  would  follow  that  this  property  must  necessarily 
belong  to  a  geodesic  circle.  Suppose,  for  example,  that  we  consider 
an  ellipsoid ;  let  the  semiaxes  be  a,  i,  c  in  descending  order  of  mag- 
nitude ;  and  suppose  we  require  the  curve  of  Icaat  perimeter  which 
can  be  drawn  on  the  surface  so  as  to  enclose  an  area  equal  to  half 
that  of  the  ellipsoid.  It  would  appear  obvious  that  the  required 
curve  must  in  thia  case  be  the  ellipse  which  has  h  and  c  for  its 


eince  cos  6=^0,  and  it  encloses  an  area  equal  to  half  that  of  the 
eUipsotd.  It  is  however  also  obvious  that  thia  curve  cannot  be 
a  geodesic  circle,  for  if  it  were,  the  pole  of  the  circle  must  be  the 
extremity  of  tlie  longest  axis  of  the  ellipsoid,  and  the  lengths  of 
geodesic  lines  from  this  point  to  the  ellipse  in  question  are  not  all 
equal. 

We  will  however  examine  Minduig's  solution.  Let  a  series  of 
geodesic  lines  be  drawn  on  a  given  surface  all  starting  firom  a  fixed 
point.  Let  s  denote  the  length  of  a  jiortion  of  one  of  these 
measured  from  the  fixed  point,  ^  the  angle  which  the  selected 
geodesic  line  makes  at  starting  with  some  fixed  line  on  the  surface; 

22 
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thus  8  and  ^  serre  as  co-ordinates  to  determine  a  point  on  the 
snrfjAce. 

Now  let  <f>  be  such  a  function  of  s  and  -^  that  (fxJy^  represents 
the  length  of  an  element  of  the  geodesic  circle  which  passes  through 
the  point  («,  y^) ;  then  ^  will  he  a  known  function  because  the 
surface  is  supposed  a  given  surface.  With  this  notation  it  will 
readily  foUow  that  the  length  of  the  perimeter  of  any  curve  is 

expressed  by  the  integral  |V0*(rf^)'  +  ((&)'  between  suitable  limits; 

and  the  area  of  the  enclosed  surface  is  expressed  by  ll^^c& 

between  suitable  limits.  Hence  by  the  usual  considerations  we 
have  to  find  the  minimum  of 

where  2  is  a  constant. 

Minding  then  proceeds  thus.  We  have  for  determining  the 
curve  of  shortest  perimeter  the  equation 

AS  [V0«(rfi|r)*+  (&)«+  8Jj<t>dylrd8  =  0. 

For  brevity  put  dl^^<f}^{dylry+{d8y,  and  suppose  that  only  -^ 
varies  since  it  is  known  that  the  two  equations  which  are  obtained 
by  varying  s  and  -^  must  coincide ;  thus  we  obtain 

this  gives  the  following  as  the  diflferential  equation  of  the  curve  of 
least  perimeter, 

This'  equation  will  be  satisfied  by  the  supposition  ds^O,  as  it  is 
easy  to  see.    For  it  follows  from  this  supposition  that  dP=  i>d'^y 

so  that  the  differential  equation  becomes  (^j  dy^  —  (^  =  0,  and 

this  is  identically  true,  whether  ^  depends  on  '^  or,  as  in  some 
cases  may  happen,  is  independent  of  '^^    .. 


AM 

This  is  Minding's  process.  It  appears  from  this  process  that 
when  we  take  the  variation  of  the  proposed  cspressioQ,  the  term 
lemaining  under  the  integral  aign  is 

Hence  the  equation  for  determining  the  required  curve  is  ' 

Minding  in  effect  multiplies  the  czpiession  on  the  left-hand  side 
of  this  equation  bj  -5-7  ,  and  then  puts  -tt  =  0  as  a  solution.  This 
ia  of  course  unsound. 

Wc  may  put  the  aolution  in  a  slightly  ditferent  form.  Minding 
really  takes  a  as  the  independent  variable ;  it  ia  however  more 
natural  to  take  ^  as  the  independent  variable.  The  double  integral 
jjtjjtlilrdg  may  be  reduced  to  a  single  integral  by  supposing  the 
integration  jiftds  effected;  denote  j<f>ds  by  v,  where  v  will  be  s 
function  of  a  and  '^.     We  Lave  then  to  find  the  minimum  of 

lience  in  the  usual  way  we  obtain 


*  -Z^^'  "V^-H.^)' 


Now  this  eqoatioQ  cannot  be  generally  satisfied  by  supposing 
-TT  =  0;  for  this  supposition  leads  'o  x  +  *  ^  ~^'  *^**  ^' 
^  +  h  -^  =  0;  and  eincc  ^  is  a  function  of  s  and  -^  this  equation 

connects  »  anJ  ^,  and  shcwB  that  «  is  a  function  of  ^,  so  that 

d>  .        . 

•YT  18  not  zero. 
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308.  Qflldsclimidt.  Determtnatio  superficiet  minimm  rotaiume 
eurtxE  data  duo  puncUi  JuTU/entis  circa  datum  axem  orUe.  Auclore 
Benjamin  Goldsclimldt.     Gottingen,  1831. 

This  esaay  obtained  a  prize  from  the  university  of  Gottingen  in 
1831 ;  it  occupies  32  quarto  pages.  The  prnblein  discussed  is  to 
find  the  curve  joining  two  given  points  which  by  revolving  round 
ft  given  axis  will  generate  a  miuimura  surface.  The  problem  is 
solved  in  three  different  ways  by  using  different  formula  for  the 
area  of  a  aurfacc  of  revolution,  and  the  result  is,  as  is  well  known, 
that  the  surface  is  in  general  that  obtained  by  the  revolution  of  a 
catenary  round  its  base.  Tlie  author  then  investigates  the  pos- 
Bibility  of  drawing  a  catenary  which  shall  hare  a  given  base  and 
pass  through  two  given  points.  The  conclusion  is  thai  sometimes 
two  BUch  catenaries  can  be  drawn,  sometimes  only  one,  and  some- 
times no  catenaiy.  When  no  catenary  can  be  draKra  it  is  inferred 
that  the  surface  consists  of  two  planes  formed  by  the  revolution 
round  the  axis  of  the  perpendiculars  from  the  given  points  on  the 
axis;  these  planes  may  be  supposed  connected  by  means  of  the 
portion  of  the  axis  which  tlicy  intercept  between  them.  There 
is  no  investigation  of  the  terms  of  the  second  order  to  shew  that  a 
minimum  really  is  obtained. 

In  the  course  of  the  essay  some  interesting  properties  of  the 
catenary  are  noticed ;  thus  on  page  1 7  is  given  a  simple  geometrical 
method  of  drawing  a  tangent  to  a  catenary ;  on  page  18  it  is  shewn 
that  all  the  curves  formed  by  varying  the  parameter  c  in  the  equa- 
tion 2y  =  c  {e°  +  e  ')  touch  two  straight  lines  passing  through  the 
origin ;  on  page  26  is  given  a  simple  geometrical  method  of  deter- 
mining the  vertices  of  the  two  catenaries  which  have  a  given  axis 
and  pass  through  two  points  equally  distant  from  that  axis. 

A  short  account  of  Goldschmidl  will  be  found  in  the  Momhly 
Notices  of  the  Ro^al  Astronomical  Society.  Vol.  12,  page  84. 

309.  Poisson.  Grelle's  Matheviatical  Journal,  Vol.  8,  pages 
861,  362.     1833. 

This  article  is  entitled  Note  on  the  surface  of  tchieh  the  area 
ietween  given  limits  is  a  minimum.    We  give  a  translation  of  it. 
One  of  the  first  applications  which  Lagrange  made  of  the  Cal- 
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culua  of  Variations  was  to  determine  tlie  surface  of  which  the  area 
between  given  limits  is  a  minimum.  This  was  a  very  favonrablo 
example  for  shewing  the  advantage  of  hia  new  calculus  over  the  in- 
genious mctho^ls  which  had  preceded  it;  for  it  would  have  been 
difficult  to  extend  these  methods  to  tlie  maxima  and  minima  of 
double  integrals,  and  therefore  to  questions  concerning  surfaces. 
The  eqtiation  which  Lagrange  found  is,  as  ia  well  known,  a  partial 
differentia!  equation  of  the  second  order.  Monge  integrated  it  in 
a  finite  form,  but  by  considerations  which  appeared  inadmissible, 
and  which  gave  rise  to  long  discussions  between  him  and  Laplace. 
Logendre  afterwards  obtained  the  same  integral  by  a  transforma- 
tion applicable  to  a  large  class  of  equations  of  the  second  order, 
BO  that  no  doubt  remained  as  to  the  correctness  of  the  result. 
(Lacroix,  Differential  and  Integral  Calculus,  Vol.  2,  page  622.) 
Unfortunately  no  advantage  could  be  drawn  from  this  integral, 
which  invoUed  imaginary  quantities  and  was  expressed  by  a 
system  of  three  equations  between  two  auxiliary  variables  and  the 
ciurent  co-ordinates  of  the  surface.  But  besides  the  difficulty 
which  results  from  this  form  of  the  general  integral,  in  which  it 
appears,  to  say  the  least,  very  difficult  to  determine  the  arbitrary 
functions,  there  is  another  dilHculty  arising  from  the  number  of 
these  functions  which  the  question  can  admit. 

In  fact  the  problem  of  a  minimum  area  comprises  two  dis- 
tinct questions ;  either  two  closed  curves  are  given  and  we  require 
to  connect  them  by  a  zone  of  surface  of  which  the  area  shall  be 
the  least  possible,  or  ulse  only  one  closed  curve  is  given  and  we 
have  to  find  a  surface  such  that  the  area  of  the  portion  bounded 
by  this  curve  shall  be  a  minimum.  WTien,  for  example,  an  aper- 
tnro  is  made  in  the  surface  of  a  vessel  which  contains  a  fluid,  the 
area  of  the  surface  by  which  we  must  multiply  the  velocity  and  the 
time  of  the  movement  in  order  to  calculate  the  volume  of  the  fluid 
discharged  ia  precisely  the  minimum  area  corresponding  to  the 
second  case  of  the  problem,  which  thua  presents  a  useful  application. 

In  the  first  case  the  question  and  the  complete  integral  which 
has  been  found  have  the  same  degree  of  generality,  and  the  two 
given  curves  determine  implicitly  the  two  arbitrary  functions  which 
this  integral  includes.     In  the  second  case,  on  the  contrary,  the 


given  curve  can  only  serve  to  determine  one  arbitraryt 
One  of  these  fimctiooa  will  then  remain  nndctcrmined,  and  the 
integral  will  thus  have  more  generahty  than  the  question  which 
it  serves  to  solve.  If  the  given  curve  is  plane  the  surface  required 
ia  the  plane  of  this  curve.  If  it  is  a  curve  of  double  curvature  this 
surface  is  not  known  A  priori,  but  it  ought  to  be  some  definite 
single  surface,  and  the  problem  is  not  solved  so  long  as  there 
remains  anytliing  undetermined  in  the  equation. 

In  order  to  resolve  this  difficulty  I  have  considered  specially 
the  case  in  which  the  required  surface  does  not  deviate  much  from 
a  given  plane.  By  putting  the  integral  of  the  partial  differential 
equation  under  a  form  which  differs  from  that  hitherto  used,  I  have 
found  that  the  expression  of  one  of  the  current  co-ordinates  as  a 
function  of  the  other  two  contains  terms  which  become  infinite  at  a 
point  of  the  minimum  area,  in  the  second  of  the  two  cases  of  the 
problem ;  and  these  must  be  Bupprcssed  as  foreign  to  the  problem. 
In  the  first  case  these  terms  retain  a  finite  value  through  the  whole 
extent  of  the  zone  of  surface  which  ia  to  be  determined,  so  that 
while  they  are  to  be  suppressed  in  the  other  case  they  are  to  be 
retained  in  this.  By  this  means  the  expression  for  the  ordinate 
of  any  point  of  the  surface  has  in  each  case  the  degree  of  gene- 
rality which  the  question  requires.  Then,  by  the  method  which  I 
have  used  in  other  memoirs,  all  the  arbitrary  quantities  which 
enter  into  this  expression  are  determined,  by  means  of  the  two 
limiting  curves  of  the  minimum  zone  in  the  first  case,  and  by 
means  of  the  single  curve  which  bounds  the  minimum  area  in  the 
second  case. 

In  this  manner  the  solution  of  the  problem  is  completely 
finbhed  in  the  two  parts  which  it  presents,  and  which  form  two 
distinct  questions  with  reference  to  the  determination  of  the  arbi- 
trary functions,  although  they  depend  upon  the  same  differential 
equation. 

The  Memoir  from  which  this  note  is  extracted  will  appear  in 
another  number  of  this  Journal. 

[The  memoir  in  question  seems  never  to  have  been  published.] 

310.  Pagani.  Crelle's  Mathematical  Journal,  Vol.  15,  pagea 
84—99,  1836. 
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This  Brticle  is  entitled  Bolutioa  of  a  problem  relating  to  the 
CeJculus  of  Variations.  The  problem  <xins!deied  ia  that  which  waa 
Bolved  by  Gauss;  see  Chapter  in.  Before  considering  tiie  problem 
I'agftni  gives  a  brief  investigation  of  the  variation  of  a  multiple 
integral.  He  arrives  at  the  formula  contained  in  Oatrogradsky'B 
Memoir;  see  Art.  128.  lie  then  gives  some  remarks  on  the  inte- 
gration of  the  expresaions  when  the  number  of  the  variables  does 
not  exceed  three.  The  Memoir  contains  nothing  that  will  not  be 
fonnd  in  Oatrogradaky,  and  from  its  brevity  it  would  be  difficult 
for  a  student  who  had  not  access  to  other  works  on  the 
subject. 

311.     Bjorling.      CakuU  Variatumum  IrUegredtum  Duplicium 
.  Exereitalionts.     Auciore  Em.  Gahr.  Bjorling.    Upsal,  1842. 

This  treatise  contains  57  quarto  pages.  The  author  refers  to 
the  memoirs  by  Poiason  and  Oatrogradaky,  and  expresaea  hia 
surprise  that  neither  of  these  mathematicians  applied  his  general 
formulre  to  the  question  of  determining  the  surface  of  minimum 
area.  He  proposes  to  consider  this  problem.  He  gives  by  way 
of  introduction  an  investigation  of  the  variation  of  a  doable  inte- 
gral, with  some  remarks  on  the  limiting  equations  which  must  be 
satisfied  in  order  that  the  variation  may  vanish,  Tliia  part  of  tha 
treatise  ia  taken  from  Oatrogrodsky.  Tiiis  introductory  part  occu- 
pies the  first  19  pages. 

The  author  then  proceeds  to  the  problem  of  the  surface  of 
minimum  area,  and  he  arrives  at  tlie  well-known  result  that  each 
a  surface  must  be  determined  from  the  equation 
(1 +/»•)(- 2pjs  +  (1  -I- j")  r  =  0, 
wliete  the  usual  notation  is  adopted.  Before  considering  Uiia  equation 
generally  he  gives  two  special  examples  in  which  it  is  satisfied ;  one 
example  is  a  surface  of  revolution,  and  the  other  a  ruled  surface.  The 
diacuasion  of  these  examples  occupies  pages  20 — 28.  Then  pages 
29 — 50  are  devoted  to  the  solution  of  the  general  partial  differ- 
ential equation  given  above.  Bjorling  quotes  Monge'a  solution; 
but  by  means  of  transfonuing  the  variables  he  obtains  the  solution 
under  another  form,  which  he  considers  more  aaitable  than  that  of 
Monge  when  we  have  to  determine  the  arbitrary  fanctions  involved. 


The  author  refers  for  Monge's  solution  to  Monge'a  Aj^icatuiiiii 
V Analyse  h  la  O^mitrie,  and  to  Lacroix,  TrailS  du  Calc.  Diff.  et 
Integ.  Vol.  2,  page  630.  Monge'a  result  is  also  established  in 
De  Morgan's  Differentiul  and  Integral  Calculus,  pages  473,  474. 

The  last  seven  pages  of  the  treatise  form  an  appendix  in  which 
the  author  briefly  diacusaea  a  particular  case  of  the  problem  of 
determining  a  solid  which  has  a  maximnm  volume  while  the  area  of 
the  surface  ia  given. 

It  will  be  seen  from  this  account  of  the  treatise  that  it  con- 
tains very  little  which  strictly  belongs  to  the  Calculus  of  Variations ; 
in  fact  it  should  rather  be  considered  as  an  essay  on  the  integration 
of  the  partial  diiFerential  equation  given  above.  We  may  observe 
that  tlie  part  of  the  treatise  which  relates  to  the  integration  of  the 
equation  is  reproduced  by  the  author  in  an  article  in  Gninert's 
Archiv  der  Mathmatik  und  Phytik,  Vol.  4,  pages  290 — 315,  1844. 

The  following  four  points  of  interest  may  be  noticed  in  the 
treatise. 

(1)  The  author  before  considering  the  general  problem  tates 
the  caae  of  a  surface  of  revolution ;  he  then  arrives  at  the  known 
result  that  the  surface  must  be  that  which  is  formed  by  the 
revolution  of  a  catenary  round  its  base.  Supjwslng  that  the 
surface  is  to  connect  two  given  circles  which  have  their  planes 
perpendicular  to  the  axis  of  revolution  and  their  centres  on  this 
axis,  he  obtains  equations  for  determining  the  constants  involved 
in  the  equation  to  the  catenary.  He  then  asserts  that  the  surface 
thus  obtained  is  that  which  has  the  minimum  area  out  of  tM 
possible  surfaces  that  can  be  drawn  so  as  to  connect  the  two  given 
circles,  and  not  merely  the  minimum  area  ont  of  all  surfaces  of 
revolution.  He  docs  not  explain  this  remark.  Perhaps  he  means 
that  we  are  first  to  conclude  that  in  the  case  considered  the  surface 
must  be  one  of  revolution ;  suppose,  for  example,  we  divide  it  into 
two  parts  by  a  plane  containing  the  axis,  then  if  the  two  parts  are 
not  symmetrical  one  of  them  will  generally  be  of  greater  area  than 
the  other,  we  can  then  replace  the  part  which  has  the  greater  area 
by  a  part  symmetrically  equal  to  the  other  part,  and  thus  obUin 
a  less  total  area  than  that  which  was  assigned  as  the  minimum. 


bjSrling.  MB 

Or  pe^ftps  the  anthor  argues  that  oa  the  anrbce  of  rerolntioD 
wliich  he  haa  obuined  satisfiea  the  general  partial  differential 
cqtiation  of  the  problem,  and  also  satisfies  the  limiting  conditions, 
it  must  be  the  aurface  retiuired. 

(2)  BjSrling  diacussea  another  particular  example  before  con- 
sidering the  general  e<"iuatio!i,  namely,  among  all  surfaces  which 
can  be  formed  by  the  motion  of  a  straight  line  which  always 
remains  parallel  to  a  fixed  plane,  to  determine  that  of  minimum 
area. 

Take  the  plane  of  (x,  y)  aa  that  to  which  the  generating  line 
ia  always  to  be  parallel ;  then  we  have  to  find  a  relation  between 
X,  y,  and  z,  so  that  the  following  partial  differential  equations  may 
be  sBtiafied, 

j*r  —  'ipqa  +p*t  =  0, 

il+p*)i~  ^pqa  +  (I  +  y^  r  =  0. 
The  result  ia 

IT  —  a  =  (y  -  i)  tan   -,—  . 

This  KXvXt  is  however  more  general  than  appears  from  BjSrling's 
treatise.  It  has  heen  shewn  by  Catalan  that  out  of  all  niled  sur- 
faces tLe  surface  determined  by  the  equation  just  given  is  the  only 
one  which  satisfies  the  condition  for  a  minimum  area;  see  Liou- 
ville'a  MalliematicalJournal,  Vol.  7,  pages  203— 2U,  1842.  This 
theorem  is  also  proved  by  Bonnet  in  the  Journal  de  TEcole  Poly- 
technique,  Cahier  32,  page  134,  1848 ;  it  ia  there  ascribed  to 
Meuuier, 

(3)  Id  the  appendix  which  extends  from  page  51  to  the  end, 
Bj6rling  considers  the  following  problem ;  among  all  surfaces  of 
revolution  to  find  that  wliich  has  a  given  area  and  includes  a 
maximum  volume.  Ue  obtains  the  differential  equation  to  the 
generating  curve,  and  shews  that  this  curve  is  that  which  is  traced 
out  by  the  focus  of  a  conic  section  when  the  conic  section  is  made 
to  roll  on  a  fixed  line.  This  result  he  states  ia  due  to  Delnnnay ; 
and  he  refers  to  the  Journal  called  L'lnetttut,  Number  394,  1841. 

(4)  On  page  4  of  his  treatise  BjSrling  points  out  an  important 
mispnnt  in  Poieson's  Memoir;  sec  Art.  107. 


346  BERTRAND. 

812.    Bertrand.      Lionville's  MatAemattoal  Journal^  VoL  7, 
pages  55 — 58,  1842. 

This  article  is  entitled  Note  on  a  point  in  the    Oalculua  of 
Variations. 

Suppose  we  have  to  find  the  maximum  or  minimum  of  /  Udx, 
while  I  Vdx  is  to  remain  constant ;  then  the  rule  which  was  given 
by  Euler  is  that  we  must  find  the  maximum  or  minimum  of 
{V+cU)  dx  where  c  is  a  constant.    Bertrand's  object  is  to  prove 


/ 


this  rule.  He  says  that  his  proof  is  not  so  simple  as  that  which  is 
commonly  given,  and  which  involves  no  calculation ;  but  the  com- 
mon proof  appears  to  him  unsatisfactory,  for  it  only  shews  that  the 
solutions  obtained  do  satisfy  the  conditions  of  the  problem,  but  not 
that  they  are  the  only  possible  solutions. 

Suppose  then  that  I   Udx  is  to  be  a   maximum  while  |    Vdx 

rb 
remains    constant;   then  we   know   that   the   variation  B  I   Udx 

Ja 
rb 

must  be  zero  whenever  the  variation  B  I  Vdx  is  zero.  Sup- 
pose for  simplicity  that  the  terms  outside  the  integral  signs  in 
the    ordinary   expressions    for    these   variations    vanish.     Then 

rb  .         /  f  * 

I  (Dudx  must  vanish  whenever  I  g>v  dx  vanishes,  where  u  and  v 

are  certain  functions  derived  in  the  well-known  manner  firom  £7*  and 
F  respectively,  and  6>  admits  of  all  values. 

Now  it  is  obvious  that  we  can  satisfy  this  condition  by  putting 
w  =  cv,  where  c  is  a  constant ;  for  then  the  two  integrals  have  a 
constant  ratio  whatever  u  may  be,  and  therefore  they  vanish 
simultaneously.  But  we  wish  to  prove  that  this  relation  u^cv  is 
not  only  sufficient  but  necessary. 

Suppose  then  that  -  is  not  a  constant,  and  let  -  =f{x) ;  then 
we  shall  shew  that  there  cannot  be  a  maximum.  For  we  shall 
shew  that  it  is  possible  to  take  a>  such  that  /  o>v  dx  vanishes  while 

J  a 


I  avf{x)  dx  does  not  vaniah.     For  we  may  suppose  that  o)  is  zero 

for  all  values  of  a;  except  wlien  x  lies  between  A,  and  A^  or  between 
A,  and  A,;  tbca  we  can  take  m  such  that 


/:---/: 


otvdx  =  0. 


For  wc  can  suppose  that  A^  —  A,  is  bo  small  that  the  sign  of  V 
does  not  change  whiles  lies  between  A,  and  A,:  and  also  that  A^— A, 
is  BO  small  that  the  sign  of  v  does  not  change  while  x  lies  between 
A,  and  A,;  then  we  ean  make  w  have  an  unehangeable  sign  during 
each  interval,  and  choose  the  same  sign  or  contrary  signs  for  the 
two  intervals  according  as  v  has  contrary  signs  or  the  same  sign. 
By  properly  choosing  A^  A,,  A,,  anclA^  we  can  ensure  thaty{x)  does 
not  change  sign  while  x  lies  between  A,  and  A,  or  between  A,  and  A,, 
and  that  the  value  o{  /(x)  throughout  one  of  these  intervals  is 
always  greater  than  throughout  the  other.     Thus 


j^'avfix)dx+j^'i»v/{x)dj<! 


e  adopted  which  we  have 


will  not  be  zero  when  the  values  of  a 
supposed  used  to  make 

I     (iiv(lx+  I     atvdx 
Ja,  Ja, 

zero.    Thus  there  ia  not  a  maximum. 

Therefore  there  camtot  be  a  relative  maximum  or  miuimnm 
ouloss  -  is  constant. 

Bertrand  then  considers  the  case  in  wliich  the  terms  outside  the 
integral  sign  in  the  two  original  variations  do  not  vanish.  It  la 
however  unnecessary  to  notice  this  part  of  his  article ;  for  what  has 
been  already  given  shews  that  there  cannot  be  a  solution  at  all  of 
is    constant,   and   the  ordinary 


the  problem    proposed   onlcss 

method  shews,  as  Bertrand  himself  admits,  that 

lion  by  supposing  -  constant. 


e  can  get  a  solu- 


348  BEBTBAND. 

313.  Bertrand.  Liouville's  Mathematical  Jaumalf  Vol.  7, 
pages  212—214,  1842. 

This  article  is  entitled  Note  on  a  Theorem  in  Mechanics.  The 
following  theorem  is  proved;  let  there  be  two  curves  with  their 
concavities  downwards  and  terminated  at  the  same  extremities; 
then  a  particle  moving  under  the  action  of  gravity  will  take  a 
longer  time  to  describe  the  upper  curve  than  the  lower  curve, 
the  initial  velocity  being  supposed  the  same  in  the  two  cases. 

Take  the  axis  of  y  vertically  downwards,  and  the  origin  so  that 
V2^  may  be  the  velocity  when  the  ordinate  of  the  particle  is  y. 
Then  the  time  t  of  describing  the  arc  is  determined  by  the  equation 

Now  from  the   usual  expression  for  Bt   we   shall   obtain   by  re- 
duction 


■''oy»(H-y'')»2»y* 


Now  y"  is  positive  because  the  concavity  of  the  curve  is  sup- 
posed downwards ;  and  since  we  pass  from  the  upper  curve  to  the 
lower  by  assigning  a  positive  value  to  Sy,  it  follows  that  in  pass- 
ing from  the  upper  curve  to  the  lower  Bt  is  negative.  Thus  the 
time  of  motion  is  diminished  in  passing  from  one  curve  to  another 
which  is  infinitesimally  lower;  and  therefore  h fortiori  the  time  of 
motion  is  diminished  in  passing  from  one  curve  to  another  which 
is  at  a  finite  distance  below  the  first,  provided  the  passage  can  be 
efiected  through  a  series  of  curves  indefinitely  close  to  each  other 
all  having  their  concavities  downwards,  that  is,  provided  the  two 
extreme  curves  themselves  both  have  their  concavities  downwards. 

Bertrand  uses  the  same  method  to  shew  that  a  convex  arc  is 
shorter  than  another  which  encloses  it ;  and  he  intimates  that  the 
same  method  may  be  applied  to  shew  that  the  area  of  a  convex 
surface  is  smaller  than  the  area  of  another  which  has  the  same 
boimdaiy  and  which  encloses  the  first. 

314.  Delaunay.  Liouville's  Mathematical  Journal^  Vol.  8, 
pages  241—244,  1843. 
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I  entitled  Xate  <m  M«  /iV  of  givfn  lemgtk  mUcA 
•a  on  a  surfiux.  The  urea  \a  supposed  tO 
be  bounded  oo  three  sides  \>j  curves  vhich  project  on  the  pisue  of 
(a^  jr)  into  stnugbt  lines,  two  of  them  parallel  to  the  axis  of  y  and 
the  other  panJlel  to  the  axis  of  ;r ;  the  fourth  bonndaiy  of  die  area 
is  supposed  to  be  the  carve  required,  which  is  to  ha\'e  a  given 
length  and  to  include  with  the  other  boundaries  a  maximum  area. 

The  iotegial  to  be  a  maximum  is  therefore  \  dx\    dy -Jil  +^+y^, 

where  the  superior  limit  in  the  integration  relative  to  y  is  the 
ordinate  for  any  point  of  the  required  curve.  Moreover  the  length 
of  the  curve  is  supposed  givea. 

Thns  the  problem  coincides  with  that  discussed  by  Hfi ruling 
and  others:  see  Art.  307. 


315.  Bonnet.  Journal  de  VEcoU  Polt/lneJtnique.  Cahier  $3, 
pages  1—146,  1848. 

This  Memoir  is  entitled  On  lie  general  /A«>ry  of  Surfaixa. 
It  contains  many  interesting  results  with  respect  to  geodesic  lines, 
bat  it  U  not  very  closely  connected  vrilh  our  subject ;  there  are 
hoverer  three  points  which  may  be  noticed  here. 

(I)  On  pages  37 — 39  the  equation  to  the  geodesic  lines  on  any 
aurCsce  is  obtained  by  means  of  the  Calculus  of  Variations. 

(2J  On  pages  44 — 16  the  problem  is  solved  by  means  of  the 
Calculus  of  Variations  which  had  been  conaiderod  by  Minding  and 
Delaunay;  see  Arts.  307  and  314. 

(3)  On  pages  134 — 136  is  a  note  relative  to  the  ruled  snr&oe 
which  has  at  every  poiut  its  principal  radii  of  curvature  equal  and 
of  opposite  signa.  It  is  stated  that  ?deunicr  was  the  first  person 
who  proved  that  the  hrli'^ide  gauche,  is  tite  only  ruled  surface  which 
has  the  property  in  question.  liefercnec  is  made  to  solutions  by 
Legendrc  and  Oli\~ier;  and  it  is  stated  that  other  solutions  have 
been  given  by  writers  in  Liouville's  Journal.  Bonnet  then  gives 
a  geometrical  proof  of  the  theorem  originally  establialied  by 
Meunier. 

Bonnet's  treatment  of  the  problems  (1)  and  (3)  by  tlio  Calculus 


850  HOBNSTEIN. 

of  Variations  is  yerj  interesting,  but  it  is  too  closely  connected 
with  the  notation  and  results  of  his  Memoir  to  be  extracted. 

316.  Homstein.  Diaseriatto  de  Maximis  et  Minimis  integra" 
Hum  mukij>licium  quam  pro  gradu  Doctoratus  in  celeberrima  Uni-' 
versiiate  Bonnensi  conaequendo  eldboravit  auctor  C.  Homstein. 
Vienna,  1850. 

This  treatise  consists  of  26  quarto  pages.  No  reference  is  given 
to  preceding  writers,  but  the  treatise  is  obviously  constructed  under 
the  guidance  of  the  memoir  by  Cauchy  which  we  have  described 
in  Chapter  viii.  Homstein  adopts  that  modification  of  Cauchy's 
notation  which  we  have  given  at  the  bottom  of  page  214. 

The  treatise  consists  essentially  of  two  investigations.  (1)  An 
investigation  of  the  variation  of  a  double  integral :  this  is  such  an 
investigation  as  we  have  given  in  Arts.  183  and  184.  Homstein 
gives  completely  the  terms  which  arise  from  differential  coefficients 
up  to  the  second  order  inclusive,  and  indicates  some  of  the  terms 
which  arise  from  differential  coefficients  of  a  higher  order.  (2)  An 
investigation  of  the  variation  of  a  triple  integral ;  Homstein  gives 
completely  the  terms  which  arise  firom  differential  coefficients  up  to 
the  second  order  inclusive.  This  is  similar  to  the  investigation 
which  we  have  given  in  Art.  195,  so  far  as  the  terms  arising  from 
differential  coefficients  up  to  the  first  order  inclusive. 

The  investigations  are  given  very  clearly,  and  the  complicated 
expressions  which  necessarily  occur  have  been  very  accurately 
printed. 

817.  Ostrogradsky.  MSmoire  sur  les  Sanations  diffhrentielUs 
relatives  au  prohUme  des  IsopSrimitres, 

This  Memoir  was  read  to  the  Academy  of  Sciences  at  St 
Petersburg,  on  November  29th,  1848,  and  was  published  in  1850, 
in  the  Memoirs  of  the  Academy.  The  volume  which  contains  the 
memoir  belongs  to  the  sixth  series ;  it  is  the  fourth  volume  of  the 
department  of  mathematical  and  physical  sciences,  and  the  aixik 
volume  of  the  combined  departments  of  mathematical,  physical,  and 
natural  sciences.  The  memoir  occupies  pages  385 — 517  of  the 
volume. 
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Bappox  F  to  be  a  fimcdon  of  mn  indepoident  Taiiable  iy  aoi  ot 
Ihe  TsrinUes  x,,  x,, ...  x^.  which  are  fapposed  to  be  mnctkiKL  oi  t^ 
and  of  the  differential  eoefficieota  of  theae  fdnctions  with  lespecs  i» 
1  MoieoTer  sappoae  that  V  inTolvea  didbrential  coeficienu  ^ 
eadi  ioncdoQ  x,,  x,, ...  x.  op  to  that  of  the  m^  «»der  inchisive*   If 

Vdi  is  to  be  a  maximom  or  minimum  S  |  VA  must  be  aefoc 

Bj  the  known  principles  of  the  Calcnlns  of  Variations  tUs  le*ls 
to  m  differential  equations  each  of  the  order  denoted  br  2a. 
'S^m^  it  is  shewn  bj  Ostrogradskj  that  these  difierential  eqnatktts 
are  cqairalent  to  a  certain  set  of  2mm  partial  difieiential  eqaatioD» 
of  the  first  order.  The  object  of  the  first  part  of  Ostro^iradskT's 
Memoir  is  thus  the  same  as  that  which  was  afterwards 
bj  Clebfidi  in  the  first  part  of  his  second  Memoir ;  see  Art.  ^ 

Ostrogndskj  Aen  enters  at  great  length  into  the  subject  of  the 
int^;ratiofi  of  the  equations  which  are  thus  obtained*  and  the 
considentioo  of  some  remarkable  properties  connected  with  the 
equatioiia. 

The  memotr  is  rather  difficult  and  not  rery  correctly  [Mrinted. 
It  b  vcrf  di^bdjr  eonnected  with  the  CSalculus  of  VariatkHW ;  its 
proper  plaoe  is  ■■omj;  the  series  of  modem  researches  <Mi  th« 
equitinM  of  DfMHnca,  and  on  the  theory  of  the  rarialion  of  the 
arbitmy  cauttosfei ;  to  these  subjects  Ostrc^radsky  often  alludes. 

The  Mkmmg  points  of  interest  may  be  noticed.  In  paj::es 
419 — i30  Qrtrogndsky  makes  some  obserrations  on  that  part  of 
the  MSeamipte  Amalytique  in  which  Lagrange  deduces  the  equa* 
tiona  of  motioo  in  Dynamics  firom  the  principle  of  Least  Action 
combined  with  the  principle  of  Vis  Viva.  Ostrognulsky  says  that 
Lagrange's  analyns  is  inexact  (page  424).  The  principle  on  which 
Ostrogladsky  foimds  his  objection  is,  that  by  virtue  of  the  equation 
of  Via  Viira  there  is  a  relation  between  certain  variations  which 
Lagrange  assumes  to  be  independent  (page  423).  The  part  of  the 
Micamjme  Amafytijue  to  which  Ostrogradsky  refers  is  that  on  page 
296  and  the  following  pages  of  the  first  volume;  in  one  place 
Ostrogradsky  refiers  to  page  229,  which  must  be  a  misprint  for 
page  299. 


In  pages  472—480  Oatrogradsky  applies  his  general  Uieory  to 
some  examples ;  these  are  of  great  use  as  illuBtrations  of  his  theory. 
In  a  note  he  saya  that  he  omits  other  illustrations  because  he  has 
found  during  the  printing  of  his  memoir  that  it  was  possible  to 
generalise  and  simpliiy  these  applications,  and  also  that  the  general 
theoiy  could  be  simplified  and  receive  some  development ;  this  he 
promises  to  shew  in  a  future  memoir. 

On  page  513  Ostrogradskj  indicates  an  important  applicatioB 
of  a  formula  originally  obtained  by  Fotsson,  which  appUcatios 
Poisson  himself  appears  not  to  have  observed. 

318.  Scliellbach.  CrdU's  MaUiemattcal  Journal,  Vol.  41, 
pages  293— 3G3,  1851. 

This  Memoir  is  entitled  Problems  of  the  Calculua  of  Vartationg. 
The  author  states  that  students  of  mathematics  often  find  the 
Calculus  of  Variations  a  difBcult  subject ;  he  accordingly  considers 
some  problems  which  are  usually  treated  by  the  Calculus  of  Varia- 
tions and  solves  them  without  using  the  methods  of  that  Calculus. 
Hia  processes  resemble  those  which  were  used  by  the  early  writers 
who  solved  such  problems  before  the  Calculos  of  Variations  waa 
reduced  to  a  system.  The  memoir  is  interesting  and  instructive, 
especially  for  a  student  wlio  is  examining  the  foundations  of  the 
subject. 

The  memoir  consists  of  35  sections ;  we  will  indicate  briefly 
the  contents  of  these  sections,  and  then  give  some  specimens  of  the 
investigations. 

(1)  The  ordinary  formula  for  solving  problems  of  maxima 
and  minima  are  quoted  from  the  Differential  Calculus.  (2)  A  curve 
of  given  length  is  to  be  drawn  hetiveen  two  fixed  points  so  aa 
to  include  with  the  axis  of  x  and  the  bounding  ordinates  a 
minimum  area.  The  problem  is  solved  by  first  considering  the 
case  of  a  polygon,  forming  the  necessary  equations  by  (1),  and 
then  procceiling  to  the  limit,  (3),  (4),  (5)  contain  other  solutions  of 
the  problem  in  (2),  In  (6)  the  problem  is  modified  by  supposing 
that  the  ends  instead  of  being  fixed  are  to  lie  on  given  curvea, 
(7)   Tlie  problem  we  have  solved  in  Art.  99  after  Poisson.    (8)  To 
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find  the  cmre  which  joins  two  given  points  and  by  revolution 
round  an  axis  in  ils  plane  generates  a  minimum  surface.  (9)  To 
find  the  curve  which  by  revolution  round  an  axis  in  its"  plane 
generates  a  maximum  or  minimum  volume,  the  ends  of  the  curve 
lying  on  given  curves.  (10)  A  general  discuHsion  wliich  amounts 
to  finding  the  uaual  equation  for  a  maximum  or  minimum  in  any 
integral  expression  with  one  dependent  variable.  (II)  To  find  a 
curve  such  that  the  area  between  the  curve  and  its  evolute  may  be 
k  minimum.  (12)  The  solid  of  revolution  of  least  resistance.  (13), 
(14),  (15),  (16)  and  (19)  The  brachistochrone  and  allied  problems. 
(17)  The  problem  discussed  by  Minding  and  others;  see  Art.  307. 
Schellbach  states  that  it  has  been  discussed  by  another  mathe- 
matician besides  Minding  and  Dolaunay,  but  he  does  not  give 
a  precise  reference.  (18)  A  curve  of  given  length  is  drawn  on  r 
given  surface ;  find  the  curve  so  that  the  volume  determined  by  the 
curve  and  its  orthogonal  projection  on  one  of  the  coHDrdinate  planes 
may  be  a  Tuaximum  or  minimum.  (20)  A  problem  which  we  shall 
consider  presently;  see  Art.  .320.  (21)  The  curve  which  has  its 
centre  of  gravity  at  a  maximum  depth.  (22)  The  curve  which 
tounda  an  area  having  its  centre  of  gravity  at  a  maximum  depth. 
Sections  (23) — (29)  contain  investigations  which  are  not  very  closely 
connected  with  the  Calculus  of  Variations ;  we  shall  recur  to  them 
again;  see  Art.  322.  (30)  To  find  a  surface  having  a  given 
boundary  and  a  minimum  area.  (31)  General  investigation  of  the 
maxima  and  minima  of  double  integrals.  (32)  General  investi' 
gation  of  the  maxima  and  minima  of  triple  integrals.  (33)  and  (34) 
The  problem  which  Poisson  quotes  from  Euler,  and  the  problem 
which  Poisson  himself  considers;  see  Arts.  118 — 120,  (35)  The 
transformatioQ  of  the  equations  of  motion  in  Dynamics  given  by 
lAgrange  in  the  M4<:anique  Analt/Hque;  see  De  Morgan's  Differ- 
ential and  Integral  Calculus,  page  520. 

310.     As  an  example  of  Schellbach's  solutions  we  will  take  the 
[oblem  of  determining  the  brachistochrone  when  a  particle  moves 
»  resisting  medium  under  the  action  of  gravity ;  see  section  (14) 
f  the  memoir. 

Instead  of  supposing  the  particle  to  describe  a  curve  we  will 
mppoae  it  to  describe  a  polygon  of  n  sides,  each  side  being  ulti- 

23 
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matelj  made  indefinitely  small.  Take  the  axis  of  x  horizontal, 
and  that  of  y  vertically  upwards.  Let  aj^,  y^  be  the  co-ordinates 
of  the  initial  point;  x^j  y^  the  co-ordinates  of  the  beginning  of  the 
second  side  of  the  polygon;  a;,,  y,  the  co-ordinates  of  the  begin- 
ning of  the  third  side  of  the  polygon ;  and  so  on.  Let  &o  be  the 
length  of  the  first  side  of  the  polygon,  v^  the  velocity,  supposed 
uniform,  with  which  it  is  described ;  let  is^  be  the  length  of  the 
second  side  of  the  polygon,  v^  the  velocity,  sapposed  uniform, 
with  which  it  is  described ;  and  so  on.  Then  the  whole  time  of 
motion  is 

%  ^1  ^2  Viu.1    * 

We  have  then  to  make  this  time  of  motion  a  minimum. 

We  must  first  however  determine  the  connexion  between  the 
velocity  at  any  point  and  the  co-ordinates  of  that  point,  by  me- 
chanical principles.  Suppose  a  particle  to  be  moving  on  a  curve ; 
let  p  denote  the  reaction  of  the  curve,  gw  the  resistance  where  w  is 
any  function  of  the  velocity ;  then  the  equations  of  motion  are 

d^x        dy  dx       d\  dx  dy 

Eliminate  p  from  these  equations ;  thus 

dv^=^  —  2gdy  —  2gw  da. 

Assume  v^  =■  2gu,  so  that 

du  +  dy  +  wds^O (1). 

Now  let  us  return  to  the  supposition  that  the  motion  is  to  take 
place  on  a  polygon  and  not  on  a  curve ;  then  from  the  equation 
last  written  we  obtain  the  following  n  equations. 


The  expression  to  be  made  a  minimum  is 

>+-^+ +^, 


(2). 
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which  w«  shall  denote  bj  T,   Then  we  may  conBider  7*  aa  a  fiiiictioa 

of  2n  unknown  qnantities,  namely  a-,,  y,,  a;,,  y,, ,  y^,,  y^j, 

and  we  must  determiiie  the  values  of  these  quantities  so  that  T raa,y 
be  a  mimmum.  Now  by  the  ordinary  principles  of  the  Differential 
Calculus  we  may  use  the  method  of  indeterminate  multipliers  in 
order  to  take  account  of  the  conditions  expressed  by  the  equations 
(2).  So  that  we  may  consider  wc  have  to  find  the  minimum  value 
oiT+X\M„  where 

3/,  =  «,j,,  —  u,  +yr+i*~yf  +  w,  5s,, 

X,  is  a  constant,  and  tlie  summation  indicated  by  ^  extend;^  from 
r  =  0  tor=7i-l  both  inclusive.  We  shall  now  differentiate 
T-\-  Sx,.U,  with  respect  to  each  variable,  and  equate  each  differ- 
ential coefficient  to  zero.  Let  ua  take  for  example  the  variables 
a-,  and  y,;  each  of  these  occnra  in  hs,  and  in  &,_, ;  for 


and 


moreover  y,  occurs  explicitly  in  M,  and  in  Jf,.,.     Thus  by  differ- 
entiating with  respect  to  x,  we  get 


where  &c,_,  is  put  for  a-,  -  a-,^,  and  Sa^,  for  a 
The  above  eqnation  may  be  ivrilten 


=  0; 


(3). 


therefore  by  proceeding  to  the  limit  and  integrating  wc  obtain 

\    dx      ^     dx 

\'u  da  ti» 

where  n  is  a  constant.  Here  we  have  dropped  the  suffix  r—  I,  that 
is,  we  use  u,  to,  X,  j  ,  as  representing  any  one  of  the  corresponding 
quantitiea  with  its  appropriate  auflSz. 
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In  the  same  manner  by  differentiating  with  respect  to  y^  we 
obtain 

this  equation  maj  be  written 

therefore  hj  proceeding  to  the  limit  and  integrating  we  obtain 

^|^X.|  +  X  =  J (4), 

where  5  is  a  constant. 

Equations  (3)  and  (4)  are  the  differential  equations  of  the 
problem ;  thej  agree  with  the  results  obtained  by  the  ordinary- 
methods  ;  see  for  example  Mr  Jellett*s  treatise,  pages  298 — 300. 

From  (3)  and  (4)  eliminate  X;  then  with  the  help  of  (1)  we 
shall  obtain 


/du 


As  tr  is  supposed  a  given  function  of  u  we  obtain  from  these 
two  equations  x  and  y  as  functions  of  an  auxiliary  variable  u. 

320.  In  Schellbach's  twentieth  section  the  following  problem 
is  proposed.  The  ends  of  a  string  of  length  I  are  fastened  at  the 
points  A  and  B ;  the  ends  of  a  string  of  length  X  are  fastened  at  the 
points  A'  and  B.  The  four  points  -4,  jB,  A\  B*  are  not  supposed 
to  be  all  in  the  same  plane.  A  straight  line  passes  from  the 
position  AB  to  the  position  A'B*  so  that  it  moves  over  the  threads 
I  and  X  in  the  same  time  with  uniform  veloci^,  and  thus  describes 
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a  developable  surface.     Keqaired  to    determine  tte  forma  of  the 
strings  so  that  this  surface  may  be  a  maximum  or  a  minimum, 

Thia  problem  r&quirea  some  observations. 

It  b  no  doubt  meant  that  the  Btraight  line  ia  to  pase  from  the 
position  AA'  to  the  position  BB',  and  not,  as  it  is  stated  above,  from 
the  position  AB  to  the  position  A'B', 

The  meaning  of  the  problem  h  best  understood  by  examining 
the  process  of  solution  which  the  author  adopts,  hct  P,  Q  denote 
adjacent  points  of  one  of  the  strings,  and  P,  Q  corresponding 
adjacent  points  of  the  other  string.  I^et  a  generating  line  be 
drawn  from  Fio  P';  let  the  end  at  P  be  supposed  fixed,  and  let  the 
line  turn  round  this  end  remaining  always  in  contact  with  JP  Q ; 
thus  an  indefinitely  email  conical  element  is  generated.  Next  let 
the  end  of  the  line  at  ^  be  supposed  fixed,  and  let  the  line  turn 
•bout  this  end  remaining  always  in  contact  with  BQ ;  thus  another 
indefinitely  small  conical  element  is  generated.  Now  it  is  the  sum 
of  all  these  pairs  of  elements  which  tlie  author  proposes  to  make  a 
maximum  or  minimum.  These  elements  do  not  form  a  continuous 
developable  surface  in  the  ordinary  meaning  of  such  a  term ;  for 
that  would  require  that  the  following  three  lines  should  be  in  one 
plane,  the  line  PQ,  the  tangent  to  the  guiding  curve  at  P,  and  the 
tangent  to  the  guiding  curve  at  Q,  and  there  is  nothing  in  Schell- 
1>ach's  solution  to  secure  this.  Moreover  there  is  nothing  in  the 
aolutton  corresponding  to  the  condition  of  moving  with  uniform 
▼elocity  over  the  two  curves,  which  occurs  in  the  statement  of  the 
problem;  the  connexion  between  the  lengths  of  the  two  curves 
described  by  the  moving  line  in  passing  from  its  initial  position  to 
wiy  other  position  is  in  fact  one  of  the  things  sought  in  the 
solution. 

Let  «,  y,  «  be  the  co-ordinatea  of  one  end  of  the  moving  line,  s 
tiie  length  of  the  portion  of  the  string  which  has  been  described ; 
let  ^,1),  f  be  the  co-ordinates  of  the  other  end  of  the  moving  line,  a 
the  length  of  the  curve  which  has  been  described.  Let  r  denote 
the  distance  of  {x,  y,  i)  from  (f,  ij,  f)  f  'f  tl'^  ^^^  ^"^  of  the  line 
moves  over  au  arc  <!»  while  the  other  end  remains  fixed,  the  area 
of  the  element  of  surface  generated  will  be  ultimately 
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I'-'?V^-(S*' 


fiimilarly  if  the  second  end  of  the  line  move  over  an  arc  da  while 
the  first  end  remains  fixed,  the  area  of  the  element  of  surface 
generated  will  be  ultimately 

Thus  since  the  lengths  of  the  guiding  curves  are  to  be  constant, 
we  have,  by  the  usual  considerations,  to  find  the  maximum  or 
minimum  of 

where  m  and  fi  are    constants.      Schellbach  then  expresses   r, 

civ     dv 

T  y  T  y^  *^^  ^  1^  terms  of  a;,  y,  «,  f  ,  i;,  f  and  their  difierentials ; 

then  by  equating  the  coefficients  of  the  variations  to  zero  in  the 
usual  way  he  obtains  equations  for  determining  the  required  curves. 
The  equations  he  obtains  are  susceptible  of  integration  to  a  certain 
extent,  but  the  problem  cannot  be  completely  solved. 

Schellbach  next  considers  a  modification  of  the  problem ;  he 
supposes  that  one  of  the  curves  is  replaced  by  a  straight  line  of 
given  length  and  position,  and  that  the  other  curve  is  to  be  deter- 
mined so  as  to  make  the  area  a  maximum  or  minimum.  The  solu- 
tion of  the  problem  in  this  form  can  be  carried  a  little  further  than 
the  solution  of  the  original  problem. 

321.  In  his  twenty-first  section  Schellbach  suggests  a  problem 
which  it  will  be  instructive  to  examine. 

^  CB  is  a  string  of  given  length  which  is  fastened  at  A  and  B  ; 
see  figure  9 ;  A  C'B'  is  another  string  of  given  length  fastened  at  A' 
and  jB';  CDC  is  another  string  of  given  length,  the  ends  of  which 
are  constrained  to  lie  on  the  former  strings.  Each  string  is  supposed 
uniform,  but  the  weight  of  a  unit  of  length  is  not  necessarily  the  same 
for  all  the  strings.  !Required  the  forms  of  the  curves  in  order  that 
the  centre  of  gravity  of  the  system  may  be  at  a  maximum  depth. 


I 


fiCHELLBACU.  859 

We  know  from  Statics  that  tlie  curves  will  all  be  portionB  of 
catenaries ;  and  from  Statics  wc  can  obtain  certain  equations  for 
determining  the  constants  involved  in  the  equations  to  the  catcnaiieR. 
But  the  point  of  interest  is  to  deduce  these  equations  by  means  of 
the  Calculus  of  Variations. 

Take  the  axis  of  y  vertically  downwards,  and  put  p  for    ■'  .   Let 

to,,  wj,,  IT,  be  the  weights  of  a  unit  of  length  of  the  strings  ACB, 
A'C'B,  CDC  respectively.  Then  we  require  that  the  following 
expression  should  be  a  maximum, 


£&, 


where  the  three  integrals  extend  respectively  over  all  the  elements 
of  tlie  three  curves.  And  the  length  of  each  curve  is  a  constant. 
Hence  the  following  expression  is  to  be  added  to  the  former, 

''i/v'(l  +  p')  dlr  +  o.Jvil  +i>')  ^  +  a, JV(1  +p')  ^ ; 

and  the  whole  made  a  maximum,  n,,  a,,  a,  being  constants,  and  the 
three  integrals  extending  over  all  the  elements  of  the  three  curves 
respectively. 

We  then  make  the  variation  of  the  whole  vanish.  This  varia- 
tion consists  as  usual  of  terms  under  the  integral  signs  and  terms 
outside  the  integral  signs. 

The  terms  tinder  the  integral  signs  vanish  if  we  suppose  equa- 
tions to  hold  of  which  the  type  is 


■'^iW^""'"'' 


that  U, 

^^^f^=  constant 

In  this  equation  vi  and  a  are  to  have  the  specific  value  belonging 
to  the  specific  arc  we  are  considering ;  the  constant  is  not  necessarily 
the  same  throughout,  but  will  generally  have  five  different  values 
corresponding  to  the  tive  arcs, 

AC,     CB,    A'O;     C'B,    CDC: 
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The  general  relation  just  obtained  shews  that  each  of  these  five  arcs 
is  a  portion  of  a  catenary. 

Now  consider  the  terms  outside  the  integral  signs.  We  adopt 
the  usual  supposition  that  both  x  and  y  vary,  and  we  denote  by 
Sx^  and  Sy^  the  variations  of  the  point  C.  Then  Sx^  and  Sy^  will 
occur  in  three  ways,  arising  from  the  three  curves  which  meet  at  C. 
The  complete  term  involving  Sy^  will  be 

where  i,  Jf,  N  are  respectively  the  values  at  the  point  C  of  the 

expression  of  which  the  type  is     /f ^  .    »\  >  obtained  from  the  curves 

AC  J  CB^  CD  respectively. 
Thus  the  equation 

agrees  with  what  we  should  obtain  from  the  statical  principle  of 
equating  the  sum  of  the  vertical  tensions  at  C  of  the  two  upper 
curves  to  the  vertical  tension  of  the  lower;  for  the  value  oip  found 
from  the  curve  BC  at  C  is  negative. 

Similarly  by  equating  to  zero  the  coefficient  of  hx^  we  shall 
obtain  an  equation  coincident  with  that  which  we  should  obtain 
from  the  statical  principle  of  equating  the  sum  of  the  horizontal 
tensions  of  the  curves  BC  and  CD  at  C  to  the  horizontal  tension 
of  the  curve  CA. 

We  have  theoretically  enough  equations  to  determine  the  con- 
stants. For  we  have  five  constants  from  the  general  relation  which 
we  have  found  above  when  it  is  applied  to  the  five  arcs,  and  five 
more  constants  would  be  introduced  by  integrating  that  general 
relation;  we  have  also  the  three  constants  a^,  a,,  a,;  thus  there  are 
thirteen  constants  on  the  whole.  Now  we  have  found  two  equa- 
tions among  the  constants  from  the  conditions  which  subsist  at  (7, 
and  similarly  we  should  obtain  two  more  equations  from  the  con- 
ditions which  subsist  at  (7';  the  four  fixed  points  A,  B,  A\  By 
furnish  four  ^nations;  the  known  lengths  of  the  curves  frumish 
three  equations;  the  fact  that  three  arcs  intersect  at  C  ftimishes 
one  equation,  and  the  fact  that  three  arcs  intersect  at  C  furnishes 
one  equation.    Thus  oil  the  whole  we  have  thirteen  equations. 
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822.  From  page  336  to  page  347  of  Schellbach's  memoir  ia 
occupied  willi  the  inveatigation  of  some  simple  niaxima  and  minima 
problems  in  mecbanica  and  optics ;  tliis  part  of  the  memoir  is 
interesting,  though  very  slightly  connected  with  the  Calculus  of 
Tariations.  The  following  example  may  be  taken  as  a  specimen 
of  these  investigations.  Suppose  we  require  the  form  of  a  solid  of 
revolution  of  given  maaa  which  shall  exert  the  greatest  attraction 
in  a  given  direction  on  a  given  particle,  the  attraction  varying  as 
any  inverse  power  of  the  distance. 

Take  the  given  particle  as  the  origin  and  the  given  direction 
as  the  line  from  which  to  measure  angular  distance ;  let  r,  ffhe  the 
polar  co-ordinates  of  any  point  in  a  lised  plane  passing  through 
the  given  direction.  Then  if  the  attraction  vary  as  the  n*"  power 
of  the  distance  the  attraction  of  an  element  whose  co-ordinates  are 
r  and  6  may  lie  denoted  by  /*r";  and  the  resolved  part  of  this  at- 
traction in  the  given  direction  will  be  ftr'  cos  0.    Hence  the  equation 

/ir"  cos  0  =  constant 
represents  a  curve  such  that  a  given  element  placed  at  any  point 
of  it  will  exert  the  same  attraction  on  the  given  particle.  Hence 
this  equation  represents  the  curve  which  by  revolving  round  the 
fixed  direction  will  generate  the  required  solid  of  maximum 
attraction,  the  constant  being  determined  so  as  to  give  to  the 
solid  the  prescribed  volume.  It  is  obvious  that  such  is  the  case 
because  the  surface  we  thus  obtain  separates  space  into  two  parts, 
and  any  particle  outside  tlic  surface  exercises  a  less  attraction  than 
it  would  if  placed  within  the  surface,  n  being  supposed  negative. 

The  result  we  thus  obtain  may  of  course  also  be  obtained  by  the 
ordinary  methods  of  the  Calculus  of  Variations. 

323.  In  pages  357 — 360  of  the  memoir  we  have  an  interesting 
■pplication  of  the  Calculua  of  Variations  which  Schellbach  states 
that  lie  has  taken  from  a  memoir  by  Jacobi  in  the  36th  volume  of 
Creile's  Mathematical  Journal.  We.  will  explain  this  application 
rather  more  fully  than  Schellbach  does. 

Suppose  in  the  triple  integral )  1 1  Gdxdyde  that  (?  ia  a  function 

of  »,  y,  B,  ti,  T- ,  -J-  ,  -r',  where  »  ia  a  function  of  x,  y,  t.    Now 
'"'    '    '  tie'   dy'    tie'  ' 
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suppose  that  x^  y,  z  are  expressed  in  terms  of  new  variables  \  fi,  v 
by  means  of  the  equations 

then  V  becomes  a  function  of  X,  fi,  v,  which  we  shall  denote  by  fjh 
and  G  becomes  a  function  ^f  ^>  /*>  ^>  ^  >  j^  >   "^ »  which  we  shall 

denote  by  F.  Then  by  the  known  theory  of  the  transformation  of 
multiple  integrals  we  obtain 

[l[Gdxdi/dz  =  [[[rn  dkdfidv  (1), 

where  11  is  a  known  expression  which  involves  the  differential 
coefficients  of  x,  y ,  z  with  respect  to  X,  /i,  v,  so  that  11  is  in  fact  a 
known  function  of  X,  fi,  v.  Now  take  the  variations  of  both  mem- 
bers of  this  equation ;  these  variations  will  be  equal,  and  the  unin- 
tegrated  portions  will  be  separately  equal.  Thus  we  obtain  the 
result 

lliQSvdxdtfdz=  lllRB<l>dkdfidp, 

where  Q  is  an  expression  derived  in  the  well  known  way  from  O^ 
and  B  is  similarly  derived  from  m.  Now  change  the  variables 
in  the  integral  on  the  left-hand  side  of  the  equation ;  thus 

jjJQnBvdkdfidv:=  jjJE^dKdfidv. 

Now  Sv  is  the  same  thing  as  8^,  and  is  perfectly  arbitrary,  so 
that  we  obtain  from  the  last  equation 

This  equation  written  at  full  becomes 
\dG      d  /  dG\      d  /  dG 


n 


dv      dxl      dv   ]     dy 


-  n  ^    rf  /nrfr\    d  /ndfr\     d  /n^rx 


(2). 
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This  transformation  will  sometimea  be  of  use ;  and  it  is  obvious 
that  we  might  proceed  in  a  similar  way  with  a  multiple  integral  of 
any  order  as  we  have  proceeded  with  a  triple  integral ;  or  we  might 
suppose  differential  coefficients  of  a  higher  order  than  the  first  to 
occur  in  O. 

For  an  example  we  will  apply  the  formula  to  the  transformation 
of  the  expression  -r-j  +  ^t  +  ;j~«  • 

a?  =  X  cos /Lt,    y  =  X  sin  /i  cos  i/,    »^\  sin  /i  sin  v. 

Then,  using  v  instead  of  its  equivalent  ^,  we  have 

dv  ^dv  dx     dv  dy      dv  dz 
dX'^  dx  dX     dy  d\      dz  dX 

dv  dv   .  dv    .         . 

s=  -^  cos  /Lt  -f  —  sm  /i  cos  1/  +  -T-  sm  fi  sm  i/, 

dv      dv  dx     dv  dy     dv  dz 
dfi     dx  dfi     dy  dfi     dz  dfi 

dv  ^    .  dv  ^  ,  dv  ^ 

=  —  -T-Xsin/i+-y-X cos /i  cos i/  +  -7- X cos /i sm v, 

dv  ^dv  dx     dv  dy     dv  dz 
dv     dx  dv     dy  dv     dz  dv 


dv  ^    .         .        ,  dv  ^    . 
-pXBinfi  Binv  +  -j-XsmficoB v. 


Thus  we  obtain 


[dxJ  ■*"  X*  [dfij  ^  X'sinV  \dp)  ~  [dxj  "*"  [dy)  "*"  \dz)  ' 
And  in  the  present  example  11  =  X'  sin  /a  ;  thus  we  obtain  from  (1) 
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Then  from  the  general  formula  (2)  after  division  hy  X'  sin  /i  we 
obtain 

d^v     d}v     d}v 

1       f_^  A 1  •       ^'\  .  ^  /  •       ^"^  .  §l(  -1 ^U 

""  X'  sin  /Lt  |{?X  V  d\)     d/A  V      '^  rf/^/      rfi' \sin  A*  ^''^i^ 

-  i  J^  f\«  ^^  1       ji  /  .        A;\  1       ^ 

""  X*  rfX  \     d\)     yJ  sin  ^dfi\      ^  dfij     X'  sin* /a  rfi/^ 

^  1  £^'  (Xy)  1        d_f  .       dv\  1       ^ 

""  X    d\*       X'sin/i  J/Lt  \  J/Lt/      X'sin*/i  rfi^* 

Thns  we  obtain  the  well-known  transformation  first  given  by 
Laplace. 

As  another  example  let  it  be  proposed  to  transform  ^-^  +  -^^ 

into   an  expression   involving  r  and  ^,  where  a?  =  r  cos  ^  and 
y  =  r  sin  ft 

-rr  dz     dz  dx     dz  dv  ^dz  ,    .    ^  dz 

Here      3-  =  j-T-  +  -r-7=cosff-T-+smr-j-, 
ar     ax  dr     ay  dr  dx  dy 

dz^^dz  dx     dz  dy  ^         '    a^  a^ 

dO     dxdO     dydd"  dx  dy* 


Thus 


[dxj  ■*■  [dyj  -  [drj  ■*"  r»  W  ' 


Therefore  as  in  (1) 

Then  as  in  (2)  we  obtain 

d^z     d^z_l(d  f    dz\      d  (\  &\)      <f*g     I  dz      1  d^ 
d^'^'^^r  \dr  V  drJ'^dO  [r  ddl]" d^^  r  dr     ?  dt^' 

•  Thus,  as   Schellbach  observes,   the  transformation   used  by 
Poisson  can  be  readily  effected.     See  Art.  119. 
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324*  Spitzer.  Gnmert^B  Archiv  der  AfcUhenuUik  und  Phystk^ 
Vol.  23,  pages  125,  126.     1854. 

This  article  is  entitled  Note  on  the  shortest  lines  on  curved 
surfaces. 

When  a  curved  surface  can  be  divided  hj  a  plane  into  two. 
symmetrical  portions  the  intersection  of  the  plane  and  surface,  when 
an  intersection  exists,  is  in  general  a  line  of  minimum  length  on  the 
surface. 

The  proof  is  veij  simple.  Suppose  in  fact  that  the  equation 
to  such  a  surface,  which  is  divided  symmetrically  by  the  plane 
of  xzj  is 

z  =  F(x,  f). 

For  a  minimum  line  on  the  surface  we  must  have  the  integral 
a  minimum.     Put  then  dz  =  pdx  -h  qdy^  so  that 


8  =  W[dix?  +  rf^^  +  {pdx  +  qdyY] 

then  the  condition  for  a  maximum  or  minimum  is 
this  gives 

(i>+gy')(|+y|)    r    y+(p+gy)g    t 

TIT+T+G+iTn    Lvir+F+(^+iy?lJ     ' 

this  may  be  reduced  to 

[y" + ?  (p + £y')']  Vli  ■^y''  +  {p-^  gyJ) 
=  [y'  +  (p + sy')j]  [V{i  +  y"*  +  (i* + jyT}]'. 

This  eqnation  is  satisfied  when  y=0;  for  if  y  —  0,  so  are  also 
y-0,  y'»0,  andj-0. 
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/  As  a  sphere  is  divided  symmetrically  by  any  plane  which 
passes  through  its  centre,  any  great  circle  of  a  sphere  is  a  line  of 
maximum  or  minimum  length. 

325.  Heine.  Crelle's  Mathemaiical  Journal^  Vol.  5*4,  page 
888.     1857. 

This  article  is  entitled  Lagrang^s  Theorem.  It  consists  of 
a  proof  of  Lagrange's  Theorem  by  the  method  previously  used 
by  the  author  for  establishing  Jacobins  Theorems;  see  Articles 
296,  297. 

Let  y-hf(jf)=x (1); 

let  -^  (aj)  =  2?  denote  any  function  of  a?,  and  denote  the  differential 
coefficients  oiz  with  respect  to  a;  by  z\  z\ 

Then 

If  then  <f>  [x)  be  any  function  of  x  whatever, 

jV(a;)t{»-A/(a;)}di:=J^V(«)[''-Y«'/W  +  0«"l/Wr--]<^ 

(2). 

Put  y  for  X  on  the  left-hand  side  of  (2) ;  then  it  becomes 

rh 

and  therefore  by  (1), 

rb 
^^<^{2i)zdy, 

and  therefore 

where  a  =  a-A/(a),    /3  =  i-A/(J). 

K  A  be  small  enough,  at  least  a  portion  of  the  interval  between 
a  and  b  will  coincide  with  a  portion  of  the  interval  beftreen  a  and  fi. 
Let  2;  be  so  varied  that  within  this  common  interval  &  may  have 
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any  arbitrery  value  and  Le  zero  beyond  it.  The  variation  of  the 
right-hand  member  of  (2)  will  consist  of  terms  free  from  the  integral 
sign  together  with 


1.2  d^  "* 


B=^W+»4M(^^ 


And  since  we  must  have  within  the  eomnion  interval 

therefore  '^^{,j)=B. 

This  is  in  effect  Lagrange's  Theorem. 

326.  Giesel.  GeschichU  dei'  Vartationsrechnung.  Einladung- 
tckrifi  eu  der  Feier  des  SchrSderschen  SlifU-Actus  itn  Qymnaaiwm 
ttt  Torgau  am  5  Ajtril,  1857.     Torgau,  1857. 

This  is  the  first  part  of  a  History  of  the  Calculus  of  Variations. 
It  occupies  45  quarto  pages,  and  details  the  history  of  the  sub- 
ject from  its  origin  until  the  publication  of  Lagrange's  memoir  in 
the  MitceUanea  Taurinenaia  in  1T62.  It  is  a  valuable  work,  and 
contains  numerous  ([uotations  and  exact  references  to  the  original 
BoUTces.  It  resembles  in  some  degree  the  well-known  work  gf 
Woodhouse,  but  it  is  less  didactic  and  marc  purely  historical. 

There  is  a  brief  notice  of  this  treatise  by  SchlUmilch  in  tlie 
Zeittchriji  fiir  Mathemalik  und  Phygik,  1857,  Lileraturztitung, 
page  60.     Sckldmilch  commends  the  treatise  highly. 

327.  LofBer.  On  the  Method  of  finding  (he  greatest  and  leaH 
vatuat  of  undetermined  integral  exprctsiuns.  I 

This  article  is  printed  in  the  34th  volume  of  the  Sitzungabfrtchte 
of  the  Academy  of  Sciences  at  Vienna,  1859.  It  occupies  30  octavo 
pai^.     The  article  consists  principally  of  remaika  oo  the  brachi- 
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stochrone  problem ;  the  remarks  appear  of  no  value,  but  seem  to 
indicate  that  the  writer  has  imperfectly  grasped  the  subject. 

328.  Lindeloef.  New  demonstration  of  a  fundamental  theorem 
of  the  Calculus  of  Variations. 

This  article  was  published  in  the  Comptes  Rendus...de  VAcadhfiie 
des  Sciences.    Vol,  50,  1860,  pages  85—88, 

The  fundamental  theorem  referred  to  is  one  given  by  Ostro- 
gradsky,  which  was  also  proved  by  Cauchy;  see  Arts.  127  and 
190.  The  object  of  Lindeloef 's  article  is  to  establish  this  theorem 
by  the  method  used  by  Poisson,  in  the  case  of  two  independent 
variables :  see  Arts.  102  and  103.  We  will  give  a  translation  of 
Lindeloef  *s  article. 

It  is  known  that  the  variation  of  an  integral  can  be  presented 
under  two  forms,  according  as  we  do  or  do  not  vary  the  inde- 
pendent variables  as  well  as  the  unknown  functions.  We  propose 
to  establish  the  first  form,  using  only  the  principles  of  the  diifer- 
ential  calculus. 

r 

We  adopt  the  method  which  Euler  introduced  into  the  calculus 
of  variations,  and  thus  regard  every  unknown  function  as  involving 
an  arbitrary  parameter  t,  and  the  variation  of  the  function  means 
its  differential  coefficient  with  respect  to  this  parameter.  We  re- 
gard the  variables  x,  y,  z, ...  ty  sb  unknown  functions  of  other  inde- 
pendent variables  f,  17,  i,  ...r,  and  of  the  parameter  t,  and  the 
variations  of  x^  y,  z, ...  t,  mean  their  differential  coefficients  with 
respect  to  the  parameter  i. 

Thus  any  unknown  function  u  of  the  variables  x,  y,  z, ...  t,  is 
susceptible  of  two  kinds  of  variations,  since  it  depends  upon  the 
parameter  i  directly  as  well  as  by  means  of  these  variables,  and  it 
is  advisable  to  distinguish  them  by  a  difference  of  notation.  The 
partial  differential  coefficient  of  u  with  respect  to  t  we  shall  call  the 
proper  variation  of  w,  and  we  shall  denote  it  by  Bu ;  the  total  dif- 
ferential coefficient  of  u  with  respect  to  t  we  shall  call  the  total 
variation  of  w,  and  we  shall  denote  it  by  Du.  This  distinction 
does  not  exist  with  respect  to  the  variables  a?,  y,  z, . ..  t,  and  we 
might  use  either  symbol  D  oi  S  for  their  variations;  we  shall 
adopt  the  latter  symbol. 
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Wt  now  propose  to  investigate  the  variatioa  of  a  multiple 
integral 

S  =  jjj..,vdxdt,dz... 

when  the  limits  are  variable  but  contiiiuoufl.  For  this  purpose  we 
first  replace  the  variables  x,  y,  a, ... ,  by  others  f,  7;,  f, ... ,  which 
we  suppose  connected  with  the  first  by  the  differential  equations 


dx  =  fl,rff  +  a,dT]  +  a,d^+ . 
di,  =  b,d^+b,dv  +  b^^+.. 
dz  :^c^d^+c^  +  c,rff  +  .. 


.  +  a^dr, 
,  +  Mt, 

+  C,rfT, 


=  X^<^f  +  h^  +  h,d^+  ...  +  k^dr. 


Denote  for  shortness  by  the  letter  T  the  determinant 

X{±aJ>,c,...k.) 

formed  from  the  coefficients  in  these  equations ;  then  the  integral 
may  be  transformed  into 


i'.|jj...  rrdUndf... 


With  respect  to  the  limits  of  the  two  integrals,  if  the  first  is  to 
extend  over  all  the  values  of  x,  y,  z, ... ,  which  render  a  certain 
function  L  negative,  the  second  should  extend  ovfcr  all  the  values 
of  f,  I),  f, ...,  which  render  A  negative,  where  A  is  what  L  becomes 
by  the  change  of  the  variables. 

Aa  we  suppose  the  limits  of  the  proposed  integral  to  be  variable, 
L  isafimctionof  ar,  ^,  2, ...  the  form  of  which  changes  with  the  para- 
meter 1',  which  gives  rise  to  the  proper  variation  &L,  But  we  can 
dispose  of  the  arbitraiy  functions  ix,  6y,  &!, ...,  so  as  to  renderthe 
total  variation  of/,  zero,  so  that 


hL 


.  ^L, 


dL 


Si!=0. 
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Under  this  condition  the  limits  of  the  new  integral  S'  will 
not  change  with  i;  its  total  variation  will  therefore  be 

and  it  only  remains  to  develop  DH.  We  observe  then  that  the 
partial  differential  coefficients  a,  h,  c, ...,  with  which  the  determi- 
nant T  is  made,  must  be  of  the  nature  of  the  preliminary  functions 
a?>  y>  «i  •••  >  from  which  they  spring,  and  they  must  consequently  be 
regarded  as  functions  of  f,  17,  (;*,... ,  varying  with  the  parameter  t. 
We  have  therefore  immediately 

In  order  to  determine  the  sum  S  ^  Sa,  we  introduce  n  auxiliary 
quantities  a^,  a,,  a,, ...  a»,  by  the  equations 

^1^1  +  ^A  +  CjOg  + ...  +  c^flu  =  0, 


Solve  these  with  respect  to  Oj ;  thus  we  obtain 

which  shews  that  the  product  a^T  does  not  involve  any  of  the  quan- 
tities a.    We  can  prove  the  same  thing  with  respect  to  the  products 

From  the  identical  equation 
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we  obtain  immediatelj 

On  tlie  other  hand,  if  we  regard  hx,  8y,  82;, ...,  as  immediate 
{hnctions  of  a?,  y,  «, ... ,  we  shall  evidently  have 

^  dZx      ,   dZx  dhx  J  dSx 


^  dix  ,  -    rf&B  ,       dSx  J   dBx 

B7  meana  of  these  deTclopments  the  sum 

^.^  +  da;^«  +  3b.^«  +  -  +  ^> 

reduces  to  2  -1-  Sa  =  -^  T. 

oa  ax 

A  similar  process  would  give 


and  so  on.    Hence  finally 

If  we  put  this  Tslae  in  the  ezpression  D8»ni.  restore  the  original 

24—2 
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variables  we  have  definitely  for  the  variation  of  the   proposed 
integral 

This  formula  is  due  to  M.  Ostrogradskj,  who  established  it 
bj  the  iofinitesimal  method ;  afterwards  M.  Cauchj  arrived  at  it 
hy  other  considerations.  As  to  the  demonstration  just  proposed, 
which  depends  essentially  on  a  change  of  variables,  it  is  right  to 
remark  that  the  same  expedient  had  been  already  employed  by 
Poisson,  when  he  investigated  the  variation  of  a  double  integral. 

[The  part  of  the  preceding  article  in  which  it  is  inferred  that 
the  limits  o{  S'  do  not  change  with  i  seems  difficult;  and  it 
might  with  advantage  be  replaced  by  the  method  of  Poisson  given 
in  Art  86.] 


329,  We  shall  now  give  an  account  of  the  fforfes  which 
Jiave  been  published  as  systematic  treatises  on  the  whole  subject. 
There  are  three  which  from  their  extent  and  importance  demand 
particular  notice ;  these  we  shall  describe  in  the  present  chapter. 
In  the  next  chapter  we  shall  take  the  remaining  works.  In  eacH 
chapter  we  shall  follow  the  chronological  order. 

330.  The  first  of  tlie  three  treatises  is  that  by  Dr  G.  W. 
Stranch.  Its  title  is  Theorie  und  Anwendung  dea  aogenannlea 
Vartattonscalcurs.    Zurich,  1849. 

This  work  consists  of  two  closely  printed  ■volumes  of  lai^ 
octavo  size.  The  first  volume  contains  499  pages,  and  the  second 
788 ;  the  first  volume  also  contains  a  preface  of  32  pages. 

The  Preface  begins  with  a  sketch  of  the  history  of  the  subject 
from  the  earliest  period  until  tlie  publication  of  Lagrange's  JTUorie 
des  finctions  aitalytiques  in  1797;  this  sketch  is  furnished  with 
references  to  the  original  memoirs.  The  remainder  of  tlie  preface 
is  devoted  to  an  account  of  the  contents  of  the  work  and  an 
indication  of  the  points  in  which  the  author  believes  that  he  haa 
improved  or  corrected  the  methods  of  his  predecessors.  Of  the 
writers  in  the  present  century,  Strauch  mentions  Lacroix,  G-ergonne, 
Dirksen,  Poisson,  Ohm,  and  Ostrogradsky.  It  is  remarkable 
however  that  he  takes  no  notice  of  Jacobi's  theorems,  nor  does 
he  refer  to  tlie  memoirs  of  Gauss,  Delaunay,  Sarrus,  and  Cauchy, 
whicli  we  have  described  in  preceding  chapters. 
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331.  The  work  may  be  divided  into  four  parts.  The  first 
part  occupies  pages  1 — 356  of  the  first  volume ;  these  pages  con- 
tain all  the  ordinary  theoretical  investigations  of  the  subject, 
exclusive  of  those  which  refer  to  double  or  multiple  integrals. 
The  second  part  occupies  the  remainder  of  the  first  volume,  and 
consists  of  the  solution  of  60  problems  of  maxima  and  minima, 
in  which  neither  integrals  nor  differential  coefficients  appear ;  these 
problems  are  in  fact  almost  entirely  examples  of  the  ordinary 
theory  of  maxima  and  minima  values  which  is  given  in  the 
Differential  Calculus.  The  third  part  occupies  pages  1 — 211  of  the 
second  volume,  and  consists  of  the  solution  of  93  problems  of  the 
maxima  and  minima  values  of  expressions  which  involve  dif- 
ferential coefficients  but  not  integrals;  these  problems  thus  re- 
semble that  which  we  have  given  in  Art.  3,  firom  Lagrange. 
The  fourth  part  occupies  pages  212 — 739  of  the  second  volume, 
and  consists  of  the  solution  of  135  problems  respecting  the  maxima 
and  minima  values  of  expressions  which  involve  single  or  double 
integrals.  The  remainder  of  the  second  volume  forms  a  supple- 
ment which  is  chiefly  devoted  to  the  theory  of  relative  maxima 
and  minima  values. 

332.  Strauch  may  be  considered  as  the  successor  of  Ohm, 
whose  methods  he  chiefly  follows.  The  most  valuable  part  of 
his  work  is  that  which  we  have  called  the  fourth  part.  The 
problems  there  given  are  discussed  with  great  fulness  and  clear- 
ness,  and  the  terms  of  the  second  order  are  almost  always  com- 
pletely exhibited  in  order  to  discriminate  between  maxima  and 
minima  values.  Strauch  is  however  content  with  Legendre's  treat- 
ment of  the  terms  of  the  second  order,  that  is,  he  generally  as- 
sumes that  certain  differential  equations  can  be  solved,  and  that  the 
solutions  of  such  differential  equations  will  not  introduce  quan- 
tities that  can  become  infinite ;  see  Art.  5.  In  a  few  simple  cases 
however  Strauch  actually  solves  the  equations  which  are  analogous 
to  equation  (2)  of  Art.  5.  With  the  single  exception  of  the 
general  problem  of  the  shortest  line  on  any  surface,  all  the  great 
problems  of  the  Calculus  of  Variations  occur  in  Strauch's  collec- 
tion; and  although  he  has  not  given  the  shortest  line  on  any 
sur&ce,  he  has  given  cases  of  the  shortest  line  on  specific  surfaces. 
The   problems    are  always  accompanied  by  excellent  historical 
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aeconnts  of  their  ftrlgin  and  progresa.  Oq  ttc  whole,  although 
the  work  cootaina  much  that  is  superfluous,  and  much  that  is 
of  very  inferior  interest,  and  very  little  so  far  as  the  theory 
is  concerned  which  liad  not  appeared  before,  yet  the  large  collec- 
tioB  of  carefully  solved  examples  which  it  contains,  recommends 
it  to  the  notice  of  every  student  of  the  Calculus  of  YariationB. 
The  work  is  distinguished  for  remarkable  accuracy,  both  in  the 
inveBtigatioQB  and  in  the  printing. 

333.  We  proceed  to  give  a  more  detailed  account  of  the 
contfints  of  these  volumes.     We  begin  with  the  first  volume. 

The  first  section  occupies  pages  1 — 8 ;  it  is  entitled  Propositions 
which  belong  to  the.  Differential  Calculus.  These  pages  contain 
nothing  of  importance ;  they  are  principally  explanatory  of  the 
notation  which  the  author  adopts  for  distinguishing  differential 
coefficients  formed  on  diffei'cnt  suppositions,  such  as  partial  and 
complete  diflfcrential  coefficients.  The  second  section  occupies 
pages  8 — 13;  it  is  entitled  Propositions  which  belong  to  the  Integral 
Calculus.  These  pages  contuin  nothing  new ;  tliey  principally 
refer  to  the  differentiation  of  an  integral  with  respect  to  any 
parameter  which  may  occur  in  the  expression  to  be  integrated. 
The  third  section  occupies  pages  13 — 20 ;  it  consists  of  an  investi- 
gation of  the  conditions  nnder  which  certain  homogeneous  func- 
tions will  retain  an  invariable  sign.  For  example,  consider  the 
exprsaeion 

Aj^  +  2Bpq  +  (V  +  2-0/w  +  2-E2»*  +  Fj*, 

and  suppose  that  A,  B,  C,  D,  E,  F  are  fixed  quantities,  and  that 
p,q,r  are  variables  which  may  have  any  value ;  then  Strauch 
investigates  the  conditions  that  must  hold  among  A,  B,  G,  D,  B,  F 
in  order  that  the  expression  may  be  of  invariable  sign.  The  fourth 
section  occnpiea  pages  20 — 69 ;  it  treats  of  the  development  of 
a  function  in  powers  of  a  variable,  the  function  being  connected 
with  the  variable  by  means  of  an  ousolved  equation.  Thus,  for 
example,  on  page  44,  Strauch  proposes  to  express  u  in  a  series 
of  ascending  powers  of  v,  tlie  eqaation  which  connects  w  and  v 
being 


376  BVaXEMATlC  TREATISES. 

From  thia  equation  three  aeries  are  deduced  for  u.  For  it  is 
shewn  that  we  may  have 

u  =  ^,u'  +  A^v'  +  Ay  +  ^,w"  +  . .  . 

where  vi,,  A^,  A,,  A^,...  are  successivelj  determined,  and  each  has 
only  one  value.     Or  we  may  have 

where  B„  B^,  B^,  B^,...  are  succeBsiyely  determined.  In  this  case 
it  is  found  that  B^  may  have  two  different  values,  and  as  the 
suhBequent  coefficients  B^,  B„  -B,,.--  ^e  found  in  terms  of  B^, 
each  value  of  5,  gives  riae  to  a  series  for  m,  so  that  we  have  two 
different  aeries  for  w.  Thus,  on  the  whole  we  have  three  forms 
for  the  expansion  of  «  in  terma  of  v;  thia  might  of  eonrse  have 
been  anticipated  from  tlie  fact  that  the  original  equation  is  of 
the  third  degree  in  u,  and  therefore  furniahea  three  values  of  w. 

The  method  used  by  the  author  throughout  thia  section  ia 
that  of  indeterminate  coefficients.  He  ia  very  carefiil  in  his  ex- 
amples to  obtain  all  the  different  expansions  which  his  expreasions 
will  fiimish ;  and  he  has  thus  given  a  more  complete  esemplifi- 
cation  of  the  method  of  indeterminate  coefficients  than  is  usual 
in  works  on  algebra.  The  subject  however  is  not  very  closely 
connected  with  the  Calculus  of  Variations ;  and  the  chief  use  of 
this  section  is  in  relation  to  the  first  series  of  examples  in  the 
book,  which  as  we  have  said  belong  to  the  ordinary  theory  of 
maxima  and  minima. 

Thus  the  first  four  sections  of  the  work  are  only  introductory 
to  the  Calculus  of  Variations. 


334.  The  fifth  section  occupies  pages  69 — 131 ;  it  is  entitled 
Theory  of  the  so-called  Calculus  of  Variations.  In  thia  section 
Strauch  explains  what  ia  meant  by  a  variation,  and  ahewa  how 
to  find  the  variations  of  different  expreaaions.  He  objects  to  the 
word  variation  as  not  sufficiently  distinctive,  since  the  notion  of 
Tariable«  runs  through   the  whole  of  the  Differential   Calculus; 
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moreorer  ihe  word  variatum  is  used  in  a  pecali«i  Benae  in  algebra. 
Accordingly  he  adopts  the  word  mutation  instead  of  varlatwn. 
We  shall  however  generally  retain  the  usual  word.  His  deJinitioQ 
of  a  variation  coincides  in  fact  with  that  which  haa  been  adopted 
by  Eulcr,  Lagrange  and  Ohm;  see  Arta.  22,  15,  55.  Lety  stand 
for  ^  (x) ;  then  he  supposes  <f>  (x)  changed  into  <p  {x,  le),  and  0  {x,  k) 
expanded  in  powers  of  «  by  Maclaurin's  Theorem  ;  this  expansion 
he  denotes  by 


Then  supposing  *  indefinitely  Bmall  the  series 

is  called  the  variation  of  y.    The  quantity  k  ia  considered  indepen- 
dent of  a; ;  thus  the  variation  of  ^r^  is 


dx  +1,2    it   ■*"|3    <&   *■ 


and  by  differentiating  this  seriea  with  respect  to  x  we  obtain  the 


variation  of  -vH .  and  so  on. 


Stranch  lays  great  stress  on  the  view  he  takes  of  a  variation,  and 
asserta  that  the  common  method  of  denoting  the  variation  of  3^  by 
a  single  term  as  hy  or  «Sy  leads  to  a  number  of  absurdities  and  con- 
tradictions. This  assertion  aeems  however  quite  arbitrary,  and  a  very 
careful  csamination  of  his  theory  and  problems  has  not  afforded 
any  confirmation  of  it.  On  the  contrary,  his  method  leads  to  a 
great  and  needless  complexity  in  the  exhibition  of  the  terms  of 
the  second  order  in  the  variations  of  expressions,  with  the  view 
of  discriminating  between  maxima  and  minima.  The  student  of 
Strauch's  work  will  effect  a  great  simplification,  without  any  Ices, 
by  supposing  that  such  expressions  a^  S'y,  h'y, ...,  are  all  zero,  so 
M  to  reduce  each  variation  to  its  first  term. 


378  SYSTEMATIC  TREATISES. 

In  the  latter  part  of  his  fifth  section  Strauch  explains  a  dis- 
tinction on  which  he  also  lays  great  stress.  A  function  is  said  to 
experience  a  mixed  mutation  when  some  of  the  variables  undergo 
that  kind  of  change  which  the  Calculus  of  Variations  contemplates, 
and  others  that  kind  of  change  which  the  Differential  Calculus 
contemplates.  We  can  illustrate  this  by  considering  an  Integral, 
although  Strauch  himself  does  not  introduce  Integrals  until  the 
next  section  of  his  work.  In  varying  an  integral  then  he  does 
not  ascribe  any  variation  to  the  independent  variable,  but  makes 
changes  in  the  limits  of  the  integration.  Thus  he  calls  the  whole 
change  in  the  integral  a  mixed  mutation,  since  it  partly  consists 
of  an  ordinary  change  of  value  of  the  limits  of  the  independent 
variable,  and  partly  of  a  change  oiform  of  the  dependent  variable 
which  is  strictly  a  variation  or  mutation.  This  restriction  of 
variations  to  the  dependent  variables  seems  to  possess  all  the  ad- 
vantages which  Strauch  claims  for  it. 

The  sixth  section  occupies  pages  132 — 165 ;  it  treats  of  some 
special  points  in  the  theory  of  variations.  This  section  presents 
nothing  remarkable  or  important ;  it  is  chiefly  occupied  with  in- 
ferences which  follow  from  the  view  the  author  takes  of  a  variation 
as  consisting  of  an  infinite  series  of  terms. 

335.  The  seventh  section  occupies  pages  165 — 356 ;  this  con- 
tains the  general  theory  of  maxima  and  minima  values.  This 
section  is  divided  into  three  parts ;  in  the  first  Strauch  considers 
expressions  which  involve  neither  integrals  nor  differential  co- 
efficients, in  the  second  expressions  which  involve  differential 
coefficients,  in  the  third  expressions  which  involve  also  single 
integrals. 

Some  general  remarks  and  definitions  are  given  on  pages 
165 — 171,  and  then  the  theory  of  the  maxima  and  minima  values 
of  functions  involving  neither  integrals  nor  differential  coefficients 
occupies  pages  171 — 231.  This  part  of  the  book  contains  the  ordi- 
nary theory  of  maxima  and  minima  values  which  is  explained  in 
treatises  on  the  Differential  Calculus;  the  language  is  rather 
different  from  that  which  is  usually  employed  and  the  various 
cases  which  occur  are  treated  separately  with  great  care ;  nothing 
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boveTer  Is  given  wliicli  miglit  not  be  obtained  from  the  ordinaiy 
treatises  on  the  Differential  Calculus.  This  part  of  tlie  work  ia- 
illustrated  by  a  aeries  of  sixty  problems  occupying  ])age3  357 — 180' 
of  the  first  volume.  These  sixty  problems  are  all,  with  the 
exception  of  the  last  sis,  ordinary  problems  of  maxima  and 
minima;  tlie  laat  six  ai'e  of  a  slightly  different  character.  Take 
for  example  problem  55.  Let  a  be  a  given  quantity,  and  let  it  be 
required  to  determine  the  function  if  3"  that  the  following  ex- 
pression shall  be  a  maximum  or  a  minimum,  without  assigning 
a  specific  value  to  x, 

»"-|*Wr+2*H*W-»(«)l'-2'*W-2<.*[a). 

Let  y  stand  for  ^  [x)  and  y.  for  tf)  (a) ,  and  denote  the  expression 
by  U;  then 


4 


Thus  S  U  will  vanish  if 


^/-y-  +  ^  =  o  «"tl  y..- 


These  lead  to  x  =  a;  this  however  is  inconsistent  with  the 
supposition  that  x  is  not  to  have  any  specific  value.  Suppose  the 
problem  then  limited  by  the  condition  that  y,  is  always  to  be 
invariable.  Then  to  make  S?7  vanish  we  only  require  y—^n  +  x 
Suppose  a;  =  fl  in  this  equation ;  thus  y,  —  y,  +  d  =  0  ;  therefore 
a  3E  0.  So  the  problem  does  not  admit  of  a  solution  in  the  limited 
sense  unless  a  be  zero.  In  this  case  the  only  term  of  the  second 
order  is  —(Sy)',  indicating  that  there  is  a  maximum. 

It  is  known  that  a  function  of  any  variable  may  be  a  maximum 
or  minimum  when  its  differential  coefficient  with  respect  to  that 
variable  is  infinite  as  well  as  when  it  ia  zero ;  Strauch  accordingly 
in  Ilia  examples  takes  account  of  such  infinite  values  very  care- 
fully. 

The  second  part  of  the  seventh  section  occupies  pages  231 — 274; 
it  investigates  the  conditions  for  the  maxima  and  minima  values 
of  expressions  which   involve  differential   coefficients.     VVc   take 


H 
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his  first  case  for  an  example.    Suppose   V  a  given  function  of 

a?,  y,  and  p^  where  p  stands  for  ^ ;  and  let  it  be  required  to  find 

y  in  terms  of  a;  so  that  U  may  be  a  maximum  or  minimum.  If  we 
regard  y  and^  both  as  variable,  then,  since  the  variations  of  y  and 
p  are  independent,  we  must  have  in  order  that  the  variation  of  V 
should  vanish 

-J-  =  0,    and  -T-  =  0. 
ay  dp 

If  we  can  find  y  in  terms  of  a;  so  as  to  satisfy  simultaneously 
these  two  equations,  we  obtain  a  maximum  or  a  minimum  value 
of  U  provided  that 

is  of  invariable  sign  for  all  indefinitelj  small  values  of  By  and  Sp. 

Also  solutions  maj  sometimes  be  found  hj  taking  y  so  that 
simultaneously 

dU    ^  .dU 

-^  =  0,      and-^  =  co, 

or  so  that  -3-  =  oo ,    and  -=-  =  0, 
ay         ^  dp       ^ 

^.   ^dU  '    .dU 

or  so  that  -t-  =  00 ,    and  -=-  =  oo . 
dy  dp 

But  we  may  if  we  please  modify  our  original  problem  thus ; 
required  the  relation  that  must  hold  between  x  and  y  in  order  that 
for  a  given  value  of  y  we  may  have  U  a  maximum  or  minimum. 
That  is,  we  may  suppose  p  susceptible  of  variation  but  not  y.    In 

this  case  we  have  to  find  y  firom  the  equation  -^  =  0,  and  then  we 

d^U . 
have  a  maximum  or  minimum  according  as  -j-^  is  negative  or 
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poBrdTe.    And  a  solutioQ  maj  sometimes  be  found  by  supposing 


Or  we  may  suppose  y  snaceptible  of  variation  but  notj»;  and 
then  we  have  to  seek  for  solutions  irom  the  equations 


dU    ^  ,dU 

-.  -  =  0,     and  -r-  =  « 
ay  dy 


Strauch  then  proceeds  to  the  case  in  whicli  f  is  a  given 
function  of  j-,  y,  p,  q,  ... ,  and  is  to  be  made  a  maximum  or  a  mini- 
mum; then  to  cases  in  which  sncb  an  ezprension  is  to  be  made 
a  maximnm  or  a  minimum,  while  at  the  same  time  one  or  more 

relations  are  to  hold  between  x,  y,p,  j Then  follow  similar 

dy     dz 
'  dx'  dx' 


I  in  which  fT*  is  a  given  function  oi  x,  y,  i,  ^  ,  -=-  , 


Lagrange  first  considered  a  problem  of  the  kind  to  which 
Strauch  devotes  this  part  of  his  seventh  section,  and  Ohm  first 
treated  the  subject  in  detail ;  see  Arts.  3  and  56,  The  subject 
ia  neither  difficult  nor  important.  In  his  second  volume  Strauch 
illustrates  this  part  of  his  work  by  a  series  of  93  examples,  which 
occupy  pages  1 — 211.  One  of  these  examples  is  that  given  \ij 
Ijagrange,  and  three  are  taken  from  Ohm ;  the  remainder  are 
supplied  by  Strauch  himself.  See  his  preface,  page  xxix.  Most 
of  these  examples  are  fully  worked  out,  but  a  few  are  left  with 
only  indications  of  the  steps. 


The  third  part  of  the  seventh  section  occupies  pages  275 — 350 ; 
this  contains  such  investigations  as  are  usually  comprised  in  the 
Calculus  of  Variations,  so  far  as  single  integrals  are  concerned. 
Strauch  proceeds  in  the  same  way  as  Ohm,  beginning  with  simple 
cases  and  gradually  rising  to  the  more  complex  cases ;  sec  Ait.  57. 
In  order  to  distinguish  between  maxima  and  minima  values  ho 
adopts  Legendre's  method,  without  any  attention  to  tlie  imper- 
fections of  the  method  indicated  by  Lagrange  and  others;   see 
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Arts.  5,  6,  219.  He  considers  the  case  in  which  the  integral  in- 
volves more  than  one  dependent  variable,  and  he  adapts  Legendre's 
method  to  the  discrimination  of  the  maxima  and  minima  values. 
This  extension  of  Legendre's  method  he  attributes  to  Ohm ;  see 
Strauch,  VoL  i.  page  311. 

336.  We  now  come  to  the  most  valuable  part  of  Strauch's 
work,  namely,  the  collection  of  problems  relating  to  the  maxima 
and  minima  of  integrals;  this  occupies  pages  212 — 739  of  the 
second  volume. 

The  problems  which  relate  to  single  integrals  occupy  pages 
212 — 562 ;  these  are  all  examples  of  the  theory  which  is  developed 
in  the  third  part  of  the  seventh  section.  There  are  95  problems 
according  to  the  author's  enumeration,  but  this  number  is  obtained 
by  counting  as  different  problems  many  which  are  only  varieties 
of  one  problem.  Strauch  says  that  he  has  taken  32  of  these 
problems  from  Euler's  Methodua  Inventendi...^  and  14  of  them 
from  the  writings  of  Lagrange ;  see  Strauch's  preface,  page  xxix. 
The  problems  are  very  carefully  solved  by  Strauch ;  the  various 
limiting  cases  that  can  occur  are  folly  distinguished,  and  the  terms 
of  the  second  order  are  almost  always  investigated.  Valuable 
historical  notes  are  added  to  the  discussion  of  the  problems  which 
have  been  proposed  by  the  great  writers  on  the  subject. 

The  problems  which  relate  to  double  integrals  occupy  pages 
562 — 739.  There  are  40  problems  according  to  the  author's  enu- 
meration. These  are  principally  strictly  examples;  but  a  few  of 
them  are  theoretical  investigations  of  the  variations  of  double  in- 
tegrals, which  Strauch  had  not  previously  considered.  The  theo- 
retical investigations  are  given  in  his  usual  way  by  Strauch ;  he 
begins  with  the  more  simple  cases  and  proceeds  to  the  more 
complex.  Thus  on  pages  674 — 676  he  gives  an  investigation  like 
that  we  have  given  in  Art.  59  from  Ohm ;  Strauch  however  sup- 
plies an  investigation  of  the  terms  of  the  second  order.  Then  on 
pages  713 — 717  he  gives  a  similar  investigation  for  the  case  in  which 

the  function  under  the  integral  sign  involves  a?,  y,  «,  ^ ,  ^ ,    33  , 


-5 — r-  and  i-i ;  here  ho  does  not  supply  an  inveatleation  of  tlte 
dxdy         df 

terms  of  the  second  order.  This  investigation  on  pages  713 — 717 
does  in  fact  snm  up  all  that  Straucli  accomplinhes  with  the  varia- 
tion of  multiple  integrals ;  his  result  coincides  with  that  which  we 
have  already  given  after  Sarrus;  see  Arts,  183,  184. 

Straucli,  as  we  have  already  stated,  docs  not  refer  to  some  of  the 
writers  whose  works  had  preceded  liis  own ;  see  Art.  330.  He  is 
consequently  disposed  to  claim  as  new  investigations  which  had 
ahready  been  made.  Thus  on  liis  page  574  he  supposes  that  ho 
is  the  first  to  investigate  the  terms  of  the  second  order  in  a  cer- 
tain double  integral ;  Brunacci  however  had  preceded  him ;  see 
Art.  213.  Again,  on  his  pages  737,  738  he  institutes  a  comparison 
between  his  own  results  and  those  of  Poiason  and  Ostrogradaky ; 
and  he  justly  states  that  his  own  arc  in  some  points  more  gene- 
ral. But,  as  we  have  stated  above,  Sarrus  had  preceded  him  in 
the  investigation  which  really  involves  all  that  he  accomjilishes. 
See  Art.  138. 

We  will  now  consider  some  B]>ecial  points  suggesled  by  the 
work  of  Strauch. 

337,  We  have  spoken  above  of  the  extreme  accuracy  of  tllQ' 
work  in  general ;  we  will  here  indicate  a  few  points  which  appear 
to  be  incorrect. 

On  page  438  of  Vol.  II.  a  case  of  the  brachistochrone  is  discussed ; 
a  heavy  particle  la  supposed  to  be  constrained  to  move  on  a  fixed 
])lane,  and  there  is  a  resistance  which  varies  as  the  square  of  the 
velocity.  Here  Strauch  obtains  the  result  that  the  curve  becomes  a 
straight  line.  But  he  has  interchanged  the  values  of  the  quantities 
which  he  obtains  from  his  equations  xsiv.  and  xxxi. ;  and  he  does 
not  observe  that  the  true  values  render  his  /"(y)  infinite  and  vitiate 
his  solution.  He  does  not  observe  also  that  we  can  resolve  the 
force  of  gravity  into  two  components,  one  in  the  fixed  plane  and  the 
otiicr  perpendicular  to  it,  and  then  neglecting  the  latter  com]>oncnt 
tike  problem  ia  the  same  as  if  the  particle  movc<l  in  a  vurlical 
phine.    The  latter  remark  appliea  again  on  pago  451. 


be  J 

ar  ■ 
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On  page  445  of  YoL  ii.  Strauch  is  discussing  a  problem  given  bj 
Enler ;  the  curve  is  required  down  which  a  heavy  particle  must  move 
so  as  to  acquire  the  greatest  velocity,  supposing  a  resistance  varying 
as  the  square  of  the  velocity.  Strauch  exhibits  some  investigations 
for  discriminating  between  a  maximum  and  a  minimum.  His  equa- 
tion XXV.  cannot  however  be  allowed,  because  his  equation  xxiv. 
from  which  he  deduces  it,  is  true  for  the  curve  which  the  particle  is 
supposed  actually  to  describe,  but  not  true  necessarily  for  any  other 
curve. 

On  pages  461  and  462  of  Vol.  ii.  he  attempts  to  shew  that  it  is 
possible  that    ,.7^   ,.  can  always  be  equal  to  a  constant  jB,  and 

yet  L  vanish  when  a? = a.  This  is  impossible,  for    ..^    ^  is  always 

finite,  and    ,,7^  ^  is  less  than  L.    In  fact  his  equation  xxviii. 

shews  that  y  is  impossible  when  a;  =  a  if  j?  is  not  zero.  The  only 
conclusion  is  that  JS  =  0 ;  then  ^  =  0,  and  the  curve  becomes  a 
straight  line,  as  might  have  been  anticipated.     Similar  remarks 

apply  to  page  466 ;  it  is  impossible  that  ii«  =  0  and    ..7^  ^  =  a 

constant,  unless  that  constant  is  zero. 

338.  Suppose  we  require  the  maximum  or  minimum  value 
of  an  expression  |^c2r,  where  ^  involves  a;,  y,  and  the  differen- 
tial coeflScients  of  y  with  respect  to  x.  Now  the  well-known 
process  is  to  obtain  IS^  dx^  and  to  reduce  this  expression  as 
much  as  possible  by  integration  by  parts  until  it  takes  the  form 
L^-iMhydxj  where  M  contains  no  variation;  then  we  put  M^  0. 

Strauch  has  a  very  singular  notion  on  this  subject.  He  says  it 
cannot  be  proved  that  we  must  have  If  =  0 ;  although  he  allows 
that  we  do  get  solutions  of  our  problem  thus.  Accordingly  he  pro- 
poses to  try  if  solutions  cannot  be  obtained  by  putting  S0  «  0.  See 
his  Preface,  pages  xxv.  and  xxvi.    Thus  he  frequently  tries  two 
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processes  of  solation  of  hie  problems.  It  may  be  safely  asserted 
that  the  ordinary  view  of  the  necessity  of  the  equation  J/=0  is 
eotmd ;  supposing  that  whatever  series  of  valaes  Sy  can  assoine 
it  can  also  assume  the  corresponding  series  of  values  numerically 
cqnsl  bat  of  opposite  sign,  without  changing  the  limiting  values 
of  the  variations.  And  on  examination  it  will  be  found  that  nothing 
ia  gained  in  any  part  of  Straucb'a  work  by  paying  attention  to 
what  he  considers  a  second  solution  of  some  of  his  problems.  Let 
tis  take  for  example  the  case  which  he  himself  brings  forward 
in  the  preface.  Be^oired  the  maximum  or  mininmrn  value  of  the 
expression 


J  (^-2xy  +  2p-p*)dx. 


The  ordinaiy  method  foroishes  the  equation 


And  we  have  also  the  limiting  equation 

(l-i'}.Sy.-{i-i>).fi^.  =  o.. 


Strauch  then  proposes  the  following  as  another  solution.     The 
variation  of  the  proposed  expression  b 


|*2[(y-a:)Sy 


+  2  (1  -p]  Spl  dx. 


Without  effecting  any  reduction  by  integration  by  parts,  make  tUia 
expression  vanish ;  this  we  can  do  by  supposing 

y-a!  =  0  and  l-p  =  0 (3). 

The  second  of  equations  (3)  is  in  this  case  consistent  with  the 
6r8t,  so  that  we  do  get  a  solution.  This  however  is  not  a  new 
BolnUon;  it  is  comprised  in  (1) ;  for  y=x  is  a  particular  solution  of 
the  differential  equation  (1);  and  y  =  x  also  satisfies  (2).  Thus 
Sttauch's  supposed  second  solution  is  really  included,  as  it  should 
be,  in  the  ordinary  solution. 

25 
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Before  leaving  this  part  of  our  subject  we  will  offer  some  »- 
marks  with  the  view  of  guarding  against  a  possible  misconception 
of  the  principle  of  equating  separately  to  zero  the  two  parts  of  the 
variation  of  an  integral,  in  order  to  obtain  a  maximom  or  minimum 
value  of  the  integral  Consider  the  problem  of  finding  the  curve 
which  with  its  evolute  includes  a  minimum  area.  Let  p  denote  the 
radius  of  curvature  at  any  point  of  the  curve,  s  the  length  of  the 
arc  of  the  curve  measuied  from  any  fixed  origin  up  to  this  point ; 

then  we  require  that  I    p  ds  should  be  a  minimum.    Let  p  receive 

the  variation  8p,  and  let  s^  and  s^  receive  the  increments  ds^  and  <i», 
respectively ;  then  the  change  in  the  integral  is 


I    £/i  (&  +  pi  t^s,  —  pu  t&i, . 


Here  the  coefficient  of  Bp  under  the  integral  sign  is  imity,  which 
cannot  be  made  to  vanish ;  so  that  it  might  perhaps  be  supposed 
at  once  that  the  solution  of  the  problem  is  impossible. 

But  the  fact  is  that  we  cannot  prove  in  auch  a  caae  tliat  in 
order  to  obtain  a  solution  we  must  make  the  Integrated  part  and 
the  unintegrated  part  separately  vanish.  For  when  we  take  the 
arc  a  as  the  independent  variable,  and  pass  from  one  curve  to  an 
adjacent  curve  the  length  of  the  are  will  in  general  be  changed ; 
and  if  we  make  any  change  in  that  part  of  the  variation  of  an 
integral  which  remains  under  the  integral  sign,  the  part  outside 
the  integral  sign  also  undergoes  a  change.  In  other  words, 
the  two  parts  which  constitute  the  whole  variation  of  a  proposed 
integral  are  not  independent,  so  that  we  are  not  compelled  to  make 
ihem  separately  vanish  in  order  that  the  whole  variation  may 
vanish.  If  we  can  make  them  separately  vanish  we  obtain  a  solu- 
tion of  the  problem,  subject  of  course  to  an  examination  of  the 
terms  of  the  second  order ;  but  we  are  not  certain  that  this  is  the 
only  solution.  And  if  we  cannot  make  them  separately  vanish  we 
must  not  therefore  conclude  that  tlie  problem  b  impossible. 

The  point  we  are  now  considering  is  perhaps  sufficiently  obvious; 
but  aa  it  is  sometimes  a  source  of  difficulty  to  students  it  may  be 
useful  to  refer  to  two  other  examples. 


M" 
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Suppose  we  require  a  curve  wtich  has  the  property  of  making 

\ds  a,  minimnm,  the  ends  of  the  curve  teing  suppoaed 

fixed ;  c  is  a  constant  and  r  is  tlie  radius  vector  drawn  from  a  fixed 
pole.  The  proLlem  is  thus  equivalent  to  the  following ;  aHsuming 
the  principle  of  least  action  in  Dynamics,  and  the  ordinary  law  of 
attraction,  determine  the  curve  which  a  particle  will  describe.  The 
result  ought  to  be  a  conic  section,  and  we  shall  obtain  this  result 
if  we  adopt  the  usual  independent  variable  0,  and  put 


^r'+[%)'jeto,d.. 


But  no  result  will  be  obtained  by  attempting  to  determine  f 
a  function  of  s  and  operating  in  the  usual  way  immediately  on 


M-°)*- 


1 


Again,  suppose  we  require  to  describe  on  a  given  chord  a  curve 
of  given  length,  such  that  the  area  included  by  the  curve  and  the 
chord  may  be  a  maximum.  This  can  be  easily  solved  in  the  usual 
way  by  taking  x  as  the  independent  variable ;  the  result  ia  that  the 
curve  must  be  a  circular  arc.  But  suppose  we  take  «  as  the  in- 
dependent variable,  and  take  a  fixed  point  as  pole.  Then  the 
polar  area  between  the  curve  and  the  extreme  radii  will  be 


and  as  the  triangle  included  by  tlie  given  chord  and  the  extreme 
radii  is  itself  constant,  we  have  to  make  the  above  area  a  maximum ; 
also  the  length  of  the  given  curve  Is  to  be  constant.  Thus  in  the 
usual  way  we  have  to  make  the  following  expression  a  maximum, 


where  c  ia  »  constant, 
the  equation 


Proceeding  in  the  usual  way  we  shall  have 
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+  constant, 


therefore       j ==  =  a,  where  a  is  some  constant. 

Therefore    (|)'  =  ^.  that  is,  H-^(D^^; 

therefore  Q=-^. 

From  this  we  should  obtain  for  the  required  curve  a  circle 
passing  through  the  arbitrary  pole ;  and  this  is  inadmissible,  be- 
cause the  circle  is  determined  bj  the  fact  that  it  is  to  pass  through 
the  ends  of  the  given  chord  and  that  its  arc  cut  off  by  the  chord 
is  to  have  a  constant  length,  so  that  it  cannot  in  addition  be  made 
to  pass  through  an  arbitrary  point. 

If  ^denote  the  perpendicular  from  the  pole  on  the  tangent  to 

the  curve,  the  problem  amounts  to  requiring  that  /  ( j>  +  c)  {29  shall 

be  a  maximum ;  and  in  this  form  we  see  at  once  that  no  solution 
oan  be  obtained  by  the  ordinary  method  if  we  keep  s  as  the  inde- 
pendent variable  and  endeavour  to  determine^  as  a  function  of  s. 

We  have  hitherto  spoken  only  for  simplicity  of  the  use  of  the 
arc  «  as  an  independent  variable ;  but  our  remarks  apply  also  to  the 
use  of  the  arc  «  as  a  depend&ni  variable.  Thus,  taking  the  example 
abready  used,  we  have 

but  if  we  adopt  the  right-hand  form  and  thus  treat  r  as  the  inde- 
pendent variable  we  shall  arrive  at  the  same  untenable  solution  as 
before.  The  objection  to  the  process  is  easily  seen.  Suppose  we 
draw  one  curve  through  two  fixed  points,  and  then  draw  an  adjacent 
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crare  hy  changing  every  s  into  s  +  &,  and  alao  pass  from  the  first 
curve  to  a  third  cur\'e  by  changing  every  s  into  a  —  Bs;  then  if  we 
make  the  second  curve  to  Iiave  the  fixed  initial  and  final  points,  the 
first  and  the  third  curves  will  not  in  general  Lave  the  same  final 
points.  That  is,  we  cannot  change  the  sign  of  Se  arbitrarily,  and 
therefore  we  have  no  right  to  conclude  that  the  coefficient  of  Sg  in 
the  part  remaining  under  the  integral  sign  in  the  variation  of  the 
integral  most  be  zero. 

We  may  add  that  the  fact  that  when  we  use  the  ordinary 
variables  x  and  y  we  must  equate  to  zero  the  coefficient  of  the   i 
variation  under  the  integral  sign,  seems  more  obvious  when  WB   ' 
ascribe  a  variation  to  the  dependent  variable  only  than  when  we 
also  vary  the  independent  variable ;  tliis  is  an  additional  argument 
in  favour  of  an  opinion  already  expressed.     See  Art.  204. 

339.  Problems  of  maxima  and  minima  which  involve  the 
product  or  quotient  of  integrals  are  sometimes  incompletely  solved. 
Stranch  has  given  some  examples  for  the  purjwse  of  drawing  at- 
tention to  the  point  which  ib  liable  to  be  overlooked;  Bce  his 
Preface,  pages  xix.  and  xxxj.  This  deserves  to  be  illustrated 
fully,  and  we  will  accordingly  give  two  problems  in  addition  to  hia. 

I.     Determine  the  form  of  a  curve  symmetrical  with  respect  to- 
its  axis  such  that  when  suspended  by  its  vertex  the  time  of  a  small 
oscillation  of  the  segment  cut  off  by  the  ordinate  which  corresponds   j 
to  a  given  abscissa  may  be  a  minironm. 

Take  the  vertex  as  the  origin,  the  tangent  at  the  vertex  as  th© 
axis  of  y  and  the  axis  of  x  vertically  downwards ;  let  c  denote  the 
given  abscissa.  The  area  cut  off  by  the  ordinate  which  corresponds 
to  c  is  supposed  to  oscillate  about  an  axiti  through  the  origin  [>er'- 
pendicular  to  the  plane  of  the  curve.  Then  by  the  principles  of 
mechanics  the  length  of  the  equivalent  simple  pendulum  is 

j  t/xde 
and  this  expression  must  therefore  be  a  minimum. 
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Denote  the  numerator  and  denominator  of  this  fraction  bj  u  and 
V  respectiyely.    Then  that  -  may  be  a  minimnm  we  must  have 


therefore 


that  is, 


8u     u8v 
J  =0, 


Bu  —  Sw  =  0 : 

V 


U 


Now  let  -  be  denoted  by  2;  then  2  is  a  constant  for  our  purpose. 


V 


so  that  the  last  equation  may  be  written 


j  ij^  +  af-lxjSjfdx^O. 


Hence  in  the  usual  way  we  infer  that 

and  so  we  apparently  obtain  a  circle  as  a  solution  of  the  proposed 
problem. 

The  solution  however  is  not  yet  completed;  for  we  require 
that  -  should  be  equal  to  I.  Substitute  for  y  its  value  in  terms 
of  X  which  has  just  been  obtained ;  then  we  require  that 


1  r* 

-I  {lx  +  2ix?)^{lx^a?)dx 
Xf^{lx'^a?)dx 


therefore 


22 


-  /  a?  f^{lx  '^a!?)dx 
I  x»J{lx^a?)dx 


)  that  tlie  proposed  probli 


This  U  impoasible; 
of  a  solution. 

In  fact  in  this  problem  as  there  is  no  limitation  about  the  area 
we  can  eup^xiBe  it  to  diminish  down  to  an  indefinitelj  small  area 
in  the  neighbourhood  of  the  origin,  and  bo  make  the  time  of  a  small 
OBcillation  indefinitely  small. 

In  Buch  a  problem  as  the  above,  the  investigation  aa  to  whether 

such  a  condition  na  that  denoted  by  -  =  /  can  be  satisfied,  is  some- 

timea  omitted ;  in  the  present  case  it  appears  that  this  condition 
cannot  be  satisfied.  We  will  now  give  a  problem  of  the  same  kind 
which  doea  admit  of  a  soiutlon. 

n.  A  given  volume  of  a  given  substance  is  to  be  formed 
into  a  solid  of  revolution,  such  that  the  time  of  a  small  osalla- 
tion  about  a  horizontal  axis  perpendicular  to  tlie  axis  of  the 
figure  may  be  a  minimum ;  determine  the  form  of  the  solid. 

Take  the  axis  of  x  coincident  with  the  axis  of  figure,  and  the 
axis  of  y  coincident  with  the  line  about  which  the  body  is  to 
revolve ;  let  x,  be  the  abscissa  of  the  lowest  point  of  the  body. 
We  have  to  find  the  equation  to  the  curve,  which  by  revolution 
round  the  axis  of  x  will  generate  the  required  solid ;  we  suppose 
the  curve  to  lie  in  the  plane  of  {x,  y).  By  the  principles  of 
mechanics  the  length  of  the  equivalent  simple  pendulum  is 


this  expression  must  therefore  be  a  minimum,  while  w 


l''^dx  i 
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to  be  equal  to  a  constant,  namely  to  the  giren  volume.    Hence, 
by  the  nsual  principle  we  mnst  have 


Jo 


a  minimum,  where  jS  is  some  constant. 

We  will  at  first  vary  y,  and  afterwards  examine  the  terms 
which  arise  firom  a  change  in  the  limit  x^  of  the  integrations.  Let 
u  and  V  denote  the  numerator  and  denominator  respectively  of  the 
fraction  which  occurs  in  the  above  expression ;  then  in  order  that 
the  expression  may  be  a  minimum,  we  must  have 


therefore 


8u  -  -  Sw  +  i8t;8  J'V  ^  =  ^1 


that  is, 


j  ^(l^  +  2ya0  Sydx  -  -  \     2yxi!fdx+fiv  P  2y8y  dSr  -  0. 

Now  let  -  be  denoted  by  Z,  and  i9t?  by  iS*;  then  I  and  ff  are 

constants  for  our  purpose,  so  that  the  last  equation  may  be 
writteu 

I     (l^  +  2ya?-2lyx  +  2fi'y)Sydx^0. 

.     Hence,  we  infer  that 

^+27/a?-2lyx  +  2ffy^0, 
so  that 

^-\-2a?-2lx  +  2ff^0 (1). 

This  indicates  that  the  generating  curve  is  an  ellipse  with  the 
axes  in  the  ratio  of  I  to  ^2.  The  solution  however  is  not  yet 
completed;  for  we  must  shew  that  the  relation  just  found  will 


mske  -  =  t    Tliia  we  will  shew  presently ;  but  we  will  previouflly 

advert  to  the  terms  which  arise  from  a  change  in  the  limit  x^  of 
the  integrations,  Sapposc  then  that  x,  becomes  x^+dx^,  then 
to  the  first  order  tlic  following  ia  the  increment  of  the  cxpreBsion 
which  we  have  to  make  a  minimum, 


g^ 


dx, — ]  (^i),  (far,  +  j3y,'iir,, 


where  the  anhscript  denotes  that  %  ia  to  be  made  equal  to  x^.     In 
order  that   this    increment  may  vanish,    we    must  have  either 


(^  +  :^-ix  +  ffy. 


■0, 


and  the  latter  combined  with  the  general  relation  (1)  leads  also 
toy,  =  0.  ThuB  at  the  lower  limit  the  generating  cutyb  meets 
the  axis  of  figare. 

We  have  now  to  shew  that  it  is  posaible  to  have 


ly- 


'•=1, 


when  y  is  determined  by  equation  (1),  and  x^  is  such  that  y 
Tanishea  when  x  =  x,. 


We  have  from  (1) 


»(^-|)" 


-S/ff; 


lot  a  and  aiJ2  be  the  semiaxes  of  the  ellipse  determined  by  this 
equation ;  then  ^  —  Z/S"  =  2a*,  and  (1)  becomes 

y+3(«-i)'.s.'. 
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This  equation  indicates  that  the  centre  of  the  ellipse  is  at  the 
distance  —  from  the  origin.    Assume  x^  ss  2a — c,  then 

Hence  we  have  to  shew  that 

^'      ^  J—^iifl-c) (2); 


jy. 


when 

y  +  2(aj-a+c)"«2fl?. 

We  have 

y*=s4ac- 2<^+4aj  (a  -  c)  -  2a^ ; 
therefore 

^+^a^=:-y«(y»  +  4a^=|2ao-c'  +  2a;(a-c)|  -»* 

=  (2ac -<?)■  + 4a? (2ac - (^  (a-c) +4aj"(a-c)"-a;*. 
Integrate  from  o^sbOi  to  a;  =» 2a  — c;  thus  we  obtain 


i?(2a-c)*+2c(a-c)  (2o-c)»+ |  (a-c)'(2a-c)*-i(2a-c)'. 
And 

j'^a!<Ze-c(2a-c)*+|(a-c)  (2a-c)»-|  (2a-c)*. 

ThuB  the  left-hand  member  of  (2)  becomes 

c*  +  2c  (a  -c)  + 1  (a  -c)« -  i  (2a -c)« 
o  +  -(a-.c)--(2a-c) 


A{(?  +  ae  +  ia') 
fi(c  +  2o)       ' 
and  (2)  becomes 

2  (c*  +  PC  +  Jo*) 

5(c  +  2a)       -«-<=' 

therefore  7c*  +  7ac  —  2a'  =  0. 

This  eqaation   famishes   one  positive   valoe   of  -;  it   ia  ap- 
prozimatel/  equal  to  jj  . 

Then  yS*  is  to  be  found  in  terms  of  a  fiom  the  equation 

this  gives  a  negative  value  for  0",  as  ahonld  be  the  case,  because 
from  (1)  we  obtain  y' =  — 2^  when  x  =  0.  The  constant  a  is  to 
be  determined  from  the  given  volume,  that  is  bj  means  of  the 
eqaation 


-r 


-{x  —  a  +  cy\dx  =  the  given  volume. 


To  shew  that  we  have  really  obtained  a  minlmnm  we  should 

investigate  the  terms  of  the  second  order  in  the  variation  of  - ; 

to  this  we  shall  now  proceed.     The  variation  of  ~  arises  portly 

from  the  change  of  y  intoy  +  8y,  and  partly  from  the  change  of^, 
into  x^  +  dx^,  We  shall  first  shew  that  by  reason  of  the  suppo- 
sition that  y  vanishes  when  x  =  x^,  the  change  in  u  or  v  arising 
from  the  change  of  a;,  into  a;,  +  de^  may  be  disregarded.  For 
example,   consider  v;  the  change  in  v  produced  by  the  change 

is  J  i^xdx;  and  as y  itself  ia  Indefinitely  small  for  VBlues 


1 


of  X  lying  between  a,  and  x^+dx^,  the  above  integral 
considered  of  the  third  order  of  small  quantities.    Similar 


may  be 

remarks 


396  SrSTEMATIC  TREATISES. 

hold  with  respect  to  the  change  of  u.    Thus  to  the  second  order, 
we  may  say  that  the  complete  variation  of  ~  is 

Jo  Jo 

Thns  to  the  second  order  we  obtain  7^  — ,  where 

Q    V 

and  ^=l  +  Hf'y«%<&  +  Jj''(Sy)*ajcfe. 

This  ^Tes  for  the  variation  the  following  tenna  of  the  first  order, 
-J     (^  +  2ya?)8y«fc--pfJ   'yxBydx, 


-?l>y 


together  with  the  following  terms  of  the  second  order, 

xdx  +  '^fj  'yxSyda^. 

We  shall  denote  the  terms  of  the  first  order  hj  M^  and  those  of 
the  second  order  by  J^ ;  so  that  if  the  complete  variation  of  -  to  the 
second  order  be  denoted  by  S  - ,  we  have 

sH,jf;+jM; (3). 

Nov  8in(!e  the  volume  is  to  be  constant  wiB  have 


f "  (y  +  Sy)'  dx  -  f 'y  das  -  0, 

•'o ,  Jo. 


^^^^^^B  snuucR.  697 

that  13  2  j'j/By  dx  +  j' (Syy  dx  =  0 (4). 

Multiply  (4)  by  /9  and  add  to  (3) ;  thus  j 

S  ^  =  3f,  +  2j9J'''ySy  dx  +  M,+  ^j"  (8y)'  dx.  I 

And  Jfj  +  3j3  I    yiydx  vanishes  by  (1) ;  tlias 

-^(j'^lf^Si,da>){jyilx-ff)yBydx)+*^(j''^Sydx)\ 
that  is 

This  value  of  S  -  ia  true  to  the  second  order,  that  ia,  no  term 

V 

of  the  second  order  has  been  omitted. 

But  from  (4)  we  see  that  I    ySy  dx  ia  itself  of  the  second  order, 

80  that  the  latter  of  the  above  two  tenna  ia  really  of  the  l/tird  order. 
Hence  finally  to  the  second  order 

and  as  the  right-hand  member  of  thia  eqoation  is  positive  we  hare 
obtuned  a  minimum  value  of  ~ . 


340.  The  criticisms  which  Strauch  offers  on  preceding  writers 
are  sometimes  of  a  very  trifling  character ;  wc  have  already  seen  an 
instance  in  Art.  29,  and  we  will  now  notice  two  others. 
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In  the  problem  solved  bj  Polsson  which  we  have  reproduced  in 
Art  99,  PoisBon*B  own  result  has  0  instead  of  d  +  ^;  that  is,  Poisson 
has  not  explicitly  introduced  the  constant  ^^  in  his  last  integra- 
tion. Stranch  refers  to  this  slight  omission  in  such  a  manner  as 
almost  to  lead  a  reader  to  suppose  that  Poisson's  investigation  must 
be  altogether  unsatisfactory.    See  VoL  ii.  page  504. 

On  pages  747,  748  of  his  second  volume  Strauch  solves  a 
problem  of  a  relative  minimum  as  an  example  of  Euler's  method. 
Bequired  a  curve  such  that  the  area  bounded  by  the  curve  the 
axis  of  X  and  ordinates  at  fixed  points  of  this  axis  shall  be  constant, 
and  at  the  same  time  the  centre  of  gravity  of  this  area  at  a  mini- 
mum distance  from  the  axis  of  a;. 

lydx 

Let  the  absciss®  of  the  fixed  points  be  a  and  a;  then 


is  to  be  a  minimum  while  f   vdx  is  constant. 


ile  f  ydx  is 


2\  ydx 


Let  U^J^^ +L\  ydx (1), 

2\ydx         •'" 

where  Z  is  a  constant;  and  let  f  ydx  be  denoted  by  A. 


Then  SJ7= 


[jlhydx     (ydx 

Nowput  I  j^dx-  C jydx (3), 

then  (2)  may  be  expressed  thus, 

Thus  2y-  C+2AL^0 (4), 

so  that  we  obtain  a  straight  line  parallel  to  the  axis  of  x  for  the 
required  curve.    Then  firom  (3)  we  obtain 


therefore  C  =  2AL  ot='  —  2AL;  the  former  by  (4)  gives  the  in- 
admissible result  y  =  0,  the  latter  gives  y=G. 

Kow  let  the  constant  area  be  denoted  by  ^;  then  unce 

we  obt&in  C  (a  —  a)  =  j". 

Stranch  now  proceeds  to  inveatigate  the  terras  of  the  second 
order;  he  arrives  at  the  result  that  the  sign  of  these  terms  is  the 
same  aa  that  of 


J 


/jSyr-i^-j^  (//»■&)', 


and  he  says  that  as  we  cannot  assert  that  tlie  sign  of  this  expresaion 
is  positive  wo  are  not  justified  in  concluding  by  this  method  that 
there  is  a  minimum,  although  it  is  obvious  from  statical  consider- 
ationa  that  our  resiUt  does  give  a  minimum.  He  therefore  con- 
cludes that  Euler's  process  is  defective.     The  answer  ia  obvious. 

Since  the  area  is  to  be  constant  I     hydx'a  absolutely  zero,  so  that 

we  are  snre  of  a  minimum  from  Strauch's  own  process.  It  will  be 
found  on  examining  Strauch's  investigation  of  the  terms  of  the 
second  order  that  he  has  in  effect  in  one  place  himself  recognized 

that  i   jiy  {£■;  is  zero.    The  whole  solution  is  mora  laboriona  than 

was  necessary ;  for  since  I    t/dx  ia  constant  we  might  instead  of 

Strauch's  value  of  V  have  used  the  more  simple  value  given  by 


U=j's'dx  +  LJ'jdx. 


Stmuch's  objections  to  the  methods  of  Euler  and  Iiagrange 
for  solving  problems  of  relative  maxima  and  minima  seem  unim- 
portant ;  and  his  own  method  is  unnecessarily  complex.  See  Vol.  I. 
pages  339—366,  and  Vol.  ii.  pages  740— 7fi3. 
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341.  It  will  be  convenient  to  notice  in  connexiOQ  witH  1 
work  of  Strauch  an  elaborate  memoir  wliich  he  preaented  to  tlie 
Academy  of  Sciences  at  Vienna  in  1856,  and  which  may  be  re- 
garded 83  a  continuation  of  his  work.  The  title  of  the  memoir  is 
Anwendung  des  sogenannlen  Variationscahyul'a  auf  zwerfiiche  und 
dreifiche  Integrate;  it  waa  published  in  1859  in  the  ISth  volume  of 
the  Denkschriften  of  the  Academy.  The  memoir  occupies  156  large 
quarto  pages,  and  is  remarkable  for  the  accuracy  and  bean^  of 
the  printing. 

The  introduction  refers  to  the  memoirs  of  Delaunay,  Sarms 
and  Cauchy,  which  we  have  described  in  Chaptera  vi,  vii,  viir. 
Strauch  considers  that  these  memoirs  do  not  really  effect  what  was 
required  by  the  Academy  of  Sciences  at  Paris  when  they  proposed 
their  prize  subject;  see  Art.  133.  Accordingly  he  undertakes  in 
the  present  memoir  to  investigate  the  variations  of  doable  and 
triple  integrals. 

After  some  explanatory  remarks  respecting  his  notatioii  he 
proceeds  to  the  variation  of  dooble  integrab ;  this  subject  occupies 
pages  8 — 78  of  the  memoir.  This  part  of  the  memoir  contains 
little  more  than  the  author  had  already  given  in  his  work,  for  tlie 
most  general  investigation  which  occurs  is  that  which  we  have 
already  stated  to  be  the  most  general  investigation  in  his  work ; 
see  Art.  336.  The  methods  are  the  same  as  in  his  work ;  he 
begins  with  simple  cases  and  proceeds  to  those  wliicb  are  more 
complex ;  he  gives  a  full  account  of  the  various  suppositions  which 
can  be  made  respecting  the  limits  of  the  integrations,  although  his 
statement  of  the  manner  in  which  the  arbitrary  functions  or  con- 
stants must  be  determined  is  too  vague  and  general  to  be  of  much 
value.  He  usually  investigates  the  terms  of  the  second  order,  but 
in  transforming  these  terms  he  is  content  with  imitating  the  method 
of  Legendre.  The  variation  of  triple  integrals  occupies  pagea 
79 — 132  of  the  memoir,  and  is  treated  in  his  usual  manner  by 
the  author.  The  most  general  investigation  which  is  completely 
worked  out  is  the  variation  of  a  triple  integral  in  which  no 
differential  coefficient  occurs  of  an  order  higher  than  the  first ; 
some  more  general  investigations  are  partially  worked  out.  Four 
problems  occur  as  examples  in  this  part  of  the  memoir.    The  first 


Is  to  find  w  80  ttat  tlie  following  triple  integral  may  have  a  maxi- 
muoi  or  minimum  value, 


'^'-(i^)}'^*'''' 


where  ^  ia  a  constant,  and  the  Umita  of  the  integrationa  are  all 
Constanta.  The  other  three  problems  are  modifications  of  that 
which  we  have  given  from  Sanii^  in  Art.  ISO. 

The  pages  !33 — 154  of  the  memoir  contain  some  remarks  on 
the  memoirs  of  Samis,  Caucliy  and  Delauoay.  Straach  quotes 
st  fiill  the  result  which  Snrrua  obtains  for  the  problem  which  we 
have  explained  in  Art.  194,  and  compares  this  result  with  that 
which  he  obtains  by  his  own  processes  and  in  his  own  notation. 
Btrauch  gives  that  result  from  Cauchy's  memoir  which  we  have 
investigated  in  Art,  192,  and  compares  it  with  that  which  he 
obtains  by  his  own  processes  and  in  his  own  notation.  In  his 
remarks  on  Delaunay  he  intimates  that  some  terms  are  omitted 
hy  Delaunay  in  his  formulcc  j  see  pages  147  and  148  of  tho  memoir. 
There  is  however  no  error  in  Delaunay 's  formulse ;  the  terms  in 
question  do  not  appear  because  the  problem  which  Delaunay  con- 
siders is  not  the  most  general  that  could  be  proposed,  as  we  have 
already  stated  in  Art.  138, 

Again  on  page  149  Strauch  intimates  that  Delaunay  has  only 
two  equations  for  determining  ccrtiiin  arbitrary  functions,  while 
fiitr  are  required)  which  he  has  himself  supplied ;  Strauch'a  four 
equations  would  however  reduce  to  two  in  the  particular  case  which 
Delaunay  considers. 

342.  The  next  of  the  three  comprehensive  treatises  is  Mr 
Jellett's,  entitled  An  elementary  treatise  on  ike  Calculus  of  Variatioins 
ht/  the  Rev.  J.  H.  JelhU.  Dublin  1850.  It  is  an  octavo  volume 
of  377  pages,  with  a  preface  and  introduction  of  20  pages. 

This  valuable  work  constitutes  the  only  complete  treatise  on 
the  Calculus  of  Variations  in  the  English  language,  and  will  neces- 
Barily  be  studied  by  all  who  wish  to  pass  beyond  the  rudiments 
of  the  subject.     A  brief  outline  of  the  work  with  aomc  remarks  on 
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R  few  incidental  points  is 
heie. 
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iquently  all  that  will  be  required 


343.  The  introduction  contains  a  sketch  of  the  history  of  the 
subject ;  it  appears  that  the  author  had  studied  the  memoirs  of 
Poisson,  Ostrogradsky,  Jacobi  and  Delaunay,  but  had  not  seen  that 
of  Samia.  The  first  chapter  ia  entitled  Definitlcms  and  Principlea/ 
it  occupies  pages  1 — 10,  and  explains  what  ia  meant  by  a  variation, 
A  very  important  remark  occurs  on  page  5,  "  ....  many  writers  on 
the  Calculus  of  Variations  Lave  been  led  into  considerable  difficul- 
ties by  an  unsteady  use  of  the.  symbol  8,  a  symbol  which  they 
employ  sometimes  to  express  the  increment  which  a  function 
receives  in  consequence  of  a  change  of  fonn  onli/,  and  sometimes  to 
express  the  increment  which  it  receives  from  the  variation,  not  only 
of  il8  form,  but  also  of  its  independent  variables.  We  shall  then 
use  the  symbol  S  to  denote  that  species  of  increment  which  is 
peculiar  to  the  Calculus  of  Variations,  that,  namely,  which  a  (unction 
receives  in  consequence  of  a  change  in  its  form  only.  We  shall, 
as  in  the  Differential  Calculus,  denote  by  the  symbol  d  that  incrfr- 
ment  which  a  function  receives  in  consequence  of  a  change  in  the 
magnitude  of  its  independent  variables." 

Accordingly  in  Mr  Jellett'a  work  the  independent  variable  is 
not  supposed  to  undergo  variation.  It  has  already  been  stated  in 
the  course  of  the  present  work  that  this  appears  the  best  method 
of  treating  the  subject. 


344.  The  second  chapter  is  entitled  Functions  of  one  indepen-  • 
dent  variable/  it  occupies  pages  II — 30.  It  contains  the  ordinary 
investigations  and  transformations  of  the  variation  of  a  single  in- 
tegral so  far  as  terms  of  the  first  order,  and  also  an  investigation 
of  the  terms  of  the  second  order;  the  usual  expression  second 
vanalton  is  adopted  for  these  terms,  but  a  good  note  is  given  on 
page  355  respecting  the  ambiguity  of  this  expression.  The  third 
chapter  is  entitled,  Maxima  and  minima  of  indeterminate  fimctiona 
of  one  independent  variable;  it  occupies  pages  31 — 13G.  This 
chapter  coutaina  the  ordinary  investigation  of  the  equation  or 
equations  which  mast  hold  in  order  that  an  integral  may  have  4 


403 


maximiun  or  a  minimum  value.  Jacobi'a  theoiy  for  dUtiiignUhiiig 
between  a  maximum  and  a  minimum  is  fully  developed ;  the  author 
here  followB  the  guidance  of  Delaunay,  see  Arts,  230 — 23G.  This 
chapter  contains  a  very  important  discussion  as  to  the  number  of 
constants  which  can  occur  in  the  solution  of  a  certain  problem, 
and  as  to  the  number  of  them  which  are  indeterminate.     Let  it  be 

required  to  make  the  integral  I     Vdx  a  maximtun  or  a  minimam, 

where  V  containB  x,  y,  e,  and  the  differential  coefficients  of  y  and  e 
with  respect  to  x ;  while  at  the  name  time  a  relation  £  =  0  is  always 
to  hold  among  these  quantities.  The  following  is  the  conclusion. 
Suppose  that  V  contains  j/  and  its  differential  coefficients  as  far  as 
that  of  the  onler  n  inclusive,  and  »  and  its  differential  coefficients 
as  far  as  that  of  the  order  m  j  suppose  that  the  equation  i  =  0  is  of 
the  order  m'  in  differential  coefficients  of  j  and  of  the  order  m  in 
differential  coefficients  of  x.      Then 


(1)  If  »i  be  greater  then  i»'  and  n  greater  than  n'  the  order  of 
the  final  differential  eqoatioa  will  be  the  greater  of  the  two 
quantities 

2  (m  +  n")  and  2  (m'  +  n), 

and  there  will  be  a  sufficient  number  of  ancillary  equations  to  de- 
termine the  arbitrary  constants  which  enter  into  its  solution. 

(2)  The  same  conclusion  holds  for  the  cafe  in  which  m  is 
greater  than  m   and  «  leas  than  n. 

(3)  If  wt'  is  greater  than  m  and  n*  greater  than  n,  the  order  of 
the  final  equation  wiU  be  in  general 

2{m'  +  n'); 

and  its  solution  may  contain  any  number  of  indeterminate  constaota 
not  exceeding  the  lesser  of  the  two  quantities 

2(m'-nt)  and  2{n-n]. 

Mr  Jellett  points  out  that  a  remark  made  by  Poisson  in  the  ninth 
section  of  his  memoir  is  inconsistent  with  these  results. 

26—2 
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The  whole  of  this  chapter  ia  illustratcii  bj  examples  whicK  an 
folly  solved. 

345.  The  fourth  chapter  is  entitled  AppUcatCon  of  the  Calculus 
of  VarlatioTis  to  Qeometry,  I.  Theory  of  Curves;  it  occupiea 
pages  137 — 202.  This  chapter  cousiata  of  a  collection  of  problems, 
iaclading  those  of  historical  celebrity ;  thej  are  all  fully  solved. 
The  fifth  chapter  is  entitled  On  multiple  Integrals  in  general;  it 
occapies  pages  203 — 218.  The  sixth  chapter  is  entitled  FunctionB 
of  two  or  more  independent  variables;  it  occupies  pages  219 — 23R. 
Tlie  fifth  and  aixtli  chapters  contain  the  variation  of  multiple  inte- 
grals ;  the  methods  are  those  of  Ostrogradsky  and  Delaunay.  The 
most  general  result  obtained  ia  equivalent  to  that  wliich  we  have 
given  in  Art,  144  after  Dclaanay.  The  seventh  chapter  is  en- 
titled On  maxima  and  minima  of  functions  of  two  or  more  inde~- 
pendent  variahles ;  it  occupies  pages  239 — 275.  This  chapter 
illustrates  and  applies  the  results  of  tiie  preceding  chapter ;  several 
examples  are  discussed  in  order  to  shew  the  treatment  of  the 
limiting  eqaations. 

346.  The  eighth  chapter  is  entitled  Application  of  the  Calculus 
of  Variations  to  Geometry.  II.  Theory  of  Surfaces;  it  occupies 
pages  276 — ^286.  The  ninth  chapter  is  entitled  Application  of  the 
Calculus  of  Variations  to  Mechanics ;  it  occupies  pages  287 — 334. 
This  chapter  besides  the  usual  examples  contains  a  section  on  the 
application  of  the  Calculus  of  Variations  to  the  deduction  of  eqaa. 
tions  of  equilibrium  and  motion.  The  tenth  chapter  is  entitled 
Application  of  the  Calculus  of  Variations  to  the  integration  of 
functions  of  one  or  more  independevU  variaJ)les;  it  occupies  pages 
335 — 354.  This  chapter  investigates  the  conditions  of  integrahiliti/ 
of  various  expressions.  The  remainder  of  the  work  consists  of  notes. 

347.  It  may  be  of  service  to  students  into  whose  hands  the 
work  under  consideration  may  come,  to  advert  to  some  points  which 
may  occasion  a  little  difficulty  ;  and  on  this  ground  we  shall  now 
venture  to  offer  some  remarks. 

348.  In  the  fourtli  chapter  of  Mr  Jellett'a  treatise  many  of  the 
problems  are  solved  by  using  the  arc  a  of  a  curve  as  the  ind&> 


pendent  variable ;  the  method  however  is  free  from  the  objection 
stated  in  Art.  338.  There  is  an  example  oti  page  138  and  the 
following  pages.  In  the  course  of  the  solution  a  constant  a  occunr, 
and  it  is  stated  that  the  "  existence  of  the  arbitrary  constant  a  ia 
an  ambiguity  necessarily  introduced  by  the  selection  of  s  for  the 
independent  variable."  A  reason  is  then  assigned  for  making  a  =  0 ; 
but  the  reason  docs  not  seem  satisfactory.  It  appears  that  tbs 
term  /i,,ds,—fifd«^  is  omitted  in  the  discussion  of  the  limiting 
terms  on  page  141.  The  whole  expre^ion  relative  to  the  upper 
limit  should  be 

then  giving  to  m^^  the  same  meaning  as  Mr  Jellett  does,  we  have 


.(1). 


By  means  of  (1)  the  expression  relative  to  the  upper  limit 
becomes 

.,^..x,(|)^a..+x,(|)f,8.,.™,($)_.,-(|)_^.}. 

Hence 

(S).-".(l).-° "'• 


Substitute  from  (3)  in  (2) ;  thus 


©3-^ 


therefore  ^,  =  X,. 
TJiis  proves  that  a  =  0 ;  since  the  book  proves  that  \  =  /t  +  a. 

349.     We  have  stated  in  the  preceding  Article  that  it  appears 
that  ^  (^,  -  ;t,  cfr,  is  omitted  in  tl  uoa  of  the  limiting  terms. 
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In  support  of  this  remark  we  may  advert  to  Art.  152  of  the  present 
work.  There  bj  taking  account  of  certain  limiting  terms  we 
obtain  the  equation 

this  equation  does  not  occur  in  Mr  Jellett's  investigation.  The 
truth  of  this  equation  is  confirmed  in  Art.  157  by  its  agreement 
with  a  result  obtained  by  ])elaunay. 

There  is  a  difference  in  the  methods  we  have  used  in  Arts. 
152  and  348.  In  Art.  152  we  followed  the  ordinary  method  and 
ascribed  a  variation  to  the  independent  variable  s ;  in  Art.  348  we 
do  not  ascribe  a  variation  to  s.  The  final  results  will  agree  in  the 
two  methods,  but  the  processes  will  differ.  Thus  in  Art.  348,  if  we 
follow  the  ordinary  method  the  whole  expression  relative  to  the 
upper  limit  will  be 

instead  of  what  we  have  given ;  and  instead  of  (1)  we  shall  have 
Thus  the  expression  above  becomes 

and  firom  this  we  obtain  as  before 

^-X.=0,    „d(|)_^».(|)_  =  «. 

On  the  other  hand,  suppose  that  in  Art.  152  we  follow  the  second 
method.    Then  instead  of  the  term 


("^^^'i^^-?)" 


which  is  there  given,  we  should  have  simply  Vds.   But  now  the 


TBiistioiis  0/  the  limiting  co-ordinates  will  not  be  einlpl;  ix,  %,  JUi 
1  Art.  152,  but 


da 


8,+ 


respectively ;  and  theae  must  vanish  at  the  limits,  since  the  limits 
are  supposed  fixed.  Thus  we  shall  obtain  finallj  the  same  result 
as  before. 

Of  the  two  methods  which  can  be  used,  Mr  Jellett  has  decided 
in  favour  of  that  which  does  not  ascribe  a  variation  to  the  indepen- 
dent variable,  see  Art.  343.  But  it  would  seem  that  in  the  fourth 
chapter  of  his  work  he  has  not  adopted  uniformly  the  consequencea 
which  follow  &om  this  decision. 


350.  Remarks  similar  to  those  already  made  apply  with  respect 
to  pages  153,  155,  178,  181,  183  and  299  of  the  book. 

Again,  on  page  170  it  is  remarked,  "  and  the  remaining  con- 
stant, n,  depending  upon  the  given  length  of  tlie  curve...."  Nothing 
however  has  been  pre\'iou8!y  said  respecting  the  given  length ;  and 
it  appears  here  aa  before  that  ft,  ds,  —  fi^  d»^  should  be  added  to  the 
limiting  terms  if  we  adopt  the  method  of  Art.  349.  Or  if  we  adopt 
the  method  of  Art.  152  we  must  add 

(^  -  X  +  ^'p),  Sa,  -  (/*  -  X  +  /i'/)),  &o- 

Again,  on  page  175  it  ia  stated,  "  the  superfluous  constant  a  wiB 
be  determined  by  expressing  the  area  as  a  function  of  that  constant 
and  equating  its  difTercntial  to  zero."  This  reference  to  the 
ordinary  Differential  Calculus  is  unnecessary ;  for  the  Calculus  of 
Variations  supplies  sufficient  conditions  for  determining  the  con- 
stants. The  problem  under  discussion  is,  to  find  a  curve  of  given 
length  such  tliat  the  area  bounded  by  the  cur\-e  itself,  its  two 
extreme  radii  of  curvature,  and  the  arc  of  the  evolute  between  them 
may  be  a  minimum.  This  problem  is  solved  in  most  elementary 
treatises,  and  the  result  obtained  is  that  the  curve  must  be  % 
cycloid;  this  reault  is  obtained  by  the  ordinary  processes  of  the  , 
Calculus  of  Variations.    In  fact  if  we  adopt  the  method  of  Ait.  \&2'  ■ 
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we  shall  find  that  the  following  limiting  tenns  have  been  omitted 
in  the  book, 

where  iji!^\  and  /i  =  jp+a  constant 

From  considering  these  we  find  that  we  mnst  hare 

\  =  0,    and  X^,  =  0, 
since  p^  and  p^  vanish.    Then  bj  page  168  of  the  work,  we  have 

dx       , 

for  it  is  shewn  on  page  169  that  J  =  0.   Thns  [-i- )  and  [-j- j  must 

vanish.  Then  by  page  174  since  y,  =  0  and  i-^  =  0  we  have  e=0; 

and  this  is  the  result  which  is  established  in  the  book  bj  appealing 
to  the  Differential  Calculus. 

351.  On  page  165  some  results  are  given  without  demon- 
stration. The  results  refer  to  a  segment  of  a  sphere  which  is 
required  to  have  a  maximum  or  minimum  volume,  while  the  surface 
is  given.   Let  a  denote  the  radius  of  the  sphere,  h  the  height  of  the 

segment,  then  the  volume  of  the  segment  is  tt  foA"—  — ) .    Since 

the  surface  \a  given,  ah  is  equal  to  a  constant,  which  we  will  denote 
bj  Tf.  Let  y  denote  the  radius  of  the  plane  base  of  the  segment ; 
then 

therefore  A"  =  2&* — y". 

Thus  the  volume  =  tt  |i»  V(2**  -  y")  -  ^7^^  [  =  Fsuppose. 

Now  y  is  supposed  to  be  an  ordinate  of  a  given  curve,  and  V  is 
to  be  made  a  maximum  or  a  minimum  bj  properly  choosing  this 
ordinate.  Let  x  denote  the  abscissa  corresponding  to  the  ordinate  y. 
Then  we  have 


+  y^lil?-M. 


We  hare  now  three  ca«eH  to  examine,  namely 
|.0,y.i,j,  =  0. 

(1)  If  y  itself  be  a  masimutn  or  minimuni  V  will  be  a  masi- 
imim  or  miniiuum  respectively  provided  f  —  y  be  positive,  and  a 
tninimiuD  or  maximum  respectively  provided  A:°— ^  be  negative. 

(2)  The  value  y  =  A  makea  -r-  zero,  and  makes  ■jt  negative 
provided  -f^  be  not  zero;  thus  in  tbiscase  Tis  amaximum.  If  j  ia 
itself  a  maximum  or  minimum  when  y  =  t,  then  -5-  changes  sign 

when  y  =  k,  and  bo  F"  is  itself  a  maximum  or  minimum  respect- 
ively. 

(3)  With  respect  to  the  case  of  y  =  0  we  must  remark  that 
the  question  does  not  suppose  that  y  is  capable  of  becoming 
negative.     If  the  given  curve  touches  the  axis  of  a  then  the  value 

y  =  0  occurs  simultaneously  with  ;V^  =  *•.  so  that  y  is  then  a  mini- 
mum and  so  is  V. 

These  results  do  not  agree  with  those  in  the  book.  The  case 
in  which  y  =  k  seems  there  overlooked. 

If  y  =  4  we  have  h  =  k  =  a.  And  it  may  be  seen  that  the 
relation  on  the  14tli  line  of  page  165  of  the  book  may  be  satisfied 
by  supposing  a  =  y  and  the  angle  CPY  zero. 

352.  On  page  365  the  following  problem  is  suggested ;  to  con- 
struct upon  a  given  baflo  a  curve  such  that  the  superficial  area  of  the 
surface  generated  by  its  revolution  round  AB  may  be  given,  and 
that  its  solid  content  may  be  a  maximum. 
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Take  the  axis  of  a?  as  that  of  revolution ;  then  adopting  the 

usual  notation  we  reqmre  that  ir  It^dx  should  be  a  maximum 

while  2ir  \y  V(l  +p*)  db  is  given,  the  limits  of  a?  being  supposed 

fixed.     Thus  if  a  be  a  constant  we  have  to  find  the  maximum 
value  of 

Hence  we  must  have  y  +  aV(l+i?*)  =  ^f — i!{\_  «x (1); 

this  we  know  leads  to 

therefore  VClT/)"^""^ ^^^' 

where  ft  is  a  constant. 

Then  since  y  is  to  vanish  at  the  two  fixed  points  we  have  h^O^ 
and  then  by  completing  the  solution  we  obtain  a  semicircle  for  the 
required  curve,  and  therefore  a  sphere  for  the  solid  generated. 

Mr  Jellett  points  out  that  this  solution  is  unsatisfactory,  because 
the  superficial  area  of  a  sphere  described  upon  a  given  diameter  is 
a  determinate  function  of  that  diameter,  and  cannot  therefore  be 
made  equal  to  anj  given  quantity.  Mr  Jellett  proceeds  to  remark 
that  the  process  of  the  Calcidus  of  Variations  fiedls  in  this  case. 

We  suggest  the  following  as  a  solution  of  the  problem. 

Let  the  figure  A  CEDB  consist  of  two  straight  lines  A  (7,  BD 
perpendicular  to  the  axis  of  a?,  and  of  the  arc  CED  which  satisfies 
the  differential  equation  (2) ;  see  figure  10.  Take  A  as  the  origin ; 
\^iAC^y,,BD^y^,AB^x^. 

Then  the  volume  of  the  figure  formed  by  the  revolution  of 

ACEDB  round  AB  is  tt  /   ^j^dx\  and  the  surface,  including  the 
circular  ends,  is 

J  f, 
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then  the  VRriation 


Now  Bnppose  that  y  is  changed  into  y  + 
of  the  volume  is  2Tr  i   'y&y  dx,  and  we  have  to  make  this  zero  for 
such  variatioDS  as  leave  the  surface  unchanged ;  that  is,  for  such 


Tuiations  as  make 

Tliue  if  a  represent  a  constant  we  must  make 


.(S). 


/:i= 


y  +  aVl  +  p- 


dx  VCl  +/), 


Bydx 


+ «y.  ^^1 + oy,  ^^0 = 0 .. .  (■*). 


The  part  ander  the  integral  sign  vanishes   because  we   suppose 
equation  (1}  satisfied.    So  that  we  only  require  in  addition 


w/+f) ' 


=  0, 


'{v-Ii^-'l 


+  1[  =0. 


This  leads  to  pa  =  +  as  and  />,  =  —  =»;  that  is,  the  curve  must 
join  on  continuously  to  the  straight  lines  at  C  and  D.  Then  it 
appears  from  (2)  that  y'-b  when p  is  infinite,  ao  that  AC  =  BD. 

The  constants  a  and  t,  and  that  which  would  arise  from  in- 
tegrating (2),  must  then  be  determined  so  that  y*  =  b  when  x  =  Q  and 
when  x  =  x^,  and  that  the  surface  may  have  the  given  value. 

Suppose  however  the  circular  ends  are  not  to  be  included  in  the 
given  surface.  In  this  case  y  =  —a  furnishes  a  solution.  For  the 
terms  ay^Sy^  +  oy^Sy,  do  not  now  occur  in  (4);  and  the  value 
y  =  —  a  makes 

vanish,  and  it  gives  »  =  0  so  that —7^^ — ^  also  vanishes.    Thua 

■/(l+p) 

we  obtain  a  cylindrical  sorface ;  a  will  of  course  bo  negative,  and 
will  be  determined  by  the  condition  that  —  2wax,  moat  be  equal 
to  the  g:iven  surface. 
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353.  A  mistake  occurs  on  page  376  of  the  boot  whicli  may  c 

Boticed.     The  integral  I    tan' 5  ain  0<16  is  made  equal  to  a  finite 

negative  valae,  the    fact  being   overlooked   tLat   tan'^   becomes 
iniinite  between  tlie  limits  of  integration.     And  the  same  mistake 

occurs  on  page  377  where  the  integral  f--,-f-,,*-—j,  is  taken  between 

limits  which  include  p  =  0  and  make  the  integral  really  infinite. 

In  concluding  we  may  strongly  recommend  the  student  of  the 
Calculus  of  Variations  to  master  this  important  volume.  A  trans- 
lation of  it  into  German  has  been  advertised,  but  the  preseut  writer 
has  not  had  the  opportunity  of  consulting  it. 

354.  The  last  of  the  three  coraprehenaive  treatises  is  by 
Dr  Stegmann,  entitled  Lehrbuch  der  Variattonsrechnung  und  ihrer 
Anwendunff  bet  Untersuchungen  Uber  das  Maximum  und  Minimum. 
Kaesel,  1854.  It  is  an  octavo  volume  of  117  pages  with  a  preface 
of  16  pages, 

In  the  preface  the  author  states  that  he  had  long  been  of  opinion 
that  the  Calculus  of  Variations  was  treated  in  a  meagre  and  un- 
satisfactory manner  in  elementary  treatises,  and  had  resolved  to 
undertake  the  task  of  producing  a  more  complete  work  on  the 
subject.  The  work  of  Stranch  had  not  appeared  when  first  this 
resolution  was  formed;  after  it  was  published  the  question  arose 
with  Stegmann  whether  he  should  continue  his  design,  since  be 
had  no  intention  of  offering  to  his  readers  such  a  rich  collection  of 
problems  as  Strauch  had  supplied.  Ultimately  he  resolved  to 
complete  his  original  design. 

In  addition  to  the  works  of  Dlrksen,  Ohm  and  Strauch,  Steg- 
mann refers  to  the  memoirs  of  Poisson  and  Ostrogradaky.  He  has 
discossed  numerous  problems  as  illustrations  of  his  theory,  but  he 
does  not  present  his  work  as  a  collection  of  problems,  for  the 
development  of  the  general  tlieory  has  been  his  main  object.  In 
solving  his  problems  he  has  imitated  Ohm  and  Strauch  in  investi- 
gating the  terms  of  the  second  order  so  as  to  discriminate  between 
maxima  and  minima  values. 
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868.  The  work  consists  of  six  ctapteri  and  two  snpplementa. 
The  first  chapter  is  entitled  On  variations  generally/ j  it  occnpiea 
pages  1 — 11.  The  following  is  Slegmann's  view  of  a  variation; 
let  y  denote  any  function  of  x  as  f{x),  and  let  ^  {x,  t)  be  any 
function  ofz  and  t  which  reduces  to  y(x)  when  t=0;  then  the 
variation  of  y  is  denoted  by  Sj/,  where 


h- 


dt 


I  after  the  diflFer- 


the  snfSx  0  indicating  that  1  is  to  be  made  ! 
eutiation. 

On  page  7  we  have  the  usnal  geometrical  illustration  of  the 
relation  dhy  =  hJy. 

In  the  first  four  chapters  of  the  work  no  variation  is  supposed 
ascribed  to  the  independent  variable,  and  no  change  of  valoe  is 
made  in  the  limits  of  the  integrab  which  occur. 


356.  The  second  chapter  is  entitled  Variationa  of  expremont 
in  tcAicA  Functima  of  otie  independent  variable  occur,  but  no 
InUgraU;  it  occupies  pages  11 — 84. 

This  chapter  gives  that  portion  of  the  aubject  which  haa  been 
developed  by  Ohm  and  Strauch ;  see  Arts,  56  and  335.  The  theory 
is  illustrated  by  the  discussion  of  the  problem  originally  given 
by  Lagrange ;  see  Art.  3.  Stegmann  also  gives  four  problems 
which  are  to  be  found  in  the  volumes  of  Strauch,  namely  those 
numbered  1,  76,  85  and  86  by  Strauch.  Stegmaun  indicates  on 
page  60  another  problem  of  the  same  kind  as  Lagrange's,  namely, 
to  find  a  curve  such  that  the  product  of  the  perpendiculars  let  fall 
on  any  tangent  from  two  fixed  points  shall  be  a  maximum.     It  is 

supposed  as  in  Art.  3  that  at  any  point  -^  alone  is  eosceptible  of 

variation.     The  result  is  that  the  curve  must   be  an  ellipse  or 
hyperbola  of  which  the  two  fixed  points  are  the  foci. 

On  page  68  Stegmann  discusses  another  problem  of  this  kind, 
namely,  to  find  the  curve  for  which  yp  shall  be  a  maximam  w 


' 


f 


t 


^ 


i 


■   « 


« 


% 
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mmimnmi  the  variations  of  y  and  p  being  so  taken  that  at  ai 
point  considered  y  [^  —  ^)  shall  undergo  no  change  hj  variatic 
Thus  with  the  osoal  notation  we  mnst  have 

i?Sy  +  ySp  =  0 (1), 

and  («'-|^)%+^.^  =  ^ (2); 

from  these  equations  we  obtain 

i-^i'-f) ")' 

therefore  -  =^  •  therefore  y  =  -r  i  where  -4  is  a  constant. 
X    y  ^     A 

Now  let  ns  retain  the  terms  of  the  second  order  in  order 
ascertain  whether  the  result  gives  a  maximum  or  a  minimui 
Iiet  Z7=  ypi  then  accurately 

W=^  (y  +  Sy)  {p  M-  8p)  —yp  -pBy+yip  +  By  Sp, 

and  {y  +  By)x—^  /^  -  ya? +  —  =  0  accurately. 

Multiply  the  last  expression  by  X  and  add  it  to  BU;  thus 
BU^pBy  +  yBp  -{-ByBp 


+ 


\\         PJ    "     P    ^         p  jp*  p^  J 


where  the  omitted   terms  are  of  the  third  and  higher  order 
Assume  X  such  that 

1)  +  X(aj-.|)=0 : (4); 

then  by  means  of  (3)  and  (4)  the  terms  of  the  first  order  disappe« 
from  BU\  also  we  get  X  =  — -tl  ^  ani  thus  to  the  second  order 

y 


_?»We+»WI 


■(«■ 


_£+£+?£+£} 
a  y    y    y) 


ly  W, 


.2£ 


(Sy)* 


_9M' 


Thus  supposing  x  positive  we  have  obtained  a  minimutn. 

357,  The  third  chapter  ia  entitled  Varialtona  ofgingh  Integral 
expressions  with  one  iruiependent  variable ;  it  occupies  pages  84 — 1 65. 

This  cliaptcr  contains  the  ordinary  theory  of  the  maxima  and 
minima  values  of  Integrals,  illustrated  by  four  esamplcs;  it  also 
contains  an  investigation  of  the  criterion  of  integrability  of  an  ex- 
pression, and  an  investigation  of  Jacobi's  method  of  distinguishing 
between  maxima  and  minima  values. 


The  examples  discussed  are  the  following:  (1)  The  shortest 
line  between  two  given  points.  (2)  The  brachistochrone  between 
a  fixed  point  and  a  fixed  horizontal  Hue;  the  cycloid  is  obt&ined 
as  the  general  solution,  but  it  is  shewn  that  in  the  particular  case 
when  the  position  of  the  lower  limiting  point  is  not  fixed  on  the 
fixed  horiBontal  line  the  result  beeomes  a  vertical  straight  line. 
(3)  The  maximum  or  minimum  value  of 


m-mv 


(1)  The  cnrve  which  with  its  evolute  includes  a  minimum  are*. 
In  all  these  examples  the  terms  of  the  second  order  are  examined. 
In  investigating  Jacobi's  method  Stcgmann  proves  the  first 
part  of  the  theorem  of  Art.  232  universally,  that  is,  he  proves  that 
a  certain  expression  is  integrable ;  his  proof  depends  on  his  previous 
investigation  of  the  condition  of  integrahility.  With  respect  to  th« 
second  part  of  the  theorem  he  confines  himself  to  proving  that 
jt/Udx  has  the  required  form  when  5,  is  the  last  of  the  series  of  1 
tenns-B,  B,,  B,,...;  and  he  exhibits  completely  the  values  of 
£,S,aniB^.  He  gives  an  investigation  similar  to  that  in  Art  234* 
and  as  in  that  Article  he  preserves  the  terms  which  are  outside  tho 
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integral  signs.  At  tlie  bottom  of  hia  page  163  he  makes  a  c 
expreaaion  to  be  zero  whicli  ahoulJ  be  equal  to  a  constant;  there 
Beem  indications  however  on  the  last  page  of  tlie  chapter  tLat  he 
had  perceived  some  inconaiatency  in  this  proceeding  with  respect 
to  the  number  of  constants  involved;  aee  Art.  2S2, 


358.  The  fourth  chapter  is  entitled,  On  the  determination  of 
the  maximum  or  minimum  in  combinations  of  simple  integralt,  or 
when  certain  conditions  are  prescribed ;  it  occupies  pages  165—265. 

This  chapter  contains  the  following  subjects:  (I)  Belativa 
maxima  and  minima  problems  or  iaoiierimetrical  problems,  (2)  Pro- 
blema  in  wliich  the  limiting  values  are  subject  to  certain  con- 
ditions ;  here  Stegmann  draws  attention  to  the  tenna  of  the  second 
order,  and  he  keepa  them  all  in,  ao  tliat  he  haa  terms  outside  the 
integral  sign  beaidea  the  terms  under  the  integral  sign  which  may- 
be supposed  treated  by  Jacobi's  method;  see  pages  187 — 196  of  the 
work.  (3)  Maximum  or  minimum  of  an  integral  which  involves 
more  than  one  depeadent  variable,  with  or  without  a  given  eqtia- 
tion  connecting  the  variables.  (4)  Maximum  or  minimum  of  an 
integral  which  involves  x,  y,  differential  coefficients  of  y,  and  also  Z 
where  ^  is  an  integral  expression  involving  x,  y,  and  the  differential 

coefficients  of  y.     (5)  Maximum  or  minimum  of  1  Vdx,  where  V  ia 

supposed  determined  by  a  differential  equation.  (6)  l^Iaximum  or 
minimum  of  an  integral  involving  a,  y,  z  and  the  differential 
coefficients  of  y  and  s,  where  the  limiting  values  of  y  and  z  and 
their  differential  coefficients  occur  in  the  integral. 

This  chapter  contains  the  following  examples.  (1)  To  find  the 
curve  of  given  length  joining  two  fixed  points  which  with  the  ordi- 
nalea  of  tlie  two  fixed  points  and  the  axis  of  x  includes  the  greatest 
or  least  area.  (2)  The  cuiTe  of  given  length  fastened  at  its  ends  to 
two  fixed  points,  which  has  ita  centre  of  gravity  lowest.  (3)  To 
find  the  shortest  line  that  can  be  drawn  between  two  fixed  lines 
perpendicular  to  the  axis  of  x,  under  the  condition  that  the 
product  of  the  extreme  ordinatea  shall  have  a  prescribed  value. 
In  theae  three  problems  the  terms  of  tlie  second  order  are  ex- 
amined.    (4)  The  shortest  line  on  a  curved  surface ;  the  general 
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dtfierentui]  equation  is  obtained  and  then  particular  applications 
are  giTen ;  for  example,  the  case  of  the  ellipsoid  is  examined. 
(5)  Of  all  curvea  wliicli  have  the  property  that  the  nornial  plane 
passes  through  a  fixed  point,  to  find  that  which  has  the  leaat 
length  between  two  fixed  parallel  planes ;  this  is  in  Strauch,  Tol.  ir. 
pages  379 — 361.     (6)  The  brachistochione  in  a  resisting  medium. 

(7)  The    minimum  value   of   I  Z*dx,  where  ^=  I  ■^{l+p*)dx. 

(8)  The  curve  down  which  a  body  must  fall  in  a  reaiating  medium 
so  as  to  acquire  the  greatest  velocity.     (9)  To  find  tlie  minimum 

valae  of  /   (-^-j  dx,   under   the   conditiona   thaty„=l    and   that 

I  ydx=-~y^.  (10)  The  problem  we  have  enunciated  in  para- 
graph (3)  of  Art.  311;  Stegmami  does  not  however  allnde  to 
t)ie  difiiculty  which  occurs  in  the  particular  case  which  we  have 
examined  in  Art.  352. 

359.  The  fiftli  chapter  is  entitled  On  Mixed  Variattons  mth 
aimukaneous  changes  of  the  independent  variable;  it  occupies  pages 
265—327. 

In  all  the  investigations  hitherto  given  in  the  book  the  limits  of 
the  integrations  have  been  supposed  fixed  and  the  independent 
variable  unsusceptible  of  variation ;  Stegmann  proceeds  in  the  pre- 
sent chapter  to  give  that  extension  to  his  formulie  which  they 
require  in  order  to  apply  to  problems  in  which  the  initial  and  final 
values  of  all  the  quantities  which  occur  are  changed.  He  now 
adopts  the  common  method  of  ascribing  a  variation  to  tlie  indepen- 
dent variable.  Suppose  x  the  independent  variable  and  y  the 
dependent  variable,  let  these  become  by  variation  x  +  hc  and 
^  +  £y  respectively ;  then  Stegmann  obtains  a  relation  denoted  thus 

^j  =  {i)y-\-pix. 

This  result  might  be  presented  as  a  definition,  namely,  let 
Sy  — /jSx  be  denoted  by  (8)y,  and  then  it  might  of  course  be 
considered  absolutely  true.    Stegmann  howevei  adopts  »  different 
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method ;  he  cZs^ne^  (8)  y  and  bj  means  of  geometrical  considerationa 
establishes  the  truth  of  the  relation  as  far  as  the  first  order  of  small 
quantities. 

It  is  then  necessary  for  him  to  shew  that 

where  J  "*  ^  ^  '^ »  *^^  generally  that 

His  method  is  the  following, 

^    ^^dy     dxd^  —  dydZx     diy        dSx 

put  {S)y  +pSx  for  By  and  jeZsc  for  dp,  thus 

this  may  be  written  Sp  =  (8)^  +  qSx. 

Stegmann  subsequently  gives  the  common  geometrical  illus- 
tration of  the  relation  Sdx  =  dSx. 

The  above  investigation  of  the  value  of  Sp  cannot  be  regarded  as 
absolutely  true,  but  only  as  true  to  the  first  order. 

Suppose  now  that  U^  j   Vdxy  and  that  the  variation  of  CT  ia 

required ;  Stegmann  proves  that  the  result  obtained  when  x  was 
supposed  unsusceptible  of  variation,  so  far  as  terms  of  the  first 
order  are  involved,  requires  only  the  following  modifications; 
SyjSpf  ...  have  to  be  changed  into  (S)y,  {B)p,  ....  respectively, 
and  the  following  limiting  terms  added,  F|Sf  —  F^Sa.  Two  proofs 
are  given  of  this  statement. 

The  formula  are  illustrated  by  discussing  the  problem  of  the 
brachistochrone  in  the  case  where  there  is  no  resistance,  and  also  in 
the  case  where  there  is,  and  the  problem  of  the  shortest  line.     In 
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l)otli  these  problems  Tarioua  suppoaitions  &re  made  with  respect  to 
the  limiting  conditions  and  carefully  examined.  For  example, 
take  the  problem  we  have  conaidcred  in  Art.  300 ;  Stegtnann  adopts 
the  BUppoeitions  there  made  and  arrives  at  the  results  tliere  ob- 
tained by  interpreting  the  terms  of  the  first  order.  Then  he  makes 
another  supposition ;  let  the  limiting  values  x^  and  j-,  be  connected 
by  the  relation 

x^  —  x,  =  A  constant, 

then  dx,  =  dx^,  and  inltead  of  the  two  equations  obtained  by 
equating  to  zero  tlie  coefficients  of  dx,  and  dx^  we  have  now  the 
single  equation 


pf'  (a^)  -I 


tills  reduces  to 


PX'  (^)  H 


y(i+p^^{h+x- 


M 


'.dv 


dx  =  0'. 


therefore 


V''W=x'{*,); 


thus  the  tangents  to  the  limiting  curves  at  the  points  wliere  the 
described  curve  meets  them  are  parallel. 

Stcgniann  also  considers  briefly  the  subject  of  the  discrimiua- 
tion  between  maxima  and  minima  values  when  the  independent 
variable  is  aupposed  to  undergo  a  variation.  Here  of  course  allow- 
ance lias  to  be  made  for  the  circumstance  that  some  of  the  formulae 
empIoycS  were  only  true  to  the  first  order.  He  illustrates  his 
remarks  by  considering  the  problem  of  the  shortest  line  between 
s  given  point  and  a  given  curve. 

On  the  whole  the  chapter  appears  to  be  a  good  exhibition  of 
the  method  which  the  author  selects,  bat  the  method  seems  far 
less  simple  and  satisfactory  than  that  of  not  allowing  the  inde- 
pendent variable  to  undergo  variation,  but  obtaining  the  reqtiisite 
generality  by  changing  the  limits  of  the  integrations. 

Two  other  subjects  may  be  mentioned  which  are  introduced 
into  this  chapter.    On  pages  2TS,  273  Stegmann  proves  the  theorem 
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which  we  have  expressed  in  Art  98  thus,  Stf  +  K£  =  0 ;  the  proof 
does  not  depend  on  the  Calculus  of  Variations.  On  page  292 
Stegmann  considers  the  case  in  which  the  function  under  the  in- 
tegral sign  may  itself  involve  the  limiting  values  of  the  variables 
or  differential  coefficients ;  he  points  out  however  that  the  limiting 
values  of  the  highest  differential  coefficient  when  there  is  onljr 
one  dependent  variable  must  not  occur ;  because  if  in  such  a  case 
we  wish  to  make  the  integral  a  maximum  or  a  minimum  we  have 
in  general  more  conditions  than  disposable  quantities.  A  similar 
remark  holds  when  there  is  more  than  one  Hependent  variable. 

360.  A  supplement  to  the  third,  fourth,  and  fifth  chapters 
occupies  pages  327 — 338;  it  draws  attention  to  the  method  of 
solving  problems  in  this  subject  which  was  adopted  by  the  early 
writers,  and  refers  to  the  memoir  of  Schellbach.  Stegmann  solves 
two  problems  by  this  method.     (1)  To  find  among  all  curves  of 

given  length  that  for  which  \  F{y)  dx  ia  a,  maximum  or  a  mini- 
mum.    (2)  The  shortest  line  on  a  surface  of  revolution. 

361.  The  sixth  chapter  is  entitled,  On  the  variations  qffunc- 
tions  of  two  independent  variables;  it  occupies  pages  338 — 395. 

On  page  11  of  his  work  Stegmann  seems  to  indicate  that  mixed 
variations  occur  only  in  the  fifth  chapter,  but  we  find  them  again  in 
the  first  section  of  the  sixth  chapter. 

Suppose  z  any  function  of  x  and  y,  say  z  =/(a?,  y) ;  let  ^  (a?,  y,  t) 
denote  any  function  of  a?,  y,  and  «,  which  reduces  to  f(x^  y)  when  t 
vanishes.  In  ^  (x,  y,  t)  change  x  into  x-\-hxy  y  into  y  +  8y,  and  t 
into  t-\-ht)  then  a  result  is  obtained  which  is  denoted  thus, 

or  by  supposing  <  =  0, 


STEOS[ANN. 


Then  Bince  this  is  tmo  whatever  function  of  x  and  y  ia  denoted 
by  z,  ^tegmann  saya  we  have 


-Mi  .  ^ 


_d{B)z  , 


dxdy 


dxdy 


Sy. 


This  method  aeema  however  an  nasatisfactoiy  proof  of  these 
formula!;  see  Arts.  102  and  124. 

Stogmann  next  refers  to  questions  simitar  to  that  in  Art,  3, 
but  involving  more  than  one  independent  variable.  He  solvea 
the  following  problem ;  to  determine  a  surface  having  the  property 
that  the  sum  of  tlie  squares  of  the  intercepts  cut  off  from  the 
co-ordinate  axes  by  the  tangent  plane  at  any  point  shall  be  a 
minimum.     Thus  in  the  usual  notation 

pW 

is  to  be  a  minimum.  Here  p  and  q  are  supiwsed  susceptible  of 
variation;  the  result  is  that  the  required  surface  is  deteimiued. 
by  the  equation 

Stegmann  now  proceeds  to  the  variation  of  a  double  integral; 
here  he  restricts  himself  to  supposing  hx  and  5y  to  be  zero,  and 
he  gives  the  complete  development  of  the  variation  as  far  as  terms- 
of  the  first  order,  supposing  that  no  differential  coefficient  occurs 
of  a  higher  order  than  the  second.  As  &r  and  hy  are  snpposed 
zero,  and  no  change  is  made  in  the  limits  of  the  integrations, 
the  investigation  is  less  general  than  that  which  we  have  given 
in  Arts.  143  and  183.  Stegmann  illustrates  this  investigation  by 
the  following  examples.      (1)  To  find  the  minimum  of 

I    J    {z-^xp-^yp^dydx; 

this  example  is  taken  from  Stranch,  Vol.  II.  page  579.     (3)    The 
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curved  Hurface  of  minimum  area  between  given  limits.  In  this 
case  Stegmaon  obtains  the  ordinary  differential  equation  and  then 
gives  a  long  investigation  by  which  he  arrivea  at  Mongc's  integral ; 
Bee  Art.  311.  Then  as  an  example,  he  flhews  that  the  particular 
surface  considered  by  Bjttrling  and  others  is  included  among  the 
general  class  of  surfaces  which  is  required  ;  see  Arts.  311  and.Slo. 
With  respect  to  this  example  however,  he  states  more  than  he  has 
proved;  see  his  page  377.  He  states  that  if  the  surface  is  to 
be  bounded  by  two  fixed  straight  lines  A  C,  BD  and  two  fixed 
curves  AB,  CD  which  constitute  a  closed  four-cornered  figure, 
then  the  particular  surface  referred  to  does  possess  the  least  area. 
Now  he  has  not  examined  the  terms  of  the  second  order  80  as 
to  ascertain  that  there  really  is  a  minimum,  and  moreover  his 
solution  does  not  shew  that  the  particular  surface  referred  to  is 
the  anlif  surface  that  will  satisfy  the  conditions  of  the  problem 
BO  far  as  making  the  terms  of  the  first  order  vanish,  but  the  only 
surface  out  of  all  those  which  can  be  generated  by  a  straight 
line  which  moves  so  as  always  to  be  parallel  to  a  fixed  plane.  We 
shall  hereafter  see  that  St^gmann  has  stated  more  than  is  true. 

The  last  three  sections  of  the  sixth  chapter  are  devoted  to  the. 
consideration  of  the  modification  of  the  formulse  for  the  variation 
of  a  double  integral  which  is  produced  by  supposing  that  &c  and 
hy  are  not  zero.  Stegmann  refers  to  Poisson  and  Ostrogradsky ; 
but  it  appears  probable  from  coincidence  in  notation  that  he  has 
chiefly  followed  Bjorling;  the  latter  however,  as  we  have  stated, 
may  be  considered  to  have  only  reproduced  Ostrogradsky 'a  method. 
In  illustration  of  the  formulte  Stegmann  considers  three  particular 
cases ;  these  are  all  included'  in  those  results  of  Poisson  which  we 
have  given  in  Arts.  113  and  !I4. 

362.  A  supplement  on  the  use  of  variations  in  Itechauics 
occupies  pages  396 — 117. 

Stegmann  shews  here  how  certain  mechanical  problems  may 
coincide  with  problems  of  the  Calculus  of  Variations.  For  ex- 
ample, the  principle  of  Virtual  Velocities  supplies  for  the  condition 
of  equilibrium  of  any  system  an  equation  of  die  form 

2{A'Sj:+  i%  +  ZS»)  =  0; 


than  if  ire  roppose  U&  function  determined  by  the  relation 

dU=%{Xdx-^  Ydy  +  Zdz), 

the  condition  for  equilibrium  amounts  to  the  statement  tliat  in 
general  Z/muat  be  a  maximum  or  a  minimum. 

Lagrange's  transformation  of  the  equations  of  motion  in  Dy- 
namics is  oLbo  investigated ;  see  Art.  318. 

The  principle  of  least  action  is  also  investigated.  Stegmann 
considers   this   principle  under  the  following  form ;  required  the 

curve   for  which   \vda  is  a  maximum  or   minimum,   where  v  is 

supposed  a  given  function  of  the  consrdinates  «,  y,  z.  He  shews 
that  the  differential  equations  which  determine  the  curve,  are 
the  same  as  those  which  are  furnished  by  Dynamics  for  the  curve 
which  would  be  described  by  a  particle  under  forces  which  would 
generate  a  velocity  denoted  by  the  given  function  v.     He  draws 

attention  to  the  fact  that  \vds  ia  not  necessarily  a  minimum.     For 

example,  when  v  is  constant  and  the  particle  moves  on  a  smooth 
surface,  the  curve  obtained  may  be  in  general  the  shortest  line 
that  can  be  drawn  on  that  surface  between  fixed  points,  but  will 
not  be  so  necessarily.  A  particle  may  more  on  a  smooth  sphere 
acted  on  by  no  forces  except  the  normal  action  of  the  sphere, 
and  describe  the  shortest  line  between  two  pginta,  namely  the 
thorUr  arc  of  the  great  circle  joining  those  points;  but  it  may 
also  describe  the  longer  arc  of  the  great  circle  joining  those 
points. 

We  shall  now  consider  in  detail  a  few  points  connected  with 
Stegmann's  work. 

363.  Suppose  we  require  the  maximum  or  minimum  of  /^  dx, 
where  0  inrolves  z,  y,  and  the  difilerential  coefficients  of  y ;  before 
reducing  I S^cZk  in  the  ordinary  way  by  integration  by  parts, 
Stegmann  makes  some  remarks  on  the  attempt  to  solve  the  problem 


4IU 

i^^fpeamnafyimlaai^amt&l  Aeae  tvo  doogs.  ci^er  ^  dees  not 
duMge  hf  mtnbmg  s  wmOkm  to  jr  nd  iti  iliBpirnrijJ  eocffioaitB, 
cr  die  ^  10  itself  s  sflxisni  or  annnaDD.  Tbe  fixmer  sappositioa 


#   * 


*^*a^^+^^  +  -- 


Whli  niqmt  to  the  latter  soppoeitioii  it  k  to  Ik  obeerred  thai 
it^ht  ftielf  a  maximum  or  mmimmii  for  all  rallies  of  x  between 

giren  limitai  then  j^dx  will  also  lie  a  mazimim  or  minmiiim  le- 

ipecttrelj,  ifae  integral  being  taken  between  those  limits.  This 
fikegmann  prores  bj  means  of  a  figm:e  which  is  constnicted  bj 
taking  the  ordinate  of  a  corre  always  equal  to  ^.  The'  proof 
amoonti  to  tiie  consideration  that  the  integral  mnst  be  a  maxi- 
mnm  or  a  minimnm,  because  each  of  the  elements  of  which  it  maj 
be  oltimately  regarded  as  the  sum  is  a  maximnm  or  minimmn  re- 
ipectirelj*     It  is  howerer  not  tme  conyerselj  that  any  relation 

which  renders  I  ^dx  a  mazimmn  or  minimum  will  make  ^  also 

such  for  all  values  of  x  between  a  and  ^.    This  is  illustrated  bj 

a  figure  which  amounts  to  the  consideration  that  I  ^^  dx  may  be 

fi  ■'• 

greater  than  I  if>^dXf  even  although  some  of  the  values  of  <^^  are 

less  than  the  corresponding  values  of  ^,;  for  other  values  of  (p^  may 
bo  greater  than  tlfe  corresponding  values  of  <^,. 

Thus  the  conclusion  is  that  the  relation  S0  »  0  will  not  neces- 
sarily supply  all  possible  solutions  of  the  problem  of  finding  the 

maximum  or  minimum  value  o(  ji^dx. 

804.  On  page  109  of  his  work  Stegmann  makes  a  remark 
which  relates  to  the  use  of  a  series  to  represent  a  variation  instead 
of  a  single  term ;  see  Art.  334.     Stegmann  is  investigating  the 

maximum  or  minimum  of/  ^   ,  ^^  dx.     The  ordinary  mode 

would  bo  to  change  p  into  j)  +  ^i  and  then  to  examine  the  terms 


inToWng  Sp  and  (Sp)*.     But  Buppose  we  change  p  not  into  p  +  Sp 
bat  into  a  Beries,  after  the  manner  of  Strauch ;  let  thia  series  be 


Arrange  the  variation  of  the  proposed  integral  according  to 
powers  of  it ;  thoB  we  obtain  for  the  variation 


^  ft  pa(x)ic    ,  «■ 


In  order  that  there  may  lie  a  maximom  or  minimum  we  most 
hare  in  the  usual  way 

_J2_ 


>/x^{l+p^~ 


a  constant. 


Stegmann  then  remarks  that  we  are  prevented  from  ascertdning 
what  the  sign  of  the  term  involving  «*  is,  by  reason  of  the  presence 
oiV{z)  which  is  altogether  independent  of  n'{x).  He  does  not 
notice  that  the  relation  which  lias  been  already  assumed  in  order 
to  make  the  coefficient  of  k  vanish,  also  makes  the  coefficient  of 
^'{x)  constant  in  the  term  involving  nc*;  hence  it  will  be  found  that 
since  the  limiting  terms  of  the  first  order  are  made  to  vaaisb,  the 
tenna  of  the  second  order  which  depend  on  ^'x  will  also  vanish. 
It  is  in  fact  thia  circumBtance  that  renders  it  useless  to  adopt 
the  form  of  a  series  instead  of  a  single  term  in  order  to  denote 
a  variation. 

365.  On  page  140  of  bis  work  Stcgmann  is  discussing  the 
problem  of  finding  the  curve  which  with  its  cvolutc  includes  a 
minimum  area. 


Let 


u=r(l±^'dx: 

J.        q 


by  making  the  terras  of  the  first  order  vanish  in  the  variation  of  IT 
we  obtain  a  cycloid  for  the  curve.  The  terms  of  the  second  order 
may  be  put  in  the  form 


/'  (2  (1  +  J.-)  («•  +  (2f  Sp  -  Jit'  8,)] 
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and  Stegmann  says  that  neither  -  nor  p  can  become  infinite  be- 
tween the  limits  of  integration ;  so  that  the  solution  he  haa  obtained 
gives  a  minimum.  But  p  is  infinite  at  the  cusps  of  the  cycloid, 
and  thus  Stegmann  is  wrong.     But   although  p   ia  infinite  yet 

~ ^-^  does  not  become  infinite,  thia  being  the  radiua  of  curvature 

of  the  curve ;  hence  hfi>rUori  l±t,l,  ESI^  and  ^i+A'  do 

q  q  q  q 

not  become  infinite.  Thns  if  Sp  and  Sq  are  indefinitely  small 
throughout  the  limits  of  the  integration  the  quantity  under  the 
integral  sign  in  the  above  expression  will  not  become  infinite ;  ao 
that  the  result  obtained  ia  really  a  minimum  in  comparison  with 
all  adjacent  curves  which  can  be  obtained  under  the  limitation  that 
Bp  and  Bq  shall  be  indefinitely  small. 

With  respect  to  the  problem  in  question  it  will  be  usefid  to 
notice  the  conclusions  of  other  writers.  Thus  in  De  Morgan's 
Difierential  Calculus,  page  463,  the  following  statement  is  made, 

" the  radii  of  curvature  at  the  extreme  points  are  both  =0; 

which  in  the  cycloid  only  happens  at  the  cusps.  Hence  if  ^  and  B 
be  the  given  points,  every  such  figure  as  that  in  the  diagram  gives 
an  algebraical  minimum :  that  is  to  say,  any  slight  variation  of  the 
upper  curves  with  a  corresponding  variation  of  the  lower  evolutea 
would  increase  the  area  contained.  There  is  no  absolute  arithmetical 
minimum;  for  by  sufiiciently  increasing  the  number  of  revolutions 
of  the  generating  circle  we  might  diminish  the  whole  area  without 
limit."  The  diagram  referred  to  supposes  the  generating  circle  to 
have  turned  round  three  times  completely,  so  that  there  are  three 
complete  arcs  of  a  cycloid  between  the  two  fixed  points.  There  is 
no  investigation  of  the  terms  of  the  second  order  to  shew  that  any 
slight  variation  would  increase  the  area. 

The  problem  is  solved  by  Stranch,  and  he  exhibits  the  term* 
of  the  second  order,  but  makes  no  remarks  of  importance.  See  his 
Vol  n.  pages  289—291. 

Mr  Jellett  discusses  the  problem,  and  makes  some  remarks 
on  the  result;  see  pages  172  and  177  of  his  work.     He  gives  a 
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figure  conBiBting  of  a  single  complete  arc  of  »  cycloid  with  ita 
extremities  at  the  two  fixed  points ;  the  two  fixed  points  are  also 
connected  by  a  curve  which  is  composed  of  two  complete  arcs  of  a 
cycloid,  one  of  which  may  if  we  please  be  supposed  indefinitely 
small,  and  the  other  finite  and  diflfcring  infiniteairaally  from  the 
single  complete  arc  first  considered.  It  is  easy  to  shew  that  the 
area  in  the  second  case  is  less  than  the  area  in  the  first  case; 
nevertheless  the  first  is  to  be  considered  a  real  minimnm  in 
the  proper  sense  of  that  term,  because  the  second  cur^e  cannot 
be  deduced  from  the  first  by  a  legitimate  variation. 


366.  In  Art.  202  we  have  referred  to  a  result  obtained  by 
Legendre  in  discussing  the  following  problem  ;  required  to  connect 
two  fixed  points  by  a  curve  of  given  length  so  that  the  area 
bounded  by  the  curve,  the  ordinates  of  the  fixed  points,  and  the 
axis  of  abscisste  shall  be  a  maximum.  Stegmann  discnssea  this 
problem  and  arrives  at  the  same  results  as  Legendre,  though  hfl 
does  not  refer  to  him;  see  Stegmann 's  work,  pages  175— IflO. 

1*1  A,,  it,  be  the  co-ordinates  of  one  of  the  fixed  points,  which 
we  will  denote  by  j4  ;  let  ^,,  i,  be  the  co-ordinates  of  the  other  fixed 
point,  which  we  will  denote  by  B ;  and  we  will  suppose  A,  less  than 
A,,  and  k^  less  than  A,.     Then  with  the  usual  notation  I     ydx  is 

to  be  a  maximum  while  I  •J{\  +j?)  dx  is  to  have  a  given  value. 
Then  we  proceed  to  make  I  [y  +  \V(l+^')I(£jJamaximmn  where 
\  is  a  constant. 


c-C,= 


"(I). 


x-G, 


..{»). 
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It  is  easy  to  see  that  the  sign  of  the  terms  of  the  second  order  is 
the  same  as  that  of 

•'*t(l+/)* 

and  is  therefore  the  same  as  the  sign  of  X.  Then  (2)  gives  for  the 
required  curve  an  arc  of  a  circle  of  which  X'  is  the  square  of  the 
radius,  and  from  (1)  it  may  be  shewn  that  this  arc  will  be  concave 
to  the  axis  of  a?  if  X  be  negative ;  so  that  an  arc  of  a  circle  concave 
to  the  axis  of  a?  gives  a  maximum  area.  The  constants  X,  (7^,  and 
C7,  are  to  be  determined  by  making  the  arc  go  through  the  points 
A  and  B  and. have  the  given  length.  This  given  length  must  of 
course  be  greater  than  the  straight  line  which  joins  A  and  J9. 

The  solution  thus  obtained  is  satisfactory  as  long  as  the  concave 
circular  arc  joining  A  and  B  falls  entirely  between  the  lines  drawn 
through  A  and  B  perpendicular  to  the  axis  of  x ;  the  extreme  ad-^ 
missible  case  is  that  in  which  the  ordinate  at  A  is  the  tangent  to 
the  circular  arc  at  A. 

Supposing  then  that  the  given  length  exceeds  that  which  cor* 
responds  to  the  extreme  admissible  case  just  referred  to,  we  must 
modify  the  problem.  Let  the  ordinate  at  ^  be  produced  through  A 
to  a  point  distant  y^  from  the  axis  of  x ;  and  let  the  straight  line 
of  length  y^  —  ^i  be  considered  part  of  the  curve  connecting  A 

and  B.    Thus  we  now  propose  to  make  I    ydx  a  maximum  while 

J  hi 

Vi"  \  +  I    ^(1  +i>')  ^  t*s  a  given  value.    No  change  is  thus  re- 
J  hi 

quired  in  the  solution  of  the  problem  except  so  far  as  relates  to  the 
terms  at  the  limits ;  these  formerly  vanished  because  the  extreme 
points  were  both  fixed.  Now  we  have  corresponding  to  the  lower 
limit  the  expression 

and  to  make  this  vanish  we  must  hate 
therefore  A  =  ^  • 
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This  reqnirea  the  circular  arc  to  have  its  taugent  at  the  point 
(A,,  yj  where  it  joina  tlie  ordinate  produced  through  A,  coiiicident 
with  that  ordiuate  produced.  Thus  y,  =  (7,,  and  C,  —  A,  =  the 
radius  of  the  circle ;  and  the  constaats  will  be  found  from  these 
relations  combined  with  the  conditions  that  the  circle  shall  pass 
tlirough  B,  and  that  the  leng;th  of  the  circular  arc  together  with 
J,  —  A\  shall  be  equal  to  the  given  length. 

In  this  case  then  the  required  curve  is  made  up  of  a  straight  line 
of  the  length  y,  —  k^  and  of  an  arc  of  a  circle. 

The  solution  thus  obtained  is  satisfactory  so  long  as  the  concave 
circular  arc  is  not  cut  bj  the  ordinate  at  J5  produced  through  B;  the 
extreme  admissible  case  is  tliat  in  which  the  ordinate  at  ^  is  the 
tangent  to  the  circular  arc  at  B. 

Supposing  then  that  the  given  length  exceeds  that  which  cor- 
responds to  the  extreme  admissible  case  just  referred  to,  we  must 
again  modily  the  problem.  Let  the  ordinate  at  S  be  produced  to  a 
point  distant  y,  from  the  axis  of  jt,  and  let  the  straight  line  of  length 
y,  —  A",  as  well  as  the  atraight  line  of  length  y,  —  A,  be  considered  part 
of  the  curve  cotmecting  A  and  B.    Thus  wc  now  propose  to  make 

I    t/dx  a  maximum,  while 


has  a  given  value.  No  change  is  thus  required  in  the  solution  of 
the  problem  except  so  tai  as  relates  to  the  terms  at  the  limits.  We 
now  have  tlic  expression 


and  to  make  this  Tanisli  we  must  have 


«y,; 


tlierefore  jj^  =  co ,  aud  p^  =  —  ao. 
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This  requires  the  circular  arc  to  have  its  tangent  at  the  point 
(Aj,  jf^)  where  it  joins  the  ordinate  produced  through  Aj  coincident 
with  that  ordinate  produced;  and  also  its  tangent  at  the  point 
{Kf  Jft)  ^b^^  ^^  joins  the  ordinate  produced  through  J9,  coincident 
with  that  ordinate  produced.    This  requires  the  circular  arc  to  be 

a  semicircle,  so  that  y^^y^^^C^;  and  C^—  ^{\+h^f  and  the 

radius  of  Hxe  circle  ==  -  iK-'K)'    ^^  constant  C7,  is  to  be  found 

from  the  condition  that  the  sum  of  the  length  of  the  circular  arc  and 
jf^—k^  and  y,  —  A;,  is  to  be  equal  to  the  given  length. 

In  this  case  then  the  required  curve  consists  of  a  semicircular 
arc  and  two  straight  lines. 

367.  In  his  fourth  Chapter,  pages  222 — 227,  Stegmann  gives 
an  investigation  of  the  number  of  the  constants  which  can  occur 
in  the  solution  of  a  certain  problem,  and  of  the  number  of  the 
equations  which  serve  to  determine  these  constants ;  see  Art  344. 
Stegmann^s  conclusion  is  that  in  general  these  constants  can  all  be 
determined;  he  does  not  shew  that  the  auxiliary  equations  may 
diminish  in  number  in  certain  cases,  and  thus  some  of  the  con- 
stants remain  indeterminate.  He  draws  attention  however  to  some 
exceptional  cases,  in  which  the  number  of  the  constants  may  be 
less  than  the  general  theory  indicates.  Take  for  example  the 
first  case  considered  in  Art.  273 ;  here  no  arbitrary  constants  occur 
in  the  solution,  so  that  the  terms  which  relate  to  the  limits  must 
be  supposed  to  vanish  of  themselves,  or  they  will  not  vanish 
at  all.  In  other  words,  if  we  use  geometrical  language,  the 
limiting  points  must  be  supposed  Jixed  through  which  the  curve 
is  to  be  drawn. 

368.  On  his  pages  245 — ^247,  Stegmann  solves  a  problem 
which  we  will  here  notice.    Let  17=  I    Z'^dx,  where 


-?=/'V(l+i>")d^; 


required  to  find  the  v&lae  of  y  which  makes  U  a  TtftxiTTHim  c 
miuimam.     Here  we  have  as  far  as  terms  of  the  second  order 


-=/:i 

=/!!»- 


V(l+i'')      2  (!+;>■)• 


«{n-J)  7« 


Z-'(8^)'  +  ., 


The  investigatioii  of  Art.  38  may  Iw  applied  to  this  pro1>lem. 
The  qoaotity  there  denoted  b;r  »  is  here  denoted  by  Z,  and 

while  N,  N\  P,  Q,  Q;  ...  are 


P 


V(i+;'') 


i  =  BZ-'.    AI«oP'  = 
zero.    Thus  we  obtain 

[A  —  I)  F  =  i.  coaetant; 

and  as  ^  —  /  vanishes  when  x  has  its  superior  limitiDg  value,  the 
constant  most  vanish;  this  leads  to  P'=0,  bo  thatj5  =  0.  The  inte- 
^ated  part  of  the  variation  also  vanishes  since  the  above  constant 
vanishes. 

Since  p  =  0  the  only  term  of  the  second  order  which 
inBUia 


"^j'j-lj'.w^^. 


which  is  positive,  and  80  we  obtain  a  minimum. 

Stegmann's  solution  is  effected  by  the  use  of  an  arbitraiy  molti- 
plier,  and  leads  to  the  same  result.  In  discriminating  however 
between  a  maximum  and  a  minimum,  he  retains  the  term 


-^  f  z^  (szy  dx, 


u)d  this  leads  him  to  make  the  supposition  that  n  is  positive 
»nd  not  lese  than  unity,  in  order  to  ensure  a  minimum.  But  aa 
p  is  zero,  BZ  is  itself  of  the  second  order  of  small  quantities,  and 
thus  the  term  just  expressed  is  of  the  Jburtk  order,  and  therefore 
does  not  reqoire  to  be  retained. 

It  will  be  observed  Uiat  tlie  solation  p  =  0  can  only  apply  when 
the  limiting  values  of  y  are  either  not  given  or  are  given  eqiuL 
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When  the  limiting  values  of  y  are  given  and  oneqnal  suppose  these 
values  to  be  ^  -and  17  corresponding  to  the  values  a  and  ^  of  x. 
Then  putting  the  problem  into  a  geometrical  form,  the  curve  re- 
quired appears  to  be  made  up  of  the  straight  line  which  joins  the 
point  (oy  fi)  with  the  point  (^,  )9),  and  the  straight  line  wUch  joins 
the  point  (f ,  fi)  with  the  point  (f  ,  rj) ;  or  at  least  the  nearer  we  ap- 
proach to  this  limit  the  smaller  does  U  become. 

This  problem  is  taken  from  Euler*s  Methodua  Inventendi ... 
page  94.  Euler  considers  any  function  of  Z  instead  of  Z*,  and 
he  arrives  at  the  result  p  =  0  as  necessary  for  a  maximum  or  a 
minimum. 

369.  An  example  of  a  relative  minimum  is  solved  by  Steg- 
mann  on  his  pages  255 — 258,  which  we  will  give  here.      Re- 

If* 
quired  the  minimiim  value  of  -  I  f^dx  under  the  following  con- 
ditions; 

y.=  i (1), 


JoVt 


1 (2). 

Let  X  be  a  constant,  and  let 

then  to  the  first  order 

Hence  --^  =  0 (3) 

y^     ax  ^  ' 

X  f 
«°d  Pi-Zi\   Jf^  =  o  i*). 

From  (3)  we  have 

therefore  o~"  (^ ~ ^T  =  y  +  -5> 

where  A  and  B  are  constants. 
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The  condition  (1)  gives 

therefore  y=l  +  —{a?^2Ax) (6). 

The  condition  (2)  gives 

l+^«^ y  (6). 

From  (2)  and  (4)  we  obtain 

l'.  +  ^  =  0,    thati8  3:(i_^)  +  J=0, 

that  is  -(2-^)  =  0  (7). 

By  patting  a;  s  1  in  (5),  we  obtain 

■   y.  =  i  +  ^(i-2^) (8). 

The  solution  \^0  o{  (7)  is  inadmissible,  for  that  would  make 
ysl  bj  (5),  and  then  (2)  would  not  be  satisfied.  Hence  we 
deduce  A ^2  firom  (7),  and  then  from  (6)  and  (8)  we  deduce 

12  2 

^■"""49'  y»-""7- 

Now  to  determine  whether  a  minimum  is  thus  obtained,  we 
must  form  the  expression  for  827  correct  to  the  second  order; 
now  we  have  exactly 

and  therefore  to  the  second  order. 


28 
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Bj  integrating  bj  parts  we  have 
thus        S?7=£|i(8p)«+^«Sp}dic 


+  ^ 


Now— I  =  -3,  and  —  I   ydaj=s— 1;  thns  finally 

Vt  y  I  •'  0 

80  that  we  have  obtained  a  minimtun, 

370.    Stegmann  gives  on  his  page  395  one  application  of  the 
formuUd  relating  to  double  integrals  which  we  will  reproduce. 

Suppose  we  have  to  find  a  surface  of  minimum  lurea  under  the 
condition  that  the  length  of  the  boundary  is  given. 

The  equations  which  must  hold  at  the  boundary  are  the  first 
two  of  equations  (13)  of  Art.  114. 

Here  r=V(l  +  «'"  +  0>  ^=^,  Y^^, 

A — — ^  ^ —^ — — —  —      h^  A  (^M\  —  ^y  ^ 

Thus  the  equations  are 
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By  ordinary  tranafonnationa  these  equatiom  become  reepectiTely 

:0^-^^J^-o «^ 

and  thifl  ta  tlie  fonn  in  which  Stegmann  gives  them. 

He  now  takes  another  condition,  namely  that  z  shall  be  coDBtant 
round  tlie  boundary,  so  that  round  the  boundary 

dz  =  z'dx-\-eSy  =  fi (3), 

and  since  e  ia  constuit  round  the  boundary  (2]  gires 

zdx-ii'ds  =  0 (4). 

From  (3)  and  (4)  we  have  round  the  boundary 

«'  =  0    and  e,  =  0. 

Also  (1)  becomes  round  the  boundaiy 

'-3S- («■ 

From  (5)  by  integration  we  obtMu  the  eqoation  to  a  dicle  of 
which  the  radius  is  numerically  equal  to  c ;  that  is,  the  projection 
of  the  boundary  on  the  plane  of  {x,  j)  is  a  circle. 

Then  Stegmann  observes  that  thist  cannot  give  a  minimum 
area  but  a  maximum  area,  since  the  boundary'  is  supposed  to  be 
a  closed  curve.  But  the  result  may  be  -made  useful  by  modi^dng 
the  problem.  The  modification  appears  to  be  that  the  projection  of 
the  boundary  shall  be  a  four-sided  figure  having  for  two  of  its 
sides  fixed  straight  lines  perpendicular  to  the  axis  of  x,  and  the 
other  two  sides  remaining  to  be  determined  and  each  being  of  given 
length.  Tlien  Stegmann  says  these  other  two  sides  should  be  arcs 
of  circles  with  their  convexities  turned  towards  each  other. 


CHAPTER    XIV. 

MINOR  TREATISES. 

371.  This  chapter  is  intended  to  give  an  account  of  the  minor 
treatises  on  the  Calculus  of  Variations.  It  includes  all  the  separate 
works  which  have  come  to  the  writer's  knowledge,  but  does  not 
attempt  to  notice  every  case  in  which  a  chapter  has  been  devoted 
to  this  subject  in  the  course  of  a  general  work  on  analysis.  A  few 
such  cases  have  been  however  included  in  the  present  list 

372.  Brunacci.  A  treatise  on  the  Calculus  of  Variations 
occupies  pages  166 — 255  of  the  fourth  volume  of  Brunacci's  Corso 
di  Matematica  Suilime.     Florence,  1808. 

Brunacci  begins  with  some  general  remarks  similar  to  those 
which  we  have  given  in  Art.  363  after  Stegmann.  He  considers 
the  case  in  which  F{Xy  y)  is  to  be  a  maximum  or  minimum  by  the 
variation  of  y,  and  then  the  case  in  which  F{xy  y^p)  is  to  be  a 
maximum  or  minimum  by  the  variation  of  y  and  p  or  of  one  of 
them ;  and  he  gives  Lagrange's  example ;  see  Art.  3.  He  makes 
some  brief  remarks  on  the  history  of  the  subject,  and  states  that 
Lagrange  had  finally  relieved  it  from  any  consideration  of  infinp- 
tesimal  quantities;  he  proposes  to  follow  Lagrange's  method  in 
discussing  the  subject.  He  does  not  use  the  symbol  Sy,  but  w> 
instead,  where  %  is  supposed  indefinitely  small  and  o>  an  arbitnuy 
function. 

Li  finding  the  maximum  or  minimum  value  of  an  integral 
1^  cZr  he  first  supposes  that  ^  contains  only  x  and  y ;  he  illustrates 


BRUNACCI.  487 

this  hy  two  examples  taken  from  Euler'a  MethotJua  Inventend! .,., 
pages  39  and  40,  and  in  the  second  example  lie  agrees  with  Dirksen 
in  distinguishing  between  a  maximum  and  a  minimum  more  care- 
fully than  Euler  did ;  see  Art.  52,  and  Dirksen,  page  202.   lie  next 

supposes  that  0  is  a  ftinction  of  a;,  y,  and^,  and  that  l^cfr  is  to  be 

made  a  maximum  oi  minimum;  this  case  he  illustrates  by  dis- 
cussing the  problems  of  the  sliortest  tine  and  the  bracbistochione. 
lie  insists  on  the  propriety  of  separating  the  problems  which  occnr 
into  two  parts,  one  depending  strictly  on  the  Calculus  of  Variations 
and  the  other  on  the  Differential  Calculus;  see  Arts.  90  and  91. 
He  says  that  this  idea  was  communicated  to  him  by  a  distinguished 
scholar  and  mathematician  Paradisi,  and  that  Euler  himself  would 
have  judged  it  worthy  of  his  own   immortal  work,  the  Metkodtts 

Invenuindi Accordingly  Brunacci  in  treating  the  problem  of 

the  brachistochrone  between  two  given  curves  6rst  supposes  the 
extreme  points  fixed  and  obtains  a  cycloid  by  the  Calculus  of 
Variations  as  the  required  curve ;  then  he  determines  by  the 
Differential  Cfttculua  the  position  which  the  cycloid  mu3t  have 
when  its  ends  are  supposed  moveable  on  two  curves;  in  spite  of 
Brunacci'a  opinion  liia  process  seems  longer  and  not  clearer  than 
that  usually  given  which  depends  on  the  Calculus  of  Variations 
solely.     Bnmacci  next  supposes  that  0  is  a  function  of  x,  y,  p, 

and  7,  and  that  tlie  maximum  or  minimom  of  j^i^i;  is  required; 

this  he  illustrates  by  examples  drawn  from  pages  61  and  2i7  of 
the  Me^odus  Inveniendi 

Brnnacci  supplies  investigations  of  the  terms  of  the  second  order 
for  distinguishing  between  maxima  and  minima  values ;  he  repcata 
the  invcatigation  to  which  we  have  alluded  in  ArtSIG;  he  says 
however  that  it  is  now  presented  in  a  better  form. 

Bnmacci  gives  some  account  of  problems  of  relative  maxima 
and  minima,  and  considers  a  few  simple  examples. 

With  respect  to  the  variation  of  double  integrals  he  gives  an 
investigation  which  is  correct  so  far  as  it  goes ;  see  Art.  29.  lie 
applies  the  result  to  obtain  the  differential  equation  to  the  sttrfaee 
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which  is  a  minimum  among  those  which  include  the  same  volume. 
He  sajs  however  that  owing  to  the  difficulty  of  integrating  partial 
di£ferential  equations,  to  the  difficulty  of  determining  the  arbitraiy 
functions  which  occur  in  the  solutions,  and  to  other  difficulties 
which  arise  from  the  nature  of  the  problems,  vety  little  can  he 
effected  in  this  part  of  the  subject;  in  his  own  words  "...  siamo 
sopra  una  spiaggia  da  cui  si  scopre  un  mar  senza  fine,  e  non  ci 
h  dato  per  anche  d'inoltrarvisi,  onde  &re  delle  scoperte." 

It  would  appear  from  his  page  248  that  Brunacci  considered 

that  his  treatise  on  the  Calculus  of  Variations  might  be  contrasted 

fisivourably  with  those  which  had  been  previously  published.     It  is 

not  however  very  accurate  in  language  or  investigation ;  we  have 

already  in  Art.  208  pointed  out  an  objectionable  statement,  and  we 

will  now  indicate  some  others.     Brunacci  says  on  his  page  168  that 
h 
f{x)  dx  is  the  swn  of  all  possible  values  of  f{x)  between  those 


/, 


which  correspond  to  a;  =  a  and  a?  =  A ;  this  amounts  to  overlook- 
ing  the   dx  which   occurs  in    the   symbol  /  f{ai)  dx.    On  his 

page  245  he  interprets  the  equation  a:;^=:32^  to  mean  that  the 
vertical  ordinate  is  a  third  of  the  rectangle  of  the  horizontal  co-ordi« 
nates,  instead  of  saying  that  the  square  of  the  vertical  ordinate  is  so ; 
here  he  had  previously  given  the  statement  correctly.    On  his  page 

229  he  discusses  the  maximum  or  minimum  of  x'^dx^  where  '^  is  a 

function  of  Z^  and  Z=  i  V(l  +?*)  dx.    We  have  already  considered 

a  case  of  this  problem  in  Art.  368.  Brunacci  by  an  obscure  method 
arrives  at  a  differential  equation,  and  he  shews  that  when  a  certain 
constant  d  vanishes  the  solution  is  p  =  0 ;  but  this  he  says  is  only 
a  particular  solution.  It  will  be  seen,  however,  on  his  page  230 
that  he  requires  a  to  vanish  at  the  limits,  and 

p 

so  that  his  solution  leads  necessarilj  to  c' »  0. 
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373.  Lacrotx.  An  elemetUary  treatise  on  the  Differential  and 
Integral  Calculus,  by  S.  F.  Lacroix.  Translated  from  the  French. 
Cambridge,  1S16. 

This  work  contains  a  brief  treatise  on  tbe  Calcnlns  of  Variar- 
tions  on  pages  436—463,  and  706 — 711.  The  treatise  has  been 
described  with  great  justice  as  "singularly  confused  and  tinin- 
telligible." 


374.     Oergonnc.     Gergonne's  Annates  de  MathSmatigv^ 

Vol.  13,  1822,  pages  1—93. 

This  memoir  is  on  the  investigation  of  the  maxima  and  minima 
of  undetermined  integral  farmulse.  Gergonne  considers  that  with 
many  persons  the  Calculu3  of  Variations  is  merely  a  mechanical 
process  of  wliich  they  do  not  comprehend  the  spirit.  He  proposes 
to  sliew  that  the  questions  of  maxima  and  minima  for  which  this 
Calcnlns  was  principally  invented  cnn  be  treated  in  the  clearest  and 
briefest  manner  by  the  principles  of  the  ordinary  Differential  Cal- 
coluB.  He  does  not  use  the  distinctive  notation  of  the  Calculos  of 
Variations;  thus  for  what  is  usually  denoted  by  Sy  he  puts  iY, 
where  t  is  an  indefinitely  small  quantity  and  y  is  an  arbitrary 
fonction. 

This  memoir  sceme  of  no  great  use ;  any  student  who  could 
understand  it  could  imderatand  the  ordinary  exhibitions  of  the 
Calculus  of  Variations.  The  distinctive  notation  of  the  Calcalua  of 
Variations  has  always  been  considered  one  of  its  great  advantages, 
and  nothing  is  gained  by  discarding  this  notation.  There  are  also 
passages  in  this  memoir  which  would  probably  appear  more  difficult 
to  a  beginner  than  the  correi^ponding  passages  in  the  ordinary 
treatises.  Thus,  for  example,  we  may  refer  to  the  way  in  which 
Gergonne  shews  that  the  integrated  and  the  unintegrated  part  of 
the  variation  of  an  integral  must  separately  vanish  in  order  that  the 
integral  may  be  a  maximum  or  a  minimum. 

The  memoir  is  written  with  remarkable  diffuscness.  As  an 
instance  the  following  may  be  noticed.    When  Gergonne  is  di»- 
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cussing  the  question  of  the  shortest  line  he  obtains  these  two 
equationsi 

and  instead  of  inferring  at  once  that 

^j^^j^pjrpy^  =  a  constant,  and  ;^^p-p|j-p^  =  a  constant, 

he  devotes  a  page  to  performing  the  differentiations  first  and  then 
retracing  his  steps  by  integration ;  and  he  makes  a  temporary  mis- 
take in  the  course  of  his  process  by  omitting  ^  in  the  fifth  line  of 
his  page  36.  Page  89  is  quite  wrong;  the  equations  in  the  fourth 
line  are  £dse,  since  they  ought  to  involve  the  partial  differ- 
ential coefficients  of  ^6^;  ^q  equations  given  by  Gergonne  would 
make  the  osculating  plane  of  the  curve  perpendicular  to  its  tan- 
gent. 

The  following  paragraph  forms  the  last  of  Grergonne's  memoir. 

In  conclusion  we  must  ask  the  indulgence  of  the  reader  for  the 
numerous  imperfections  and  even  errors  which  may  be  found  in 
this  memoir.  If  we  may  believe  what  is  stated  by  Dr  Prompt  in  a 
small  treatise  published  in  1820,  the  work  even  of  the  illustrious 
Lagrange  on  this  subject  is  not  free  from  objections.  The  em- 
barrassing notation  of  that  great  mathematician  on  the  one  hand, 
and  the  brevity  of  Dr  Prompt  on  the  other  hand,  have  prevented 
us  from  ascertaining  to  what  extent  these  objections  are  well 
founded ;  but  this  is  a  point  to  which  we  will  return  on  another 
occasion. 

[It  does  not  appear  that  Gergonne  ever  returned  to  the  subject. 
The  present  writer  has  not  seen  any  other  notice  of  Dr  Prompt's 
work.] 

375.     Ampfere.     Gergonne's  Annales  de  MathSmatiques 

Vol.  16,  1825,  pages  133—167. 

This  memoir  is  an  exposition  of  the  principles  of  the  Calculus 
of  Variations,  and  is  said  to  have  been  drawn  up  by  Ampfere  for  his 
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coarse  of  lectures  at  the  Polytecliniqae  School.  It  constitutes  such 
an  elementary  treatise  on  the  Calculus  of  VariatJons  as  is  Jrcquently 
given  in  works  on  the  Differential  and  Integral  Culculiia,  and 
presenta  no  peculiarity.  After  establishing  the  formula  for  the 
variation  of  an  integral  Amp&re  shewa  that  in  order  that  the 
integral  may  be  a  maximum  or  a  minimum  the  two  parta  of  the 
variation  must  separately  vanish.  This  he  shews  by  supposing 
in  the  first  place  that  the  limiting  values  of  the  variables  and 
of  the  differential  coefficients  are  given ;  then  the  part  of  the 
variation  which  remains  under  the  integral  sign  must  vanish  be- 
cause the  other  part  vanishes  of  itself.  Next  ho  supposes  that 
the  limiting  values  are  not  given ;  still  it  is  tn  our  power  to  sup- 
pose such  a  variation  as  leaves  the  limiting  values  unchanged, 
and  this  variation  must  be  zero,  so  that,  as  before,  the  part  under 
the  integral  sign  must  vanish.  Gergonne  himself  says  in  a  note 
that  Ampfere  is  the  first  who  has  shewn  distinctly  that  the  part 
of  the  variation  which  is  under  the  integral  sign  must  separately 
vanish,  and  he  admits  that  his  own  memoir  was  unsatisfactory  on 
this  point. 


376.  Vcrdam  and  Verhulst.  The  subject  of  maxima  and 
minima  appears  to  have  been  proposed  for  a  prize  exercise  in 
the  University  of  Irfyden  in  1823.  Essays  by  Verdaro  and 
Verhulst  obtained  prinea;  they  were  published  in  1824.  The 
title  of  the  two  essays  is  the  aame  ...Commentatio  ad  QwMtionsm 
Malhemaltcam  ...  t*n  Academia  Lugduno-Batara  ...  propMttam... 

Verdam's  essay  occupies  100  quarto  pages ;  from  page  76  to 
the  end  is  devoted  to  the  Calculus  of  Variations.  The  writer 
confesses  that  he  has  a  very  imjierfect  knowledge  of  this  branch 
of  the  subject.  Some  of  the  ordinary  formuUe  are  given,  but  the 
demonstrations  arc  only  sketched,  and  reference  is  made  to  La- 
croix  for  tha  details ;  a  few  of  the  usual  problems  are  given  in 
illustration.  The  essay  is  not  free  from  error ;  wo  may  refer  for 
example  to  the  treatment  of  the  limiting  equations,  Verdam  says 
in  effect,  Uiat  in  a  term  of  the  form  A^,  if  the  limits  of  y  are 
fixed  we  still  have  ^  =  0,  whereas  the  term  vanishea  because 
Sy  ~  0  and  tbe  reUtion  A  =  0  does  not  in  genexal  huld.     And  on 
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his  page  94  he  gives  an  example  from  Ealer's  M&^hodua  Inveni^ 
endi...  page  88,  which  he  treats  bj  means  of  that  fonnnla  given 
bj  Lacroix  which  we  have  discussed  in  Art.  38.  Yerdam's  re- 
sult is  correct  for  the  case  which  Euler  considers  in  which  L 
is  a  function  of  11,  but  is  not  true  if,  as  Yerdam  says,  Z  is  a 
function  of  x  and  y . 

Yerhulst's  essaj  occupies  30  quarto  pages ;  about  three  pages 
are  devoted  to  the  formulae  of  the  Calculus  of  Yariations,  and 
three  more  to  some  of  the  common  problems. 

377.  Yerhulst.  There  is  another  essaj  by  Yerhulst,  which 
is  on  the  Calculus  of  Yariations  exclusively.  This  obtained  a 
prize  which  was  offered  in  X823  by  the  University  of  Ghent,  and 
was  published  in  1824  under  the, title  ...Gammentatio  ad  Quces^ 
tianem  MaihemcUtcam ...  Academue  Oandavensis propositam..,,. 

The  essay  contains  a  brief  sketch  of  the  subject,  and  discusses 
seven  problems ;  it  gives  some  account  of  the  application  of  the 
subject  to  Mechanics,  and  demonstrates  the  principle  of  least 
action.    It  is  chiefly  remarkable  for  grave  errors. 

378.  Airy.  In  Airy's  McUheffiatical  Tracts^  published  at  Cam- 
bridge in  1826,  twenty-three  pages  are  devoted  to  the  Calculus 
of  Yariations.  These  pages  form  an  excellent  elementary  treatise 
on  the  subject.  The  author  in  his  preface  speaks  of  the  subject 
as  the  "most  beautiful  of  all  the  branches  of  the  Differential 
Calculus."  He  says  of  his  treatise,  "by  adhering  rigorously  to 
principles,  by  exemplifying  every  formula,  and  by  avoiding  the 
investigation  of  useless  theorems,  the  author  hopes  that  he  has 
removed  many  of  the  difficulties  which  have  been  thought  to  beset 
this  theory." 

The  fourth  edition  of  the  Mathematical  Tracts  was  published 
in  1858 ;  the  treatise  on  the  Calculus  of  Variations  is  here  increased 
by  two  pages,  namely  pages  240  and  241  of  the  work. 

379.  Bordoni.  Leztoni  di  Calcolo  Sublime.  Milan,  1831. 
This  work  is  in  two  octavo  volumes ;  the  Calculus  of  Yariations 
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occupies  pages  192 — 298  of  the  second  volume.  Bordoni  adopts 
the  method  and  notation  of  Lagrange  which  we  have  described 
in  Art.  15 ;  and  the  work  is  rendered  extreraclj  perplexing  by  the 
profusion  of  dots  and  dashes  and  affixes  with  which  the  symbols 
are  loaded.  Scarcely  any  examples  arc  given  in  illoatration  of 
the  theory.  This  appears  to  be  the  first  elementary  work  which 
introduced  Polsson's  formulce  for  the  variations  of  the  differen- 
tial coefficients  of  a  Amotion  of  two  independent  variables;  aee 
Art.  262. 

We  will  notice  a  few  points  in  the  treatise  in  detail. 


380.  Two  examples  of  the  use  of  Variations  are  given  by 
Bordooi  on  his  pages  261 — 265,  which  we  will   briefly  explain. 

I,  Suppose  a  fixed  surface  and  two  fixed  points  outside  it ;  let 
a  string  have  its  extremities  fixed  to  these  points,  and  let  it  be 
stretched  and  kept  in  contact  with  the  surface  by  means  of  a 
point  moving  on  tlie  surface  and  against  the  string;  tlius  the 
whole  string  consists  of  four  portions,  namely  two  straight  lines 
ontaide  the  surface  and  two  curved  portions  on  tlie  surface.  Tlie 
moving  point  will  trace  out  a  locus  on  the  euHace  after  the 
manner  in  which  an  ellipse  is  traced  out  on  a  plane  by  a  moving 
point  which  stretches  a  string  having  its  ends  fixed.  Then  the 
locna  traced  on  the  surface  has  this  property  analogous  to  a 
property  of  the  ellipse;  the  tangent  at  any  point  of  the  locua 
makes  equal  angles  with  the  two  curved  portions  of  tlie  string 
meeting  in  that  point.  This  wc  shall  now  prove.  The  string  is 
inextensiblc,  and  therefore  the  sum  of  the  variations  of  the  four 
parts  is  zero.  Let  ;r,  y,  z  denote  the  co-ordinates  of  a  point  in 
one  of  the  curved  jwrtions,  so  that  the  length  of  this  portion  is 

|v'[I  +y'*+a'^'ic  between  proper  limits,  where  y'  stands  for  ^ 

and  z'  stands  for  -y- .    The  variatioB  of  this  integral  according 

to  the  osoal  notation  consists  of  ao  integrated  part 


\/(l+y''  +  OS*  + 


'%x)  +  a"  \%t  -  z'&c) 
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and  an  iinintegrated  part 

-/((%-y&^)  ^7(i+y^.H,'») + (^-^'^)  i  v(i+y"+o}^- 

Now  this  nnintegrated  part  yanishes,  because  we  know  from 
statical  considerations,  that  the  curved  portions  of  the  string  assume 
the  forms  of  the  lines  of  maximum  or  minimum  length  on  the 
surface,  and  for  such  lines  the  nnintegrated  part  of  the  variation 
of  the  length  of  an  arc  vanishes.  We  have  therefore  only  the 
integrated  part  remaining,  and  this  may  be  put  in  the  form 

that  is,  Ss  cos  ^,  where  &*  =  Sx"  -h  Sy*  +  &*,  and  <f>  is  the  angle 
between  two  lines,  one  having  its  direction-cosines  proportional  to 
&r,  Sy,  Sz  respectively,  and  the  other  having  its  direction-cosines 
proportional  to  1,  y',  z'  respectively. 

Now  at  the  point  which  is  common  to  one  of  the  straight 
portions  of  the  string  and  one  of  the  curved  portions,  Ss  and  <l> 
have  the  same  values  for  each  portion;  so  that  the  two  terms 
which  are  thus  contributed  to  the  variation  of  the  whole  length 
cancel.  Then  at  the  point  common  to  the  curved  portions  Ss  is  the 
same  for  the  two  portions,  and  therefore  <f>  must  have  the  same 
value  in  order  that  the  whole  variation  may  vanish. 

II.  Suppose  one  end  of  a  string  fixed  to  a  point  in  a  curve 
on  a  fixed  surface ;  and  let  the  string  be  stretched  so  that  a  part 
is  kept  in  contact  with  this  curve,  a  part  kept  in  contact  with  the 
surface,  and  a  part  is  free  fi*om  the  surface.  Then  whatever  may 
be  the  position  of  the  string,  provided  that  the  three  parts  are  kept 
stretched,  the  third  part  is  always  a  normal  to  the  surface  traced 
out  by  its  free  end. 

This  is  proved  in  the  same  manner  as  before.  Let  f ,  17,  f  be 
the  co-ordinates  of  the  firee  end ;  x,  y,  z  the  co-ordinates  of  the 
point  where  the  string  leaves  the  surface.  Let  s^  be  the  length 
of  the  straight  portion,  «,  the  length  of  the  part  which  is  only  kept 
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oo  the  surface,  «,  the  length  of  the  part  which  is  kept  against 
the  curve.  The  whole  variation  of  *,  +  «,  +  s,  niuat  be  zero.  The 
unintegntted  part  of  the  variation  of  s,  vanishes  as  before;  the 
only  variation  in  s,  is  that  which  ia  produced  hy  lengthening  or 
shortening  the  portion  in  contact  with  the  curve ;  and  this  variation 
is  cancelled  by  the  coneaponding  term  in  the  integrated  part  of 
the  variation  of  »,.  The  variation  of  s,  so  far  as  it  depends  on 
the  variation  of  the  point  {a;,  y,  z)  is  cancelled  by  the  corre- 
sponding term  in  the  integrated  part  of  the  variation  of  a,.  Thus 
that  part  of  the  variation  of  s,  which  arises  from  the  variation 
of  the  point  (f,  rj,  ^  most  separately  vanish. 

But  ,;«(«-f)'  +  (y -,)■+(. -!:)■, 

Ihcefor.  (»-t)8t+(y-,)8,  +  (z-C)8i:_ 

this  equation  shews  that  two  lines  are  at  right  angles,  namely 
the  line  which  has  its  dtrection-cosinea  proportional  to  5f,  &j,  Sf 
respectively,  and  the  line  which  has  its  direction-cosines  pro- 
portional to  X  -^,  y~  ij,  z  —  ^  respectively.  This  provce  the 
theorem. 


381.  On  pages  281 — 298  of  his  work,  Bordoni  discnsses  the 
criteria  for  distinguishing  between  maxima  and  minima  values; 
here  he  follows  the  method  of  Legendre.  Suppose  we  have  to 
inveetigate  the  maximum   or  minimum  of   \ip{x,y,  t/')  dx.     Tba 

terms  of  the  first  order  are  sapposcd  treated  in  the  usual  way 
We  have  then  to  examine  the  sign  of 


{Ai&!,y  +  WS^Sy-+C(S!,y]dx, 


dy" 


B-. 


d'4, 


_  j^ 


~ dy  dt/' '     ^     dy''' 
Now  we  have  identically,  whatever  a  mhy  be, 
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Thus  the  above  integral  becomes 
a(Sy)"+/{(-4-a')  (%)"+2(5-a)%Sy'+  CiSt/y]  dx. 

Then  if  a  can  be  found  so  as  to  make 

(-4  -  a')  <7  greater  than  {B-a)\ 

the  sign  of  the  expression  remaining  under  the  integral  sign  will 
be  the  same  as  the  sign  of  C;  and  thus  we  shall  be  able  to 
determine  whether  there  is  a  maximum  or  a  minimum. 

A  suitable  value  of  a  may  be  found  thus.  Let  c  be  the  least 
value  of  C  between  the  limits  of  integration,  b  the  least  value  of 
A  —  S';  find  /a  from  the  equation 

80  that  fi  =  ^(pc) ^ , 

where  %  is  a  constant. 

Then  a=jS— /i  is  a  suitable  value.    For 

b  +  fjk  is  less  than  A-  B  +  fjL\  and  c  less  than  C; 

therefore         (6  +  /*')  c  is  less  than  G{A-B'  +  /x') , 

that  is  G{A^B  +  fi)  is  greater  than  /a*, 

that  is  (7 (-4  —  a)  greater  than  {B  —  a)*. 

Bordoni  does  not  however  allow  for  the  exceptions  which  may 
arise;  thus  in  applying  the  test  to  a  geodesic  line,  he  says  that 
such  a  line  is  a  line  of  minimum  length,  which  we  know  is  not 
necessarily  the  case. 

382.  One  of  the  investigations  which  Bordoni  gives  is  in- 
tended to  discriminate  between  the  maximum  and  minimum  of 

1<I>  {xj  y,  «,  y',  z')  dx  when  a  relation  F{x,  y,  «,  y',  z)=0  is  sup- 
posed to  hold.  In  this  case  by  the  use  of  a  multiplier  X  we  find 
that  we  have  to  investigate  the  sign  of  the  terms  of  the  second 
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order  in  the  Tariation  of  j{^  +  \F)  dx.  These  terms  form  a  poly- 
nomial of  the  second  degree  in  Sz,  By,  Sz,  ^ ;  then  Sz  is  eliminated 
by  means  of  the  relation 


dF. .^dF. 

^f^-- 

We  thus  obtain 
second  degree  in  2y, 

onder  the  integral 
&,  Sy,  aay 

sign  a  polynomial  of  tlie 

j(% 

•+2BSjJ/+ 

+  o(Sjr! 

»d        0-'^<*t 

''''""'''*^2-^'''^'tl^^'''> 

vhere 

This  poljTiomial  is  then  modiGed  by  adding  to  it  the  term 
{a  (Sj)'+ 2^5^53  + 7(8?)')'  and  taking  away  the  same  term,  in 
the  manner  of  tlie  preceding  article.  Then  a(S^)*+2/3SySi+7(Sz)' 
is  brought  ontside  the  integral  sign,  and  the  polynomial  under  the 
integral  sign  involves  a,  )3,  7  and  their  differential  coefficients. 
The  polynomial  under  the  integral  sign  may  then  be  arranged 
by  the  theorem  given  in  Art.  260 ;  and  finally  by  properly  choosing 
the  values  of  a,  j3,  7  we  may  make  the  polynomial  have  the  same 
sign  as  O.  Thus  we  have  a  minimom  if  G  be  positive  throughout 
the  limits  of  the  integration,  and  a  maximum  if  &  be  negative 
throughout  the  limits  of  the  integration. 

This  general  result  Bordoni  applies  to  two  special  cases. 
First,  suppose  that  0  involves  only  x,  y,  z  and  y',  and  that  F 
is  of  the  form  z'  —  ^  (2:,  y,  z,  y') ;  then  the  case  coincides  with 
that  considered  by  Brunacci,  and  the  result  is  tlie  same  aa  he 
obtained;  see  Art.  206. 

Next,  suppose  «^  (x,  y,  z,  y',  e')  reduces  to  t' ;  then  0  be- 
comes 


'^*''v)- 
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Bordoni  aa.j»  that  this  is  equal  to  -  X  ^ 


which  is  altogether  inadmissible. 


dz'  dy"* 


383.  In  Klttgel'B  Mathematisches  Worterhu^h,  Vol  5,  1831, 
an  article  occurs  on  Variationsrechnunff  which  occupies  pages 
600 — 715.  This  article  presents  nothing  remarkable.  The  early 
part  of  it  is  encumbered  with  useless  generalities.  It  concludes 
with  a  brief  sketch  of  the  early  history  of  the  aubject,  accompanied 
with  some  references  to  writers,  chiefly  of  the  18th  century. 

384.  Momsen.  Elementa  Calculi  Vartationum  ratt'one  ad 
analysm  injinitorum  quam  proxime  aceedente  tractala.  Altona, 
1833. 

This  treatise  was  written  as  an  eserciBe  for  a  degree  in  the 
TTniTeraity  of  Kiel ;  it  occupies  73  quarto  pages.  In  the  intro- 
duction the  author  treats  of  the  different  ways  in  which  the 
notion  of  a  variation  has  been  presented  by  mathematicians,  and 
gives  the  preference  to  that  which  has  been  adopted  by  Euler, 
I^grange,  Ohm  and  Strauch ;  see  Art.  334,  The  work  consists 
of  four  sections  besides  the  introduction.  The  first  section  con- 
siders the  maxima  and  minima  values  of  single  integrals.  The 
second  section  considers  the  maxima  and  minima  values  of  com- 
pound expressions,  such  as  an  integral  which  involves  another 
integral,  or  the  product  of  two  integrals,  or  the  quotient  of  one 
integral  by  another  integral.  The  third  section  considers  pro- 
blems of  relative  maxima  and  minima  values.  The  fourth  section 
considers  the  maxima  and  minima  values  of  double  intcgials.  The 
treatise  possesses  no  merit  aa  regards  the  theory  of  the  subject ; 
it  may  be  considered  as  a  collection  of  examples  taken  almost 
entirely  from  Euler's  Meihodus  Inveniendu..  Momsen  however 
adds  to  the  solutions  given  by  Euler  some  investigations  of  the 
terms  of  the  second  order  in  order  to  distinguish  between  maxima 
and  minima  values.     Momaea  ascribes  no  variation  to  the  inde- 


pendent  variable  in  hia  solutions,  nor  does  he  make  tmj  changes 

in  the  limits  of  his  integrations ;  all  investigations  resiwcting  the 
limiting  values  of  the  quantities  which  occur  he  considers  to 
belong  to  the  ordinaty  Differential  and  Integral  Calculus ;  see  hb 
pagea  27 — 29. 

We  will  make  some  remarks  on  certain  parts  of  the  treatise. 

385.     Oq  his   page  14  Momaen  shews  that  l{2xy  —  i^)  dx  is 

a  mascimum  when  y=x;  Euler,  in  the  memoir  to  which  we  have 
referred  in  Art.  22,  erroneously  stated  that  the  result  is  a  minimum. 
On  hia  page  15  Momsen  discusses  an  example  given  by  Euler 
in  his  Methodua  Inventendi...  page  41  ;  see  Art.  52.  Momsen 
agrees  with  Dirkaen  in  correcting  Euler's  statement  as  to  tl»e 
nature  of  the  result.  See  Dirksen,  page  204,  and  also  page  7  of 
the  preface  to  Ohm's  work,  entitled  Die  Lekre  vom.  OrSssten  und 
Kleins  ten. 

On  hia  pages  18  and  19  Momsen  considers  the  problem  of  th? 
solid  of  leaat  rcsiatance.  In  examining  whether  the  result  ob- 
tatncd  is  really  a  maximum  or  a  minimum  Ktomacn  makes  a 
mistake  in  his  work ;  the  mistake  occurs  in  the  last  two  lines  of 


page  1 


,  where  he  haa   7. — •^,  instead  of  —-, — 4- ,— .     Hence, 

(1  +j>T  (1  +!>' 


he  erroneously  concludes  tliat  the  solid  is  really  a  solid  of  maxi- 
mum resistance,  and  he  says,  "  liinc  igitur  satia  pcrspicitur,  ex  liae 
qufestione,  quce  in  omnibus  fere  libris  de  hoc  argumcnto  conscriptis 
occurrere  solet,  soluta  parum  sane  craolumcnli  ad  societatcm  Im- 
manam  redundarc."  The  true  resulta  respecting  this  problem 
have  been  given  by  Legcndre  in  the  memoir  wliich  we  have 
cited  in  Art.  197. 

On  hia  pages  32 — 31  Momsen  examines  the  problem  of  finding 

the  maximum  or  minimmn  of  the  product  oi  lyJj:  and  i'J{l+p^dx, 

The  result  apparently  obtained  is  a  circle,  but  Momsen  shews  that 
there  is  really  neither  a  maximum  nor  a  minimum  j  Strauch  arrives 
at  the  same  reantt  on  page  511  of  hia  second  volnme.     Euler 
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erroneotislj  concluded  that  a  circle  convex  to  the  axis  of  abscissse 
would  give  a  maximum ;  see  the  Methodus  Jnveniendi ...  page  149. 

386.  On  his  pages  35 — 37  Momsen  discusses  a  problem  given 
bj  Euler  in  his  Methodic  Jnveniendi ...  pages  122 — 126.  It  is 
required  to  find  the  curve  in  which  11  is  a  maximum  or  minimum, 
where  11  is  to  be  found  by  the  differential  equation 

rfn-5refo-|-an*V(l+Jp')^  =  0 (1). 

This  is  easily  seen  to  be  a  problem  in  Dynamics ;  the  curve  is 
required  down  which  a  particle  must  move  so  as  to  acquire  a 
maximum  velocity,  supposing  a  resistance  varying  as  the  2n^  power 
of  the  velocity.  Strauch  has  consider^  the  case  in  which  n  =  l, 
but  in  examining  the  terms  of  the  second  order  he  has  made  a 
mistake ;  see  Art.  337.  Momsen  also  is  wrong  in  his  investigation 
of  the  terms  of  the  second  order.  We  will  here  examine  the 
problem  briefly.  We  shall  denote  initial  and  final  values^  by  the 
suffixes  0  and  1  respectively,  and  we  shall  suppose  11^  given.  Sup- 
pose n  receives  an  increment  811 ;  then  firom  (1)  retaining  terms 
of  the  second  order,  we  have 

V(i+i?")  ^  ^' 

where 

2M^  an  («  - 1)  n-^  (811)'  V(l  +f)  +  '"^"r^^^'  ^  +  ^^H^' . 

V(l  +J' )  (1  +j,*)i 

Multiply  (2)  by  X,  where  X  is  a  fanction  of  x  at  present  undeter- 
mined, and  integrate ;  thus 

Now  as  X  is  in  our  power,  we  may  assume 

anXir"V(l  +l>')-^=0 (3) ; 
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=  a  constant  =  C  say (4). 


uent  of  Si/  muat  vanish  in  the  expression  under  the 
B  order  that  (811),  may  be  of  the  second  order ;  thua 

V(l  +?}  " 

Moreover  it  will  be  necessary  that  the  terms  outside  the  in- 
tegral sign  in  the  value  of  (SIl),  should  vanish.  If  the  initial  and 
Hual  points  are  fixed,  these  terms  vanish  because  Sy^  and  Sy,  ore 
then  zero ;  if  these  points  are  not  fixed,  we  should  require  C  =  0, 
and  tliia  would  lead  to  p  =  0,  and  so  the  requited  curve  would 
become  a  vertical  straight  line.  We  take  the  former  supposition, 
namely  that  y,  and  y,  are  constants. 

From  (4)  by  takbg  logarithms  we  can  get  an  expression  for 
X  S-'  ^'"''^  ^^^  *"  ^^^  value  given  by  (3),  and  substitute  for 
-J—  from  {1} ;  thus  we  shall  finally  obtain 


.(5). 


"£--"?;(!+?■) 

Thus  we  now  have 

{\m)^  =  -j''\Mdx, 

BO  that  (Sn),  is  of  the  second  order. 

Now  it  is  shewn  by  Kuler  that  we  can  proceed  one  step  further 
in  the  integration  and  obtain  II  as  a  function  otp.  Strauch  having 
obtained  11  as  a  function  ofji,  differentiates  with  the  symbol  8,  and 
thus  lie  obtains  a  relation  between  811  and  5p,  and  by  using  this 
relation  he  simplifies  the  expression  for  M;  sec  his  Vol.  It. 
page  il5.  He  thus  in  fact  assumes  that  the  velocity  is  the  same 
particular  function  of  p  both  for  the  curve  which  we  suppose  to  be 
under  examination  and  for  an  adjacent  curve ;  this  is  altogether  in- 
admisBihle.  Thus  Strauch's  equation  XXVI  is  not  true;  moreover 
in  the  equation  immediately  preceding  instead  of  iLmtc  under  the 
integral  sign  he  ought  to  liavc  iLmw. 

Although  the  way  in  which  Strauch  tries  to  connect  SIT  and 
8p  ia  inadmissible,  yet  by  another  method  we  may  find  an  expression 

29—2 
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for  Sn  which  may  be  used  in  transforming  M.  If  (1)  could  be 
integrated  so  as  to  give  11  in  terms  of  p  for  any  curve,  we  could 
connect  SII  and  ip ;  but  this  integration  cannot  be  effected.  But 
from  (1)  we  have  universally  to  the  first  order 

^+..n-8nv(.+i.-)  +  ^^=o. 

Let  anlT"  V(l  +f)  te  denoted  by  Q  and    ,.     -^,.  by  R,  so 
that  ^^  ^' 

therefore  ^  (/<^8n)  +  e^<^i?  8p  =  0, 

and  by  integrating  from  a;^  to  a; 

The  last  result  is  universally  true ;  and  when  we  apply  it  to 

the  curve  under  consideration  we  may  put  X  for  e^^**  and  C  for  XR ; 
thus 

X  Sn  =  —  I     C8p  db  =  —  (7Sy,  supposing  Sy^  =  0* 

If  we  t^  this  relation  we  can  remove  SII  from  if,  and  thus 
express  Jf  as  a  frmction  of  the  variations  Sy  and  Sp, 

Momsen's  investigation  of  the  terms  of  the  second  order  is 
•wrong.  If  his  process  be  followed  out  correctly,  the  result  obtained 
expressed  in  our  notation  will  be 

2(xsn),=./%|?^L^^ 
+  cJ2  Sy  {» («- 1)  an-v(i  +f)  sn +-^^  ^|  dx-, 

and  if  we  put  —  X  811  for  OSy,  this  result  agrees  with  that  which  we 


aaTe^Eitiu^d.    Bat  Momsen  assumes  that  because  (£11),  is  zero  to 
tlie  first  order,  therefore  SIT  ia  ao  also ;  by  tliia  error  he  obtains 

By  integration  by  parts  the  second  term  gives 


^l>y 


,  tl   anll^'p 


da:  ^f{l+f) 


«.&; 


in  this  form  Hornsea  leaves  it,  and  asserts  that  tliere  is  a  maximam ; 
■o  that  he  appears  to  assume  that  -^ — yr- — ^  is  necessarily 
positive. 

We  may  remark  that  although  Momsen  does  not  explicitly  say 
so,  yet  from  tlie  beginning  of  his  page  36  it  appears  that  he  takes 
n„  to  be  given  and  also  y^  and  y,. 

387.  Some  remarks  may  bo  made  on  a  problem  which  Momsen 
discusses  on  his  pages  45  and  46.  The  problem  ia  a  particular 
case  of  the  second  of  the  two  famous  isoperimctrical  problems  pro- 
posed by  James  Bemouilli.     Bemouilli's  problem  is  tlie  following; 

let «  denote  I    n/{l+p*)tLc,  and0(«)  any  function  of«;  then  the 

relation  between  x  and  i/  is  required  which  makes  I    ^  («)  dj;  a  maxi- 

mom  or  minimum  while  I    \/(l  +p')  dx  has  a  given  value,  a  being 

a  constant.  In  the  figure  which  is  usually  given  to  illustrate  this 
problem  it  is  in  fact  assumed  that  ^  (*)  vanishes  when  x  =  0  and 
when  a;'=  fi ;  this  limitation  is  altogether  unnecessary,  and  is  never 
regarded  in  the  solution.  The  enunciation  implies  that  the  limiting 
^'alues  of  x  are  constants.  The  usual  figure  makes  the  limiting 
values  of  y  both  zeru;  this  limitation  is  also  unnecessary,  it  is 
sulScieiit  that  the  limiting  values  of  y  should  be  constants.  Thus 
tlic  figure  may  be  drawn  as  in  figure  11,  and  the  enunciation  bo 
given  thus  j  A  and  B  are  fixed  points,  it  ia  required  to  find  a  curve 
ASB  of  given  length  such  that  the  area  OEOF  may  be  a  maxi- 
n  or  a  tninimnm  whcie  PN  is  always  a  given  fonctton  of  A8. 


0 

minimum 
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Smce  fVW<^  ia  to  be  .  xnaximmn   or  nunimum  while 
I   V(l+i'')^  ^  constant,  we  proceed  to  find  the  maximum  or 

J  A 

of  /    x^  («)  +  X  V(l  +]f)  \  dx.    We  can  then  applj  the 
formula  of  Art.  38,  supposing  that 

The  integrated  part  of  8  I  Vdx  in  that  formula  vanishes  because 

the  limiting  values  of  x  and  y  are  constant ;  hence  for  a  maximum 
or  minimum  we  have 

P+(^-J)jP  =  a  constant «  (7  saj, 
therefore        >p  +  (^  -  /)  ^  =.  (7 V(l  +/), 

n 

therefore  X  +  ^ -7=  — VCH-p") (1); 

by  diflTerentiating  we  obtain 

dl  ^       -C       dp 

that  is  Zorf(.)^^,^^f^^^|, 

therefore  ^'(,)g==^g (2)^ 

therefore  ^  (')  = 1"  C^, 


therefore 


therefore 


and 


P 

dy  _       O 
clx~G,-<l>{8)' 

± C 

<fe_  C,-<l>i8) 

ds-^lC*+{0,-if,(s)}r 


4SB 


From  the  last  two  equations  x  and  y  mast  be  fonnd  in  terms 
of  a;  two  constants  already  appear,  and  two  mote  will  occur  in  the 
integrations  for  finding  x  and  y.  These  constants  must  be  de- 
termined from  the  consideration  that  when  s  =  0  the  values  of 
X  and  y  must  be  the  co-ordinates  of  tlie  given  point  A,  and  when  a 
is  equal  to  the  given  length  the  values  of  x  and  y  muat  be  tho 
co-ordinates  of  the  given  point  B.  A  different  view  of  this  part 
of  the  solution  is  given  in  De  Morgan's  Differential  Calculus, 
page  468. 

In  the  particular  case  considered  by  Momsen  ^  (s)  =  « ;  thus 

-f-  =  -p; ;  and  this  shews  that  the  curve  must  be  a  catenary 

having  its  directrix  parallel  to  the  axis  of  y.  And  thus  we  see  that 
the  ordinary  figure  with  A  and  B  on  the  axis  of  x  is  iniposaihle  in 
the  present  case,  because  a  catenary  cannot  be  cut  in  two  points  by 
a  straight  line  perpendicular  to  its  directrix. 

We  proceed  to  investigate  the  terms  of  the  second  order  in 
the  variation  ofj  iif>{s)  +  \'/{l+p')ldx  in  the  particular  caee  ia 
which  <^(»]  =». 

We  have  to  the  second  order 


-i:b 


\Jx. 


Thus  the  required  terms  consist  of 

1       y.(l+/)lj        J.  (l  +  yl'     J  (!+;•) 

.'.        U.  (l+y-)'J     I.        (!+,•)• 
Thus  the  expression  to  be  examined  becomes 

1  r{\  +  a-x){^Ydx 
3  J.  (I-Hf^* 
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We  mti8t  now  consider  the  sign  and  value  of  X.    From  equation 
(1),  by  supposing  x^^a^  we  obtain 

-{^^L <"• 

From  equation  (2) 

dx"  jf  dx* 


therefore  \ = 


1 


dp 
dx 


w. 


Hence  bj  the  nature  of  the  catenary  it  may  be  shewn  that  X  is 
ntmierically  equal  to  the  distance  of  the  point  B  from  the  directrix 
of  the  catenary. 

.  Suppose  in  the  first  place  that  the  ordinate  of  ^  is  less  than  that 
6{  B;  if  the  catenary  is  concave  to  the  axis  of  x,  then  X  is  negative 
and  is  numerically  greater  than  a,  so  that  X  +  a  —  a;  is  negative  and 
we  have  a  maximimi ;  if  the  catenary  is  convex  to  the  axis  of  Xy 
then  X  is  positive  and  we  have  a  minimum.  Next  suppose  that  the 
ordinate  of  ^  is  greater  than  that  of  J3;  if  the  catenary  is  concave 
to  the  axis  of  a;,  then  X  is  positive  and  we  have  a  minimum ;  if  the 
catenary  is  convex  to  the  axis  of  x^  then  X  is  negative  and  is  nume- 
rically greater  than  a,  so  that  X  +  a  —  a?  is  negative  and  we  have  a 
maximum. 

The  last  eight  lines  of  Momsen's  investigation  are  unsatisfac- 
tory ;  he  comes  to  the  conclusion  that  there  is  always  a  minimum. 
He  argues  thus ;  let 

W^['[a  +  \i^{l+f)]dx] 

by  integration  by  parts  we  have 

I  «db  =  «c— I    x-^dxy 

therefore  I  sdx^i  (a  — a;)^(fo; 


=1  {\  +  a-x)'/{l-i-f)dx. 


Hence  Momscn  Bays   that  W  b  of  the  same  sign  aa  the  ei- 
preesioa  of  the  second  order 


u. 


'(X  +  g-j)  {Bp)*(lx^ 


and  this  is  true  from  what  we  have  given  although  Momson  does  not 
prove  it.  Then  Momsen  concludes  that  the  result  necessarily  makes 
W»  minimum.     This  is  inadmissible  ;  the  sign  of  H^has  nothing 

to  do  with  the  question  of  the  maximum  or  minimum  of  J   a  dx. 

It  should  be  observed  that  the  Bolation  here  given  is  liable  to 
fail,  for  the  given  length  of  curve  may  be  too  great  to  constitute  an 
arc  of  a  catenary  joining  the  two  given  points.  We  will  consider 
one  case,  and  treat  it  after  the  manner  of  Art.  352.  Let  k^  and  t, 
be  the  ordinates  of  A  and  B,  and  suppose  fr,  less  than  t, .  Suppose 
a  maximum  is  required,  and  let  us  try  if  t!ie  problem  can  be  solvwl 
by  supposing  the  cur\-6  joining  A  and  B  to  be  made  up  of  a 
straight  line  of  length  y^  —  i,  formed  by  producing  OA  through  A, 
and  an  arc  joining  tlie  point  {0,  yj  to  B.  The  expression  which  is 
now  to  be  a  maximum  ia 

I   [jo"- ^»  +  *l  *^)   where  »  =  I  •J{^+p')dx; 

and  the  whole  length  is  y,-  i,+  I  %/(!  +i'')  dx. 

Thus  we  may  consider  that  we  have  now  to  find  the  maximum  of 

tbatiaof  J  [s  +  XV(l +;>')}<<!»+ (a  +  X)  (y,-*J. 

The  only  point  in  which  the  solution  will  dlftcr  from  that 
formerly  given  is  in  the  terms  outside  the  integral  sign.  We 
have  (a  -I-  X)  iy,  from  the  term  (o  +  X}  y, ;  and  there  ia  the  term 
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(P+  AF—IF)  ft)  in  the  notation  of  Art.  38,'which  gives  us  —  Chy^. 
Thus  we  require  that 

a  +  X-a  =  0 (5). 

We  have  already  stated  that  from  (4)  it  follows  that  X  is  nume- 
ricallj  equal  to  the  distance  oiB  from  the  directrix  of  the  catenary; 
then  from  (3)  it  follows  that  C  is  numerically  equal  to  the  para- 
meter of  the  catenaiy,  that  is,  to  the  distance  of  the  directrix  from 
the  nearest  point  of  the  curve.  And  if  the  catenaiy  is  concave  to 
the  axis  of  x  both  X  and  G  are  negative.  Thus  we  shall  deduce 
from  (5)  that  the  catenary  must  touch  the  axis  of  y  at  the  point 

(0,  yo)- 

This  holds  so  long  as  y^  is  not  greater  than  \.  If  we  cannot 
consistently  with  the  given  length  have  y^  not  greater  than  Aj^,  we 
must  make  the  catenary  convex  to  the  axis  of  x  and  make  it  touch 
the  axis  of  y  at  the  point  (0,  yj. 

If  a  minimum  be  required,  the  curve  consists  of  a  catenaiy 
beginning  at  A  and  ending  at  the  point  (a,  yj,  and  having  its 
tangent  parallel  to  the  axis  of  y  at  this  point;  and  the  length  con- 
sists of  that  of  the  arc  of  the  catenary  together  with  that  of  the  line 
joining  the  points  (a,  yj  and  (a,  k^.  ' 

388.  The  following  problems  relating  to  the  maxima  and 
minima  values  of  double  integrals  are  solved  in  Momsen's  fourth 
section,  the  limits  of  x  and  y  being  supposed  given  in  all  cases. 

(1)  The  maximum  of  |1«  (a:^  +  y'— ew)  (ferfy;  this  is  in 
Strauch,  Vol.  ii.  page  562. 

(2)  The  maximum  of  / f  J2  slf^o?  +  y*  +  «')--[<& rfy. 

(3)  The  minimum  of  \\\z  VC^c*  +  y^  +  ^  («  -  c)H  da?  rfy. 

(4)  The  surface  of  maximum  or  minimum  area  having  a  given 
boundary. 

(5)  The  sur£Ace  of  maximum  or  minimum  area  among  all 
those  which  correspond  to  a  constant  volume. 


(6)  The  Tolnme  of  a  solid  being  given,  it  is  reqtiired  to  find  iw 
Iwunding  aarface  so  that  its  centre  of  gravity  may  be  at  a  maxi- 
aoDi  distance  from  the  plane  of  {x,  y).  This  problem  is  in  Strauch, 
Vol.  II.  page  610.  The  problem  is  analogous  to  that  considered  in 
Art.  340 ;  the  result  ia  that  the  required  surface  ia  a  plane.  Both 
Momaen  and  Strauch  encumber  their  solution  by  not  paying  atten- 
tion to  the  remark  at  the  end  of  Art.  340. 

(7)  Among  surfaces  of  given  area  to  find  that  which  has  ita 
centre  of  gravity  at  a  maximum  distance  from  the  plane  of  {x.  y) ; 
the  differential  equation  of  the  required  surface  is  here  obtained, 
and  as  in  the  preceding  problem  the  investigation  is  needlessly 
encumbered. 

A  general  formula  for  the  variation  of  double  integrals  ia  given 
by  Momaen  from  Lacroix,  which  involves  the  errors  already  indi- 
cated: see  Alt.  27. 


389.     Besides  the  errors  we  have  already  noted  i 
treatise,  a  few  more  may  be  given. 

On  his  page  33  Momaen  is  speaking  of  the  determination  of  the 
constants  in  the  problem  we  have  given  in  Art.  65.     He  has  a  con< 

dition  equivalent  to  A*  =  0,  so  that  -v-  [-»)  must  i=0  when  x=h. 

This  equation  wliich  holds  for  a  particular  value  of  x  he  integrates, 
liud  deduces  z  =  Cjf,  which  is  inadmissible. 

On  his  page  39  Momsen  is  speaking  of  the  determination  of  the 
four  constants  which  occur  in  the  solution  of  the  problem  of  the 
brachiatochrone  in  a  resisting  medium.  He  says  that  two  are  to  be 
determined  by  making  the  curve  pass  through  given  initial  and 
final  points;  he  proposes  what  ho  considers  two  conditions  for 
determining  the  other  two,  but  these  two  conditions  amount  really 
to  only  one  condition.  The  condition  which  he  omita  is  that  the 
initial  velocity  must  be  supposed  given,  as  be  has  really  assumed 
at  the  top  of  hia  page  38.  Kemarks  similar  to  that  which  wc  have 
noticed  in  Art.  387  as  occurring  in  (he  last  eight  lines  of  Mom- 
Bcn'a  investigation  occur  in  other  places  of  Momsen'a  treatise ;  see 
hia  sectioDB  86,  37,  and  40,    At  the  end  of  his  section  48  bs 
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assomes  without  anj  proof  that  the  sign  of  C  can  be  easily  ascer- 
tained to  be  positive  when  the  cnrye  is  convex  to  the  axis  oix\ 
the  quantity  G  is  the  same  as  that  denoted  by  M  in  Strauch, 
Vol.  II.  page  516,  and  its  sign  is  not  determined  by  Strauch.  In 
his  sections  38  and  58  Momsen  retains  terms  which  are  absolutely 

zero,  in  the  same  way  as  /  hydx  is  zero  in  Art.  340. 

390.  Abbatt  A  Treatise  on  the  Calculus  of  VariationSj  by 
Bichard  Abbatt.    London,  1837. 

This  is  a  volume  in  foolscap  octavo,  of  207  pages,  with  a  preface 
of  11  pages.  The  writer  in  his  preface  refers  to  Lacroix,  Lagrange, 
Euler,  Woodhouse  and  Airy ;  and  on  page  203  he  refers  to  Pois- 
Bon's  memoir.  He  appears  to  have  used  Poisson's  memoir  also  on 
his  pages  18,  62,  115—121  and  194—203.  Nevertheless  he  giver 
on  his  pages  192  and  193  the  erroneous  formulas  which  we  have 
noticed  in  Arts.  39  and  40.  He  gives  the  correct  formulas  on  his 
pages  197  and  198,  but  his  mode  of  obtaining  them  is  not  satis- 
factoiy. 

The  treatise  contains  numerous  examples  selected  from  preced- 
ing writers  on  the  subject. 

391.  De  Morgan.  In  Professor  De  Morgan's  Differential  and 
Integral  Calculus^  pages  446 — 475  are  devoted  to  the  Calculus  of 
Variations;  this  part  of  the  work  was  published  in  1840.  By 
adopting  a  condensed  yet  expressive  notation  a  large  quantity  of 
information  on  the  subject  is  compressed  into  a  brief  space.  There 
is  no  investigation  of  the  terms  of  the  second  order,  but  with  this 
exception  the  student  is  introduced  to  all  the  important  parts  of  the 
subject.  In  the  formulas  respecting  the  variation  of  double  inte- 
gnds  the  limits  with  respect  to  both  variables  must  be  understood 
to  be  all  conatantSj  for  the  reason  which  we  have  given  in  Art.  28. 

On  pages  470  and  471  the  problem  of  the  brachistochrone  in  a 
resisting  medium  is  discussed,  and  the  way  of  determining  the  four 
constants  which  occur  is  carefully  explained.  Mr  De  Morgan 
observes  that  this  part  of  the  problem  is  omitted  in  silence  by 
Woodhouse  and  Lacroix,  and  that  '*  Lagrange  merely  says  that  Ss^ 
is  indeterminate,  but  does  not  give  any  reason...*'     LagraQge*a 
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meaning  ia  to  be  found  however  from  what  he  had  previously  given 
on  page  465  of  the  Le^mia...,  edition  of  1806 ;  and  it  appears  from 
this  that  Lagrange's  view  was  correct 

We  may  observe  that  in  Stegroann's  diacnssion  of  the  problem 
the  Constanta  are  determined  in  the  same  way  as  by  Mr  De  Morgan ; 
see  Stegmann's  work,  pages  318 — 321,  Strauch  is  not  satisfactory 
on  this  point;  see  hia  Vol.  n.  page  418. 

392.  Coumot.  Two  chapters  are  devoted  to  the  Calculus  of 
Variations  in  Cournot'a  TraiU  SUnientaire  de  la  Tkiorie  dea  Fonc- 
tiotis...  Paris,  1841,  These  chapters  occupy  pages  113 — 155  of  tbo 
second  volume  of  the  work ;  they  form  a  good  elementary  treatise 
on  the  subject  It  should  be  observed  however  that  in  the  varia- 
tion of  double  integrals  Coumot  reproduces  the  error  which  wc 
have  explained  in  Art  27. 

393.  Hall.  The  Enct/clcpaBdia  Metropolitana  contains  a  brief 
treatise  on  the  Calculus  of  Variations  by  Professor  Hall,  It 
occupies  pages  209 — 226  of  the  second  volume  of  the  first  divi- 
sion of  the  Encyclopedia;  the  date  of  this  volume  ia  18J3.  Tlie 
treatise  gives  the  usual  theory  so  far  as  terms  of  the  first  order  ia 
the  variation  of  single  integrals,  and  applies  tlie  theory  to  a  few 
examples. 

394.  Bmon.  A  ManutU  (^  the  Cahidut  <^  Vartattons,  Odessa, 
1648. 

This  is  an  octavo  volume  of  195  pages  in  the  Kusaian  language. 
The  difficulty  of  the  language  will  prevent  any  detailed  account  of 
the  work.  It  is  divided  into  four  parts.  The  first  part  occupies 
pages  1 — 36,  and  gives  the  variations  of  expressions.  The  second 
part  occupies  pages  37 — 56,  and  discusses  the  criteria  of  integrability 
of  expressions.  The  third  part  occupies  pages  57 — 181,  and  con- 
tains the  inv«stigation  of  maxima  and  minima  values.  The  fourth 
part  occupies  pages  182 — 195,  and  consists  of  a  sketch  of  the  history 
of  the  Bobject. 

In  the  third  part  of  the  work  the  terms  of  the  second  order  in 
the  variations  of  integrals  are  investigated  with  the  view  of  dis- 
tingnishiDg  between  maxima  and  minima  values.     Bmun  takes  in 
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succession  the  case  in  wliich  the  function  under  the  integral  sign 
involves  only  x,  y  and  y',  and  the  case  in  which  the  function  under 
the  integral  sign  involves  a?,  y,  y'  and  y".  He  gives  both  Le- 
gendre^s  method  and  Jacobi's  method,  and  of  course  bj  comparing 
the  results  of  the  two  methods  the  auxiliary  quantities  introduced 
by  Legendre's  method  become  determined ;  see  Art.  235. 

The  only  passage  in  the  third  part  which  presents  any  appear* 
ance  of  novelty  is  that  on  pages  103 — 108.    Afler  having  finished 

the  discussion  of  the  method  of  Jacobi  applied  to  \^{Xj  y,  y\  y")  dx^ 

Bruun  intimates  that  this  method  is  very  complex,  and  that  he  will 
explain  another  method  of  discriminating  between  maxima  and 
minima  values,  given  by  Sokoloff.  He  does  not  however  do  more 
than  introduce  the  method  to  the  reader  and  refer  for  detail  and  ex- 
emplification to  the  memoir  of  Sokoloff.  The  title  of  this  memoir 
appears  to  be  Reaearchea  on  a  certain  point  of  the  Galctdua  of  Varict^ 
turns.  Charkoff,  1 842.  The  following  process  will  give  an  idea  of 
the  method  so  far  as  it  is  explained  by  Bruun. 

Suppose  we  are  investigating  the  sign  of  the  terms  of  the  second 
order  in  the  variation  of  /  ^  (a;,  y,  y')  dx.  The  expression  we  have 
to  examine  may  be  written  thus, 

where  -4,  By  G  are  functions  of  x.  We  wish  to  know  if  this  ex- 
pression retains  the  same  sign  for  all  values  of  Sy  and  Sy' ;  we  will 
test  this  by  ascribing  a  certain  convenient  value  to  8y. 

We  have  j{A  (Sy)»  +  2B 8y  Sy'  +  C  {Sy'Y}  dx 

^f{{ABy+BSy')  8y+  {BSy+  CSy')Sy'}  dx 

=  (5ay+  CSy')  Sy-^f{ASy+B^'--^{BSy+  CSy')]  Sydx. 

Thus  if  we  choose  for  8y  a  value  which  makes 
ABi,  +  W-^  (-BSy  +  CSi,')  =  0, 
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the  term  we  wish  to  examine  can  be  actually  integrated,  and  so  its 
eigu  can  be  easily  ascertained.  Now  a  value  of  By  which  will 
satisfy  the  above  equation  can  be  found,  supposing  that  we  can 
solve  the  differential  equation  which  arises  from  making  the  terms 

of  the  first  order  vanish  in  the  variation  of  I  ^  («,  y,  y')  die ;  see 

Art.  251,  Such  a  value  will  be  of  the  form  j9,«, +  ;9,w,,  where  (9, 
and/9,  are  arbitrary  constants,  and  w,  and  m,  are  known  Binctiona  of 
X.  Thus  (Botf  +  CSy')  St/  will  be  a  homogeneous  function  of  the 
second  order  of  the  arbitrary  constants  /9,  and  j3,,  and  so  we  may 
by  ordinary  methods  imcstigate  whether 

{{M!/+  csy)  Vi.-  !(«s>+  fV)Sj!. 

is  positive  or  negative  for  all  values  of  these  arbitrary  constants. 

Such  appears  to  be  essentially  all  that  Bruun  gives.  It  is 
obvious  that  by  this  method  we  may  in  some  cases  succeed  in 
shewing  that  a  propoeed  expression  has  neither  a  maximum  nor 
a  minimum  value ;  but  it  does  not  appear  obvious  how  wc  can 
deduce  a  positive  test  which  shall  shew  wlien  a  [jroposed  expression 
13  a  maximum  or  a  minimum. 

The  pages  193 — 195  of  the  work  contain  a  list  of  references  to 
writers  on  the  subject.  In  this  list,  besides  the  memoir  of  Sokoloff, 
two  works  are  named  which  the  present  writer  has  not  had  an 
opportunity  of  consulting.     These  works  are  the  foUowiug. 

Textor.  Kurze  DanUlluag  der  hshem  Analy»M,  nebet  einem 
Anhange  von  detn  VariationettcalcuL     Berlin,  ltt09. 

ScnfiF.     Elemenla  Calculi  ynriationum.  Dorpat,  1838. 
The  present  writer  is  indebted  to   the  kindness  of  Professor 
Bruun  for  a  copy  of  his  Manual  of  the  Calculus  of  Variattone. 

395.  Price.  A  treatise  on  the  Calculua  of  Variations  forma 
part  of  the  second  volume  of  Professor  Price's  Trtalise  on  InfiniUH- 
fnal  Calculus.  Oxford,  1854.  The  Calculus  of  Variations  occupies 
pages  234 — 834 ;  and  there  is  an  application  of  the  subject  to  the 
conditions  of  integrability  on  pages  440 — 44C.  TIic  author  refers 
to  the  works  of  Euler,  Lagrange,  PoisBon,  Jacob!,  Oslrogradsky, 
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Delaunaj,  Stranch,  Jellett,  and  Schellbach.  The  treatise  gives  the 
usual  theoiy  of  the  yariation  of  single  integrals ;  it  explains  Jacobi's 
method  of  distinguishing  between  maxima  and  minima  values ;  it 
treats  copiously  of  geodesic  lines ;  and  it  touches  brieflj  on  the 
yariation  of  double  integrals. 

396.  It  may  be  of  seryice  to  a  student  of  Professor  Price*8 
work  to  refer  to  a  few  points  in  which  he  may  find  some  dif- 
ficulty. 

In  Art.  93  we  haye  giyen  Poisson's  proof  of  a  certain  relation, 
namely,  Hy*  +  Kz  =  0,  and  we  haye  stated  in  Art.  94,  that  La- 
grange had  proyed  this  relation  repeatedly.  Mr  Price  on  his  pages 
269  and  272  makes  a  remark  which  amounts  to  assuming  that  this 
result  is  obyious  without  demonstration. 

On  page  270  some  remarks  are  made  on  the  method  of  deter- 
mining  the  arbitrary  otostants  which  occur  in  solving  problems  in 
the  Calculus  of  Variations.  If  the  limiting  yalues  of  the  quantities 
are  not  restricted,  the  coefficients  of  the  terms  Sx^,  Sx^,  Sy^,  Sy^,  ••• 
must  be  equated  to  zero.  The  book  proceeds,  "  Suppose,  however, 
that  equations  are  giyen  connecting  the  variables  at  the  limits,  that 
is,  that  equations  are  given  between  x^  and  y^  and  between  x^  and 
y^ :  then  if  T  =  0  is  the  integral  of  H  =  0,  there  will  be  given 

This  seems  unsatisfactory.  If,  for  example,  T  =  0  then  T^^  =  0 
and  Tj  =  0  necessarily,  and  no  new  information  is.  supplied  by  these 
equations.  The  true  method  when  relations  are  given  between  the 
limiting  values  of  quantities  is  to  deduce  relations  between  the  vari- 
ations of  these  limiting  values;  thus  some  of  the  variations  are 
expressible  in  terms  of  the  others,  and  the  nimiber  left  arbitrary  is 
diminished;  we  then  equate  to  zero  the  coefficients  of  these  re- 
maining variations,  and  the  equations  so  obtained  together  with  the 
given  relations  can  be  used  to  determine  the  arbitrary  constants. 

In  some  cases,  as  we  have  seen  in  Arts.  276  and  367  the 
number  of  arbitraiy  constants  occurring  in  a  solution  may  be  too 
small.    Mr  Price  speaks  of  such  a  problem  as  indeterminate  on 


page  370 ;  it  should  rather  be  called  imposatbU,  for  the  problem 
cannot  be  solved  at  all,  unless  certain  rcatrictiona  are  imposed.  See 
Mr  Jellett'a  Treatise,  page  14. 

On   page  274  instead  of  ".../•,  (a,  J)  =0,  F,  (a,  i)  =  0.     By 

means  of  which  four  equationa  we  can  determine  ^ ,  a  and  b,  and 

thereby  definitely  fix  the  line  vhose  equation  is  (32},"  read 

"■■■■?;(».. yj-o,  F,(.x,,s,).o;  j«,ar^=!i^. 

We  hare  nov  fire  equations  for  finding  a;,,  y,,  ir„  y,,  ^ ." 

An  important  mistake  occurs  on  page  296.  The  equations  (131) 
cannot  be  deduced  in  the  way  given  in  the  book.  Equations  (131) 
Involve  important  properties  of  geodesic  lines,  but  the  equations 
(127),  (128),  (129),  (130),  from  which  the  book  deduces  (131}.areno( 
at  all  rettricted  to  geodesic  lines.  Equations  (131)  may  be  proved 
thus ;  we  may  shew  by  direct  investigation  that 

rfX.  _  dfi  _  dv 

dad'x-dxir8~d»d'ff-difd''s~  d$d*e-dt^  * 

and  then  by  means  of  equations  (116)  of  the  book,  ve  have 
dK  _dft  ^  dv 

7?~T"lr- 

On  page  307  we  read  "  suppose  a  series  of  geodesic  lines  to 
originate  at  a  point  (/*, ,  k,}  and  to  touch  the  line  of  curvature  (/*,) ; 
then  at  that  point...."  It  is  not  possible  to  have  a  series  of 
geodesic  lines  passing  through  a  point  and  touching  a  given  line 
of  curvature.  In  fact  the  words  "originating  at  a  point"  should 
be  omitted,  as  they  are  not  required  or  used. 

On  page  308  we  read  "  it  may  be  proved  in  the  same  way  as 
the  analogous  theorem  in  plane  geometry,  that  the  geodesic  radii 
vectorea  make  equal  angles  with  the  curve  of  curvature."  The 
proposition  in  question  has  been  assumed  to  be  true  in  writing  the 
equations 

(ft-,  a  (2^  cos  I,     i/r,  =3  —  (4*  COS  ^ 

80 


/. 
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which  occur  immediately  before,  bo  that  of  course  we  cannot  use 
any  cunnoquencc  drawn  from  these  equations  in  order  to  establish 
the  |irt)|H)Hition. 

On  imgo  aao  the  same  mistake  occurs  which  we  have  noticed 
in  Art.  28^.     Wo  have  an  equation 

and  it  i«  atateil  that  any  value  of  u  which  makes  Sjff =0  will  alao 
aatiaiy  tlie  right-hand  member  of  the  equation.  Either  the  limits 
0  and  1  alundd  l)0  omitted  from  tlie  left-hand  side  and  then  the 
Ci^ncluaion  i«  that  any  value  of  h  which  makes  BH^O  will  make 
tlio  right-hand  member  equal  to  a  constant ;  or  if  the  limits  0  and  1 
are  r^taineil  cai  the  kft-hand  side  the  right-hand  side  must  be 
written 

and  then  anv  value  of  n  which  makes  iM^  0  makes  this  exrveBsaom 
vaiii»h» 

2b>7%  TIm'X^  ai^  ^>ine  passages  in  the  treati^  whidi  d^  w^c 
a)^>iMur  tx^Nl^^l  with  sudkient  detail  for  those  who  are  stadyin^  die 
mbjhN*^!  i>r  ihf^  fir$t  time*  For  example^  the  psoc^s  ot  pa^  2ii$  ^ 
lK<^  tK>4aij^  mav  Iw  cv>mpaKd  with  Ostrocradskv^s  ccxr^eso 
pcvxytM^  which  we  have  nfftv^iitiKd  in  Art.  1:^.  The  ^safi 
|vi^  :i^  w^jpedin^  the  o^vatiiijr  «ftain  r»iiv>5  re  a  x^v&sx:  ^ 
ji^MMMfc  lv>  ne^  exptanaiKHau  On  pase  310  :i  is  sta%^  i^sk  ^ 
dine<tiv>e!K9i  oif  the  practml  £ms  ct**  <tmar,^^  a2  sz.  j  pxxt  n:  as 
Vl^i|fmd  aDT  mMM  paxalkl  K^  tM  |Kr=ic£paI  axes  :£  s  six^rai  « 
the  <iK(«cdi  JMnif  W  a  pJa^e  panGei  «»  dae  tascsaii  rr^cn*  sc 
(v«»t  i:t  ^w(«$^'«i :  tibey  ane  M^ilkk  Vb  »:6  exSSsifrT  <«: 


s  * 
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he  has  borrowed  from  the  profotind  work  of  that  writer  the  foroinla 
for  the  variation  of  a  doable  integral  when  the  limits  of  the  first 
integration  are  themselves  susceptible  of  variation.  He  sajs  that 
he  has  given  a  new  method  of  explaining  the  principles  of  the 
subject,  and  he  considers  this  method  to  have  the  tlirecfold  advan- 
tage of  deducing  the  subject  from  Taylor's  Theorem,  of  freeing  it 
from  the  consideration  of  infinitesimals,  and  of  freeing  it  from  any 
question  about  the  convergence  of  series.  Ae  he  only  proposed  to 
write  an  elementary  treatise  he  has  not  entered  upon  the  calculation 
of  the  variations  of  the  second  order.  He  says  that  for  i80]>erirae- 
trical  problems  he  has  ^ven  a  method  which  is  substantially 
Euler's,  but  that  he  has  introduced  a  modification  which  removes 
some  objections  that  are  brought  against  the  methods  of  Euler  and 
Lagrange.  For  the  composition  of  the  treatise  he  has  consulted 
the  most  eminent  writers,  especially  Euler,  Lagrange,  Poisson, 
Birksen,  Ohm  and  Strauch ;  but  as  his  method  of  explaining  the 
principles  of  the  subject  differs  from  those  of  all  the  authors  whom 
he  consulted,  he  calls  his  treatise,  New  KlemcBts  of  the  Calculns 
of  Variations, 

The  treatise  however  does  not  seem  to  possess  any  claims  to 
attention ;  the  method  which  the  author  adopts  for  explaining  the 
principles  of  tlie  subject  would  probably  present  serious  difficulties 
to  a  beginner.  In  many  of  his  earlier  formulte  Meyer  retains 
terms  of  a  higher  order  than  the  first ;  this  is  a  useless  encum- 
brance, because  he  makes  no  nse  of  those  terms  afterwards.  It 
should  be  added  that  the  book  has  l>een  obviously  printed  at  a  press 
which  is  rarely  used  for  mathematical  works,  and  thus  it  presents 
an  awkward  and  almost  repulsive  appearance.  Meyer's  method 
will  be  seen  from  tlie  following  example  which  he  gives.  Let/(j) 
and  F{x)  be  two  functions  of  x;  form  the  equation 

from  this  we  may  find  for  i;  a  value,  say  17  =  i{x),  so  (bat  iden-> 
tically 

Thus  the  original  fiinctiou  f(x)   changes  its  properties  and  is 
transformed  into  F{x).     For  example, 
put  a(x  +  i))=  sin  X, 

30— a 
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-                                             sin  a;  — ox 
then  1;  = 9 

,                              /    .  Binoj  — aaj\ 
and  af«+ l  =  8ma?. 

Thns  if  y  «=/(»),  Meyer  pute 

J)lf^F{x)^f{x)  ^f{x  +  v)  -/(a:) 

"'ifo''"^^  1:2  ■*"••• 

=  Sy+  — S"y+  ... 

ThnB  with  him  ^=* ^^>  S^y  ** ^ ^*>  •••>  "^teie  17  is  an  arbi- 
traij  function  of  x^ 

This  method  appears  nnsatisfiactoiy.  In  the  first  place  it  is 
deficient  in  generality.  The  usual  method  is  to  suppose  /{x) 
changed  into  if>  {x,  t)  and  not  necessarily  into  the  restricted  form 

Meyer  seems  to  want  to  consider  Sy  and  2^  as  arbitrary 
and  unconnected;  this  however  is  not  the  case  in  his  system, 
for 


(i) 


In  the  next  place,  a  beginner  would  be  perplexed  by  the 
author*8  speaking  of  17  as  a  consiantj  after  the  explanation  and 
example  which  have  been  given  of  it.  This  language  occurs  how- 
ever on  page  6.    Again,  on  page  22  we  have  this  process.    Having 

given  the  function  p  =  -^ ,  in  which  x  is  the  constant  element, 

xequiied  Sp^  S^,  •••,  y  being  a  function  of  x. 


but 
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We  have  by  definition 

^^^ ^r' z? 

* 


^"^^'  *'y-^^^-j 


moreoTer  tj  being  an  arbitraij  function  of  the  constant  element  Xf 
we  must  regard  tg^  ff\ ...  as  constants ••••  Here  the  last  statement 
would  appear  obscure  to  a  beginner. 

On  page  81  there  is  some  noyel^«  but  it  cannot  be  com<* 
mended.  The  subject  of  isoperimetrical  problems  is  considered 
on  pages  89  and  90 ;  but  it  is  not  obvious  what  modification  or 
improvement  the  author  has  made  of  the  common  method. 


CHAPTER  XV. 


MISCELLANEOUS  ARTICLES, 


399.  The  present  chapter  contains  a  brief  account  of  some 
miscellaneous  articles  connected  with  the  Calculus  of  Variations; 
the  connection  is  in  some  cases  very  slight,  but  it  is  useful  for 
purposes  of  reference  to  notice  all  the  articles  which  bear  on  the 
subject.     The  notices  wiU  take  the  articles  in  chronological  order. 

400.  Ampere.  Remarks  on  the  application  of  the  general  for- 
mulse  of  the  Calculus  of  Variations  to  mechanical  problems. 

This  memoir  was  published  in  1805,  in  the  first  volume  of  the 
Mimoires  prisenUa  h  VInstitut  .,,par  Divers  Savans.  It  occupies 
pages  493 — 523  of  the  volume.  This  memoir  contributes  nothing 
to  the  theory  of  the  Calculus  of  Variations ;  its  only  interest  arises 
from  its  relation  to  mechanics.  Lagrange  had  remarked  in  the 
M6caniqtie  Analytique,  that  there  is  an  analogy  between  the  equa- 
tions of  equilibrium  in  mechanical  problems  and  the  equations 
furnished  by  the  Calculus  of  Variations  for  determining  the  maxima 
and  minima  values  of  integral  expressions.  Ampere  makes  some 
general  remarks  on  this  analogy ;  he  illustrates  his  remarks  by  the 
example  of  a  uniform  inextensible  string  suspended  by  its  extre- 
mities and  acted  on  by  gravity.  In  connection  with  this  example 
he  indicates  several  properties  of  the  common  catenary. 

On  his  page  503  Ampere  makes  some  remarks  to  the  following 
effect.  The  Calculus  of  Variations  consists  of  two  parts,  one  in 
which  it  is  sufficient  to  attribute  variations  to  the  dependent  vari- 
ables only,  the  other  in  which  variations  must  be  attributed  to  all 
the  variables  dependent  and  independent;  writers  on  the  subject 
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liare  however  confined  theniBelvea  as  much  as  possible  to  the 
former  part.  The  theory  of  the  Calculus  of  VariatiouH  is  therefore, 
according  to  Ampfere,  not  yet  eatabliahcd  upon  absolutely  rigorona 
principles.  There  remains  in  this  respect  a  deficiency  in  Mathe- 
matics which  Ampere  proposes  to  consider  elsewhere. 

It  does  not  however  appear  that  this  purpose  was  accomplished ; 
for  the  memoir  in  Gergonne's  jin/w/ea ...  which  we  have  noticed 
in  Art.  375,  can  hardly  be  considered  of  sufficient  importance  to 
correspond  to  the  purpose  here  expressed.  On  his  page  516 
Amp&re  refers  to  some  other  memoir,  without  howeyet  indicating 
where  it  is  to  be  found. 

401.  Lagrange.  The  first  volume  of  the  second  edition  of 
Lagrange's  Micaniqus  Analyli^ue  was  published  in  1811;  the 
second  volume  was  published  in  1815,  after  Lagrange's  death. 
Lagrange  uses  the  notation  and  the  proccBsea  of  the  Calculus  of 
Variations  freely  throughout  the  work,  but  the  great  interest  which 
belongs  to  his  investigations  is  derived  from  their  connection  with 
Jlechauice.  The  theory  of  the  Calculus  of  Variations  recciyea  no 
accession  from  the  work. 

402.  Crelle.  In  the  article  Varialionarechnung  of  KlUgel's 
Malkemutiedtet  Wvrterbuch,  page  713,  reference  la  made  to  a  work 
by  Crelle.'  The  article  says,  "  Crclle's  views  on  the  principles  of 
the  Calculus  of  Variations  seem  not  sufficiently  known ;  they  are 
contained  in  his  Varsuch  einer  rein  al^ehraUchen  Daratellung  der 
JUehnuntj  mil  verandlichm  Or'dssm,  I.  Gottingen,  1813,  pages 
527—776.  The  numerous  new  symbols  render  the  work  difficult 
for  study.  Tho  application  to  maxima  and  minima  is  oot  included 
in  the  work."  The  present  writer  has  not  seen  this  work  by 
Crelle. 

403.  On  the  surface  of  minimum  area  between  given  limits. 
Gergonne's  Aimalea  de  Malhimatiquea,  Vol  7,  pages  68,  99, 
143—156,  283—287.      HIG. 

These  pages  contain  some  problems  proposed  for  solution ;  the 
problemB  are  paiUcolat  caaea  of  the  (juesUou  of  the  eurtace  of 
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1  area,  Tariotifi  conditions  "heing  giytn  with  respect  to  &e 
limits  of  tho  required  surface.  There  is  an  attempt  at  the  solution 
of  one  of  the  problems  by  M.  T^ddnat,  and  criticisms  on  this 
attempt  by  Gergonne ;  G«rgonne  also  makes  some  observationa 
on  the  general  question. 

The  particular  case  considered  by  T^d^nat  Is  the  following ;  it 
is  required  to  determine  a  surface  which  shall  pass  through  the 
inverse  diagonals  of  two  opposite  faces  of  a  cube,  and  so  that  the 
area  of  the  portion  of  the  surface  intercepted  by  the  cube  may  be 
a  minimum.  By  mechanical  considerations  relating  to  a  flexible 
elastic  membrane,  Tdddnat  considers  that  he  proves  that  tho  surface 
must  be  that  which  is  determined  by  the  equation  y  =x  tan  — -  . 

Gergonne  admits  that  this  surface  satisfies  the  general  partial 
differential  equation  for  a  surface  of  minimum  area,  but  objects  that 
it  is  not  proved  that  this  surface  gives  the  solution  of  the  problem 
with  the  prescribed  limiting  conditions,  Gergonne's  criticisms 
indicate  that  he  had  considered  the  problem  more  closely  than 
T^gnat  had. 

Gergonne  gives  an  interesting  acconnt  of  the  circumstances 
which  drew  his  attention  to  these  problems.  A  distinguished 
matliematician  informed  Gergonne  that  he  had  serious  doubts  as  to 
the  legitimacy  of  the  methods  given  in  the  Calculus  of  Yariationa. 
Gergonne  invited  him  to  write  an  article  upon  the  subject  which 
might  appear  in  the  Annates ... ;  but  the  article  was  never  sent  for 
publication.  One  of  the  objections  of  the  distinguished  mathe- 
matician is  expressed  thus ;  suppose  the  so-called  minimum  surface 
to  be  determined  by  conditions  which  preclude  it  from  being  a  plane 
surface ;  draw  any  plane  curve  upon  it ;  then  remove  the  piece  of 
the  so-called  minimum  surface  which  is  bounded  by  this  plane 
curve,  and  replace  it  by  a  plane  having  the  same  boundary ;  thus 
a  surface  is  obtained  which  is  less  than  the  so-called  miuimam 
surface.  Gergonne  repHes  that  this  objection  only  amounts  to  a 
proof  that  it  would  be  impossible  to  draw  on  the  minimum  surface 
a  plane  closed  curve ;  and  this  impossibility  is  consistent  with  the 
fact  that  the  minimum  surface  has  at  every  point  its  principal 
curvatures  in  opposite  directions. 
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Gergonne  states  that  it  appeared  to  him  that  it  would  be  nscfii) 
to  propose  certain  problems  relative  to  the  mininiam  surface  in  which 
there  should  be  definite  limiting  conditions.  Besides  the  problem 
already  given,  the  following  are  proposed. 

To  find  the  surface  of  minimnm  area  among  all  those  which 
are  bounded  by  the  curve  of  intersection  of  two  cylinders  of  the 
same  radius,  the  cylinders  having  their  axes  at  right  angles  to  each 
other,  and  the  axis  of  each  cylinder  being  a  tangent  to  the  other 
cylinder. 

A  quadrilateral  is  given  having  its  sides  not  all  in  the  same 
plane;  find  the  surface  of  minimum  area  among  all  those  which 
are  bounded  by  the  sides  of  this  quadrilateral. 

Find  the  surface  of  minimum  area  among  all  those  which  are 
bounded  by  two  circles  given  in  magnitude  and  position. 

Find  the  surface  of  minimum  area  among  all  those  which  are 
bounded  by  the  sides  of  a  given  square,  and  which  include  between 
themselves  and  the  square  &  given  volume. 

Among  all  surfaces  which  are  bounded  by  the  sides  of  a  given 
sqiure,  and  which  have  within  this  boundary  a  given  area,  find 
that  which  includes  between  itself  and  the  square  a  maximum 
Tolnme. 

Ko  attempts  seem  to  have  been  made  to  solve  these  problems, 
except  that  T^d^nat  intimates  that  he  believes  that  no  continuous 
surface  can  be  found  as  a  solution  of  a  certain  special  case  of  the 
problem  in  which  the  given  boundary  ia  a  qnadnlatcral  having  ita 
Bides  not  all  in  the  same  plane ;  see  page  386  of  the  seventh  volume 
of  the  AnnaUs. ... 

404.     Crelle.     Remarks  on  the  Calculus  of  Variations. 

These  remarks  form  part  of  a  collection  of  mathematical  treatises 
published  by  Crelle  under  the  title  of  Sammhtng  Mathematucher 
Auja&tse  vnd  Bemerkungen.  The  work  consists  of  two  octavo 
Tolnmes;  the  first  was  published  in  1831,  and  the  second  in  1822, 
both  at  Berlin.  The  remarks  on  tlie  Calcnloa  of  Variations  occur 
in  the  second  volume;  they  occupy  pages  44 — 174,  These  remarks 
constitute  an  elementary  treatise  on  the  subject;  the  treatise 
however  doea  not  seem  to  possess  any  special  merit,  and  tlio 


CEELLE,      MULLEK,      BOOLE. 


notation  la  repulsive.  On  his  page  47  Crelle  refers  to  Iiib  former 
work  on  the  subject,  but  not  in  terms  of  commendation ;  see 
Art.  383. 

405.  Crelle.  Itemarks  on  the  principles  of  the  Calculus  of 
Variations. 

This  memoir  forms  part  of  the  Transacfiona  of  the  Academy  of 
Sciences  of  Berlin  for  1833 ;  the  date  of  publication  of  the  volume 
is  1835.  The  memoir  occupies  40  pages;  It  proves  the  ordinary 
formulm  for  the  variation  of  a  single  integral,  both  for  constant 
and  variable  limits  of  integration.  The  method  and  notation  dlfiei 
from  those  in  common  use,  but  present  no  obvious  advantages, 

406.  Muller.  On  establishing  and  extending  the  Calculos  of 
Variations.  Crelle's  MalkematicalJournal,  Vol.  13,  pages  240 — 249. 
1835. 

This  article  contains  some  general  remarks  on  functions  without 
any  obvious  reference  to  the  Calculus  of  Variations.  At  the  end  of 
the  article  the  author  aays  that  he  will  on  another  occasion  explain 
the  method  of  applying  these  remarks ;  it  does  not  however  appear 
that  this  design  was  accomplished. 

407.  Boole,  On  certain  theorems  in  the  Calculus  of  Vari- 
ations, Camlridge  Mathematical  Journal,  Vol.  2,  pages  97 — 102. 
1840. 

The  author  says  at  the  beginning  of  this  article,  "  It  would 
perhaps  have  been  more  just  to  entitle  this  communication  '  Notes 
on  Lagrange.'  The  papers  from  which  it  is  selected  were  written 
towards  the  close  of  the  year  1838,  during  the  perusal  of  the 
Micanique  Analytique"  The  article  contains  a  simple  demonstra- 
tion of  a  theorem  wliich  forms  the  basis  of  Lagrange's  investigationa 
on  the  great  problem  of  the  variation  of  the  arbitrary  constants. 
The  theorem  is  that  which  Mr  De  Morgan  speaks  of  as  "perhapa 
the  most  characteristic  specimen  of  the  genius  of  Lagrange  which 
could  be  given;"  see  his  Differential  and  Integral  Calculus, 
page  532. 

The  autlior  thus  indicates  the  object  of  the  latter  part  of  his 
article.     "I  shall  now  proceed  to  demonstrate  liom  the  % 
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tranafonned  equation  of  motion  the  principles  of  the  conservation  of 
living  forces,  and  of  least  action,  Tlia  former  of  these  has  been 
thence  deduced  by  Lagrange.  I  am  not  however  aware  that  the 
latter  has  been  obtained  from  the  same  equation,  either  by  the 
discoverer  of  the  Calculus  of  Variations,  or  by  any  Bubsequent 
author." 


408,  Delaanay.  On  tho  surface  of  revolution  which  haa  its 
mean  curvature  constant.  LiouvUIe'a  Journal  o/Mathentatics,  Vol.  6, 
pages  309— 315.    1811. 

When  wc  investigate  the  problem  of  finding  the  surface  which 
with  a  given  area  includes  a  maximum  volume,  we  arrive  at  a 
certain  partial  differential  equation  which  expresses  that  the  sum  of 
the  principal  curvatures  at  any  point  of  the  surface  is  constant. 
Delaunay  proposes  to  determine  what  surface  of  revolution  has  this 
property.  He  finds  that  the  generating  curve  must  be  sucli  as 
would  be  traced  out  by  the  focus  of  a  conic  section,  if  the  conic 
section  itself  were  to  roll  without  sliding  on  a  fixed  straight  line. 
There  is  a  note  by  Sturm  immediately  after  Delaunay's  article,  in 
which  the  same  result  is  obtained  in  a  different  manner.  The 
result  is  also  given  in  Mr  Jellett's  treatise;  aee  his  page  364. 

409.  Stranch.  Problems  in  the  Calculos  of  VariatiooB. 
Gnmert'fl  Archiv  der  Maihematik  und  Phyaik,  YoL  3,  pages 
119—195.    1813. 

This  article  contains  some  problema  which  Strauch  published 
as  a  specimen  of  his  work  on  the  Calculus  of  Variations,  The 
first  seven  pages  of  the  article  contain  some  introductory  remarks 
and  definitions,  and  then  follow  the  problems.  A  few  of  the 
problems  relate  to  expressions  involving  neilher  symbols  of  differ- 
entiation nor  syrabob  of  integration ;  the  remainder  relate  to  ex- 
pressions which  involve  differential  coefficients  but  not  integrals. 
All  these  problems  are  reproduced  by  Strancb  in  liia  work. 

In  the  same  volume  of  Gnincrt'a  Archiv  ...  a  few  remarks  are 
made  on  Strauch's  article  by  Gfipel ;  these  remarks  occupy  pages 
405 — 107  of  the  volome.    Qi>pel  says  that  the  problems  of  the  first 
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kind  which  Strauch  conaidera  are  only  ordinary  problema  of  mftxiiBS 
and  minima  values;  and  he  maltea  a  few  other  observations. 
Gopel'a  remarks  did  not  convince  Strauch  of  the  necessity  of 
making  any  change,  as  the  parts  which  are  criticised  appear  again 
in  substantially  the  same  form  in  Straach's  work. 


410.  Laurent.  A  memoir  on  the  Calculus  of  Variations  was 
written  by  Laurent  in  competition  for  the  prize  offered  by  the 
Academy  of  Sciences  at  Paris;  see  Art,  133.  Laurent's  memoir 
was  sent  to  the  Academy  after  the  time  fixed  for  the  reception  of 
the  memoirs,  but  before  the  judges  had  published  their  award. 
A  report  on  Laurent's  memoir  is  given  by  Cauchy  in  the  Comptea 
liendus  ...  Vol.  18,  pages  920,  921.  1844.  We  will  give  a  trans- 
lation of  the  essential  part  of  this  report. 

The  application  of  the  Calculus  of  Variations  to  the  investi- 
gatiou  of  the  maxima  and  minima  values  of  multiple  integrals 
required  especially  new  formulae  of  integration  by  parts  and  a  new 
notation  which  should  afford  an  easy  ezpreaaion  of  these  new 
formulffi.  The  judges  of  the  prize  had  particularly  noticed  the 
paragraphs  relating  to  these  two  objects  in  the  memoir  of  Sarros. 
The  corresponding  paragraphs  in  the  memoir  of  Laurent  are  also 
worthy  of  notice.  The  two  authors  have  employed  different  methods 
of  establishing  the  formula  of  integration  by  parts.  But  the 
formulae  are  in  reality  the  same  in  the  two  memoirs,  althongh  they 
are  expressed  by  two  distinct  notations.  We  may  add  that  when 
once  these  formula  axe  established  Laurent  uses  methods  analogoos 
to  those  of  Sarrus  in  order  to  obtain  the  limiting  equations. 

The  memoir  of  Laurent  contains  besides  some  observations, 
which  are  not  without  interest,  respecting  the  different  ways  of 
verifying  the  limiting  equations. 

We  will  not  conceal  the  fact  that  among  the  methods  employed 
hy  Laurent  some  may  be  considered  rather  as  methods  of  induction 
than  as  perfectly  rigorous  methods.  But  it  is  generally  very  easy 
to  verify  the  exactness  of  the  results  obtained  by  these  methods,  as 
the  calculations  commonly  can  be  easily  effected. 

To  sum  up  we  think  the  memoir  of  Laurent  deserves  to  be 
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approved  by  the  Academy,  and  to  be  inBerted  in  the  liecueil  des 
Savants  Strangers, 

We  may  add  that  the  memoir  does  not  seem  to  have  been 
printed  as  yet.  There  ia  a  report  on  two  memoirs  by  Laurent  in 
the  Comptes  Rendua  ...  Vol.  40,  pages  632—634.  1855.  The 
report  is  by  Cauchy,  and  it  gives  a  short  acconnt  of  the  scientific 
labours  of  Laurent  then  recently  deceased. 

411.  Strauch.  On  the  sign  of  the  second  variation  and  on 
relative  maxima  and  minima.  Gronert's  ArcAiv  der  Mathemaiik 
und  Physik,  Vol.  4,  pages  39—68.     1844. 

This  article  contains  some  problems  in  which  the  second  vari- 
ation of  an  expression  is  examined  in  order  to  determine  whether 
the  expression  is  really  a  maximum  or  a  minimum ;  and  some 
problems  of  relative  maxima  and  minima  values  are  discussed.  All 
these  problems  are  reproduced  by  Strauch  in  his  work. 

412.  Strauch.  Remarks  on  the  words  ixiriation,  varie^U,.... 
Grunert's  Archiv  der  Afatkemaltk  und  Pkystk,  Vol,  7,  pages 
221—224.     1846. 

This  article  contains  some  remarks  by  Strauch  on  some  of  the 
terms  osed  in  the  Calculus  of  Variations ;  the  remarks  are  repro- 
duced by  Strauch  in  his  work,  Vol.  I.,  pages  69 — 71. 

413.  Roger.  Essay  on  Brachistochrones.  Lionville'a  >/(>urnaI 
of  Mathematics,  Vol.  13,  pages  41—71.    1848. 

In  this  essay  the  author  demonstrates  several  properties  relative 
to  brachistochrones.  He  considers  the  case  when  the  moving  par- 
ticle is  constrained  to  remain  on  a  surface  as  well  as  the  case  of  a 
free  particle.  The  differential  equations  of  the  problem  are'obtaiucd 
by  the  ordinaty  principles  of  the  Calculus  of  Variations,  and  many 
interesting  results  are  deduced  from  these  equations. 

414.  Goodwin.  Cambridge  and  Dublin  Mathematical  Journal, 
Vol.  3,  pages  225—238.     1848. 

This  article  is  entitled,  On  certain  points  in  the  theory  of  the 
l^^tions.    The  article  ia  chiefly  devoted  to  the  expU* 
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nation  of  a  certain  geometrical  conception  relative  to  variations. 
Suppose  x  and  y  the  co-ordinates  of  a  point  in  a  curve.  Then  it 
is  manifest  that  we  may  give  the  moat  general  infinitesimal  vari- 
ation possible  to  the  position  of  the  point  (x,  y)  by  giving  it  a 
small  tangential  displacement  and  also  a  small  normal  displace- 
ment. Let  the  tangential  and  normal  displacements  be  denoted 
by  T  and  v  respectively ;  then  if  Sx  and  8^  be  the  corresponding 
displacements  parallel  to  the  axea  of  co-ordiuates,  and  ds  an  element 
of  the  arc  of  the  curve,  we  have 


"^S+«4- 

--^4-^*£ 

and  these  are  equivalent  to 

^-S-|. 

«»-l-4- 

The  variation  of  an  integral  is  then  expressed  bo  as  to  inTolve  t 
and  f,  and  it  appears  that  t  does  not  occur  at  all  in  the  iininte- 
grated  part,  and  only  once  in  the  integrated  part. 

It  is  not  difficult  to  illustrate  geometrically  the  fact  that  t  does 
not  occur  in  the  unintegrated  part.     Tlie  unintegrated  part  may 

1)6  denoted  by  I  Uvds,  and  then  the  equation  U=0  gives  thajorm 

of  the  curve  which  is  required,  and  it  is  manifest  that  a  curve  may 
te  made  to  pass  into  another  which  differs  infiuiteaimally  from 
itself  by  a  normal  variation  only,  and  that  in  fact  a  tangential 
variation  can  have  no  effect  upon  the  form  of  the  curve,  because  If 
a  point  receive  an  indefinitely  small  displacement  along  the  tangent, 
or  which  is  the  same  thing  along  the  curve,  it  still  remains  in  the 
same  curve. 

The  fact  that  t  does  not  occur  in  the  unintegrated  part  of  the 
variation  of  an  integral  is  the  principal  topic  discussed  in  this 
article,  and  it  is  illustrated  and  developed  in  various  ways.  Three 
examples  are  given  of  the  application  of  the  formalee  which  are 
investigated. 

The  article  concludes  with  some  remarks  on  the  condition  of 
int^abilih/  of  a  function  Vtlx,    In  reference  to  the  weU-koown 
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eqnatiOQ  which  is  obtALned  as  the  condition  the  author  sa^a, 
"  I  think  it  would  be  more  proper  to  say  that  the  equation  ex- 
presses a  condition  of  Vdx  being  a  perfect  differential  rather  than 
the  condition,  for  it  is  nowhere  proved  that  there  may  not  be  an 
indefinite  number  of  other  conditions."  It  must  however  be  re- 
marked here,  that  it  lias  been  distinctly  proved  that  the  equation 
referred  to  is  sufficient  to  ensore  that  Vdx  should  be  integrable  aa 
well  as  nectaaartf ;  see  the  last  Chapter  of  the  present  work. 

415.     Vieille.     Ccurs  compUmentaire  d'analyse  et  de  M^anique 
ratumeffe.     Paris,  1851. 

This  valuable  work  contains  some  investigations  relating  to  our 
Bubject. 

An  excellent  demonstration  of  lAgrangc's  transformation  of  the 
equations  of  motion  in  Dynamics  is  given  in  pages  I — 9. 

A  chapter  entitled  Dlvehppements  sur  le  calcul  des  variations, 
occupies  pages  38 — 50.  This  chapter  contains  four  articles.  (1)  The 

investigation  of  the  maximum  or  minimum  of  I     Vdx,  where  V 

cont^ns  X,  y,  z  and  the  differential  coefficients  of  y  and  z  with 
respect  to  x ;  and  an  equation  is  given  whicli  connects  the  variabtea 
and  differential  coefficients,  {i)  To  determine  the  condidona  which 
must  subsist  among  p,  q,  r  which  are  all  functions  of  x,  y,  and  z, 

in  order  that  I     {pdx  +  qdy +  rdz,)  may  retain  a  constant  value 

whatever  fiinctions  of  t  may  be  denoted  by  x,y,B;  the  conditions 
are  found  to  be  those  which  ensure  that  pdx  +  qdy  +  rds  is  an 
exact  differenlial  witli  respect  to  x,  y,  and  z,  considered  as  indepen- 
dent, (3)  Uaving  given  JT  =ji  dx  +  qdy  +  r  dz,  where  x,  y,  e  an 
any  functions  of  t,  and  p,  q,  r  are  any  functions  of  x,  y,  t  which 
may  also  contain  (,  it  is  retjuired  to  determine  under  what  con- 
ditions we  shall  also  have  SX  =phx  +  qiy  +  rhz;  the  conditions 
arc  found  to  be  the  same  as  in  the  precj>dtng  example-  (4)  The 
example  just  given  is  now  modified  by  tKe  sup{>oxItion  that  x,  y, 
and  e  are  connected  hy  a  relation  e=J-'{x,  y);  tiie  condition  now  ia 
found  to  amoaat  to  this,  that  pdx  +  qtfy  +  rdM  most  be  aa  exact 
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differential  after  one  of  the  variableB  has  been  eliminated  hj  n 
of  the  given  relation  z  =  F{x,  r/). 

A  chapter  of  exercises  on  the  Calculue  of  Variations  occtipies 
pages  113 — 127,  Four  examples  are  discussed,  (1)  Among  all 
cnrvea  of  given  length  which  arc  terminated  in  two  fixed  points 
A  and  B,  to  find  that  for  which  the  sum  of  the  products  of  each 
element  by  the  square  of  its  distance  from  the  line  AB  is  a  maxi- 
mum. (2)  To  find  the  maximum  value  of  I  \/((ie'  +  iiy'),  subject 
to  the  relation  that  I     ij  {da?  +  dy*  +  dz*)  shall  be  equal  to  a  ^ven 

constant.  This  question  admits  of  easy  geometrical  treatment,  bat 
the  process  of  the  Calculus  of  Variations  does  not  completely 
succeed,  so  that  Euler's  method  for  solving  problems  of  relative 
maxima  and  minima  appears  to  fail.  The  reason  appears  to  be, 
as  Vieille  conjectures,  that  the  second  integral  involves  a  new 
variable  z  which  is  quite  independent  of  the  other  variables  x  and  y 
which  alone  occurred  in  the  first  integral.  (3)  Assuming  that 
frr  =  X(ic+  Ydy-^Zdz,  it  is  required  to  find  the  curve  for  which 

/    Tds  \&  ^  minimum ;  the  result  is  that  the  curve  must  be  that 

which  a  flexible  string  would  form  when  in  equilibrium  under  forces 
on  each  element  which  referred  to  a  unit  of  length  of  string  would 
be  X,  Y,  Z,  respectively  parallel  to  the  axes  of  x,  y,  z.  (4)  To  find 
a  curve  of  given  length  terminated  at  two  fixed  points  for  which 

I    y'dx  is  a  maximum;  this  is  an  example  of  the  first  of  Jamea 

Bemouilli's  celebrated  isoperimetrical  problems;  see  Art.  887. 
Vieille  gives  a  figure  similar  to  that  which  we  have  recommended 
in  Art.  387. 

Some  results  relative  to  brachiatochrones  are  given  on  pages 
899—308  of  the  work. 

416.  Caucby.  Variations  employ^  comme  dejs  algfhriqxtea. 
This  article  occurs  in  the  Complea  Rendas  ...  Vol.  37,  pages 
67 — 64.  1853,  The  article  presents  nothing  of  interest  so  far  as  the 
Calculus  of  Variations  is  concerned ;  it  merely  uses  the  symbol  S  to 
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expreBB  certain  infinitesimal  clianges  in  the  values  of  arLitraiy 
coaatanta.  At  the  end  of  the  article  Gauchy  promises  another 
article  on  the  subject.  The  student  wlio  wishes  for  information 
on  what  Caucliy  calls  clf,fi  alffSbri'ijues  may  consult  the  Complea 
Betidus  ...  Vol.  36,  page  70,  and  a  memoir  on  the  subject  in  Vol.  4 
of  Cfluchy's  Eaxrdces  d' Analyse  el  de  Physique  Math4matique, 

417.  Cauchy.  On  the  advantages  which  arise  irom  the  intro- 
duction of  a  variable  parameter  and  of  the  notation  of  the  Calculus 
of  Variations  into  some  of  the  principal  formulie  of  infinitesimal 
analysis.     Comptea  Rendus,  Vol.  40,  pages  261 — 267.     1855. 


The  following  sentences  ^ 
Caschy. 

Lett. 


ill  give  an  idea  of  this  article  by 


be  any  fiiuction  of  the  variables  x,y,e;  suppose 

«  =f{x,  y,  2) ; 

and  let  u,  be  the  value  whicb  is  obtained  from  u  by  changing 
X,  y,  z  into  ar+  X,  y  +  h,  z  +  l  respectively,  so  that 
%=f{x  +  h,  y  +  i,  2  +  0- 

Then  put  A  =  ah',  k  =  ak',  i  =  a/' ;  thus  a,  may  be  considered 
a  function  of  the  parameter  a,  and  may  be  developed  by  Maclaurin'a 
theorem  in  a  series,  which  we  may  express  thus  ; 

„,-„  +  .J,.+  i^5-„  +  |s-»+... 

This  notation  is  also  applied  by  Caucby  to  the  case  of  a  system 
of  differential  equations.  Cauchy  says  at  the  end  that  he  will 
give  another  article  on  tlie  subject. 

418,  Carmichael.  Tlie  treatise  on  the  Calculus  of  Opemtwru, 
pablished  by  Mr  Carmichael  in  165.'),  contains  some  investigation!) 
bearing  upon  the  Calculus  of  Variations;  they  occupy  pages 
153 — 160  of  the  work.  These  investigations  include  generalisations 
of  the  results  which  occur  yn  pages  253.  263,  and  3 JO  of  Mr  JcUett's 
treatise,  and  also  some  interesting  theorems  respecting  attractions. 

31 
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419.  BraschmaniL  On  the  Principle  of  Least  Action.  JBuUe^ 
iin...Phy8icO'MathSmcUtqtie  de  TAcadSmte...de  St  Pitersbourg.  YoL 
17,  pages  487 — 489.   1859. 

We  have  remarked  in  Art.  317  that  Ostrogradsky  criticises 
some  parts  of  Lagrange's  Micanique  Analytique,  On  page  139  of 
the  16th  volume  of  the  Bulletin.., de  St  PStersbourg  we  read  that 
M.  Ostrogradsky  annoimced  a  memoir  on  the  principle  of  least  action; 
and  it  is  stated  that  he  considers  the  ordinary  enunciation  of  the 
principle  to  require  modification.  Braschmann's  article  bears  on 
this  point.  It  does  not  appear  obvious  what  error  Ostrogradsky 
thinks  he  detects  in  the  common  account  of  the  principle.  We  will 
however  translate  part  of  Braschmann's  article. 

Let  there  be  a  system  of  masses  w,  m',  m",  m"'y ...  considered  as 
points  and  acted  upon  by  given  forces.  Let  X,  F,  Z  denote  the 
projections  of  the  accelerating  force  which  acts  upon  the  mass  m,  let 
V  denote  the  velocity  of  this  particle  at  the  end  of  the  time  t.     Put 

'Zm{Xdx+Ydy  +  Zdz)=^dn,    52w«"  =  T; 

then  the  equation  of  motion  of  the  system  may  be  written  under  the 
following  form ; 

the  characteristic  8  relating  to  all  possible  displacements  of  the 
masses  m,  m\  m",  m!"  ....  We  see  by  this  equation,  as  M.  Ostro- 
gradsky has  shewn  in  his  memoir  on  i3operimetrical  problems,  that 
in  the  passage  of  a  system  from  one  position  to  another 


sj{U+T)dt^O; 


that  is,  between  given  limits  the  integral  Uu  +  TjdtiaA  maximum 

or  a  minimum.  Nevertheless  in  the  treatises  on  Mechanics  which 
have  appeared  since  the  publication  of  this  memoir,  we  find  the 
principle  of  least  action  still  treated  afte^the  manner  of  Lagrange. 
This  great  mathematician  replaces  in  the  equation  dlt^cTr  the 
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differential  d  ty  the  letter  B,  which  relates  to  poaaible  displace- 
ments, and  concladca  that 

2JTdt  ot  ('Zmi'ds 

must  he  a  masimum  or  a  minimum.  Although  it  seems  evident 
that  we  caimot  substitute  B  for  d  in  the  equation  of  Via  Viva,  yet 
it  will  perliaps  be  useful  for  those  who  are  studying  rational 
mechanics,  still  to  prove  by  a  simple  example,  that  the  trae  prin- 
ciple of  least  action  is  that  given  by  M.  Ostrogradsky,  and  that  we 
are  not  at  liberty  to  replace  rf  by  8  in  the  equation  of  Vis  Viva. 

Braacbmann  then  proceeds  to  bis  example.  It  merely  shews 
what  no  one  will  dispute,  that  d  and  8  are  not  to  be  interchanged 
arbitrarily;  but  it  docs  not  shew  that  there  is  any  error  in  the 
ordinary  conception  or  proof  of  the  principle  of  least  action. 

420.  In  the  second  edition  of  the  Catalogue  of  the  Libraiy  of 
the  Observatory  of  Pulkova,  St  Petersburg,  J  860,  tlie  titles  of  some 
trcatiaca  occur  bearing  on  the  Calculus  of  Variations  which  the 
present  writer  has  not  had  the  opportunity  of  consulting.  These 
titles  are  tlie  following. 

Wiedcbcck,  J.  S.     In  mtlkodum   Vari'aliotium,  Upsal,  1823. 

Svaubcrg,  J.  In  Theoriam  Maximorum  et  Minimorum,  Upaal, 
1830. 

Almquist,  E.  Be  Principiia  Calfuli  Variatlonis,  I.  11.,  UpaaJ, 
1887. 

Senff,  C.  E.     Elrmenta  Calfvli  I'art'ationuvi ...  Dorpat,  1838. 

Lindeli'if,  L.  L.  VantUtotis-halki/Iens  theort  och  dess  anvStul- 
m'R^...Usfs,  1856. 

Popoff,  A.  ElemtnU  of  the  Cnlcnlu^  of  Variattorw,  Kazan, 
1856  (in  Rnsaian). 

Simon,  O,     Die  Theorte  dcr  YarialtonarfcJinang,  Berlin,  1857. 
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421*  The  following  chapter  contains  brief  accounts  of  some 
articles  and  memoirs  on  geometry  and  mechanics  which  have 
some  connection  with  the  Calculus  of  Variations ;  and  a  few  works 
are  noticed  which  really  belong  to  the  ordinary  theory  of  maidma 
and  minima  values  given  in  the  Differential  Calculus,  but  the 
titles  of  which  might  suggest  that  they  were  treatises  on  the  Cal- 
culus of  Variations.     We  adopt  the  chronological  order. 

422.  Busse.  Neiie  Methode  des  Orossten  und  Kletnsten  nebat 
JBeuriheilufiff  und  einiger  Verbesserung  dea  bisAertgen  Syatemes, 
Freyberg,  1808. 

This  is  an  octavo  volume  of  108  pages  with  a  preface  of  12 
pages.  It  is  devoted  to  the  ordinary  theory  of  maxima  and  minima 
values,  and  does  not  touch  on  the  Calculus  of  Variations.  The 
chief  point  in  it  seems  to  be  that  it  draws  attention  to  the  fact 
that  a  function  of  a  variable  may  have  a  maximum  or  minimum 
value  when  its  differential  coefficient  with  respect  to  that  variable 
is  infinite  as  well  as  when  it  is  zero.  It  is  stated  in  the  preface 
that  a  second  part  will  soon  appear;  this  has  not  come  to  the 
knowledge  of  the  present  writer,  and  perhaps  never  appeared. 

Ohm  speaks  unfavourably  of  the  views  of  Busse;  see  Ohm^s 
System  of  Mathematics^  Vol.  4,  Berlin,  1830,  page  127. 

423.  Playfair.  Of  the  solids  of  Greatest  Attraction^  or  those 
which  among  all  the  Solids  that  have  certain  properties  attract  toith 
the  greatest  Force  in  a  given  direction.  Bead  5th  January,  1807. 
Published  in  the  Transactions  of  the  Eoyal  Society  of  Edinburgh, 
Vol.  6,  1812. 
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This  memoir  occupies  pages  187 — 243  of  the  volmne.  The 
problems  oil  Solids  of  Greatest  Attraction  are  not  treated  by  the 
Calculus  of  Variations,  but  by  the  method  which  we  have  illus- 
trated in  Art.  322. 

It  is  stated  on  page  204,  "  In  general,  if  x,  y,  and  z,  are  three 
rectangular  co-ordinates  that  determine  the  position  of  any  point  of 
a  solid  given  in  magnitude,  and  if  the  value  of  a  certain  function  Q, 
of  X,  y,  and  z,  be  computed  for  each  point  of  the  solid,  and  if  the 
sum  of  all  these  values  of  Q  added  together  be  a  maximum  or  a 
minimum,  the  solid  is  bounded  by  a  superficies  in  which  the  fun&« 
tiou  Q  is  everywhere  of  the  same  magnitndc." 

And  on  page  205,  "All  the  questions,  therefore,  which  come 
ondcr  this  deacription,  though  they  belong  to  an  order  of  pro- 
blems, which  requires  in  general  the  application  of  one  of  the 
most  refined  inventions  of  the  New  Greomctry,  the  Calculus  Fa- 
riationam,  form  a  particular  division  admitting  of  resolution  by 
mnch  simpler  means,  and  directly  reducible  to  the  construction 
of  loci." 

The  problems  respecting  solids  that  have  certain  properties 
and  attract  with  the  greatest  force  in  given  directions  are  exam- 
ples of  the  ordinary  methods  of  maxima  and  minima  explained 
in  the  Differential  Calculus. 


424.  Knight  Of  the  attractvma  of  such  Solids  aa  are  terminated 
hy  Planet;  andofSoUds  of  greatest  attraction.  Read  March  19,  1812. 
Published  in  the  Philmojihtcal  Traneactions,  1812. 

This  memoir  occupies  pages  247 — 309  of  the  volume.  It  con- 
tains investigations  of  the  attractions  of  solids  of  various  forms. 
Knight  refers  frequently  to  Playfair's  memoir  which  we  noticed  in 
the  preceding  Article.  One  section  of  Knight's  memoir  occupying 
pages  283 — 301  is  devoted  to  Soliih  of  greatest  attraciion.  Knight 
states  that  besides  Playfair  this  subject  had  been  considered  by 
SilvabcUe  and  Frisi,  but  that  tbcac  mathematicians  had  confined 
themselves  to  the  case  of  a  homogeneous  solid  of  revolution.  Knight 
obtains  his  solutions  by  a  simple  application  of  the  Calculus  of 
Variations.     He  proves  the  well-known  result  for  the  figure  of  a 
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homogeneous  solid  of  revolution  of  given  mass  which  exerts  the 
greatest  attraction  on  a  particle  in  its  axis ;  and  he  notices  that  the 
generating  curve  is  the  same  as  would  be  obtained  if  the  problem 
proposed  were  to  find  the  form  of  a  curve  such  that  the  area  in- 
cluded may  be  a  given  quantity,  and  the  attraction  on  a  given  point 
a  maximum.  Playfair  had  established  these  results.  Knight  then 
shews  that  the  same  form  is  obtained  for  the  solid  of  revolution  of 
given  mass  and  greatest  attraction  on  a  point  in  its  axis  if  the 
solid  be  not  homogeneous,  provided  the  density  at  any  point  is  a 
function  of  the  distance  of  that  point  from  the  axis  and  of  the 
distance  between  the  foot  of  the  perpendicular  from  that  point  on 
the  axis  and  the  attracted  particle. 

425.  Lehmus.  Uebungs-Aufgaben  zur  Lehre  vom  Orossten 
und  Kleinsten.    Berlin,  1823. 

This  is  an  octavo  volume  of  202  pages,  containing  examples  of 
ordinary  maxima  and  minima  problems;  it  does  not  touch  upon 
the  Calculus  of  Variations.  The  problems  are  principally  of  a  geome- 
trical character.  Ohm  refers  to  the  work  in  favourable  terms ;  see 
Die  Lehre  vom  Orossten  und  Kleinsten,  page  208. 

426.  Crelle's  MaihemattcalJoumalj  Vol.  6,  pages  81 — 83.  1830* 

This  is  an  anonymous  article  respecting  Minding's  solution 
which  we  have  examined  in  Article  307,  which  was  not  known  to 
the  present  writer  when  that  Article  307  was  printed.  The 
anonymous  article  agrees  with  what  we  have  stated  respecting  the 
inaccuracy  of  Minding's  result.     The  equation  given  by  Minding 

is  here  developed  into  the  form 
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general  eolution ;  that  mast  be  found  from  the  equation  io  the  form 

The  writer  gives  a  geometrical  interpretation  of  the  reeult 
=  a  conatant,  wliicli  bclonga  to  tlje  required  curve.    Suppose 

tangent  planes  drawn  to  tlie  ^veu  surface  at  all  the  points  of  the 
required  curve;  we  may  suppose  a  developable  surface  generated 
by  the  lines  which  form  the  perpetual  intersections  of  these  tangent 
planes.  The  required  curve  is  then  common  to  the  given  surface 
and  the  generated  developable  surface.  Tiicn  if  the  developable 
surface  be  developed  into  a  plane  the  required  carve  becomes  a 
circle  ou  that  plane; 

It  appears  from  page  IGl  of  the  same  volume  of  CreUe's  Mathc' 
matical  Journal  that  Minding  admitted  his  error. 

427.  Amdt.  Die(itiieition6a  hUtorica  de  maximis  et  minmis, 
Berlin,  1833. 

This  essay  was  written  for  a  degree  in  the  University  of  Berlin. 
It  contains  a  history  of  the  ordinary  theory  of  maxima  and  minima 
values  without  any  reference  to  tlie  Calculus  of  Variations.  Giesel 
refers  to  it  on  page  38  of  his  work, 

428.  Scherk.  Bemarks  on  the  least  surface  between  given  limits, 
CitlWa  MalhematicalJoitrnal,  Vol.  13,  pages  185 — 208.     1835. 

This  memoir  was  presented  to  the  Royal  Academy  of  Sciences 
at  Copenhageu  in  September,  1833.  Some  historical  information 
ia  supplied  as  to  the  problem  of  the  least  surface.  Lagrange  found 
the  partial  differential  equation.  Meunier  shewed  the  geometrical 
interpretation  of  the  equation,  namely,  that  the  required  surface 
must  have  at  every  point  its  two  principal  radii  of  curvature  equal 
in  magmtnde  and  opposite  in  sign.  Meunier  also  indicated  two 
surfaces  which  satisfy  this  equation,  namely,  the  surface  called  the 
yU\wde  gauche  by  the  French  writers,  and»the  aurface  formed  by 
revolving  a  cateiuuy  round  its  directrix.     Itefcrence  is  then  miulD 
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to -the  general  integral  of  the  partial  differential  equation  found  hj 
Monge,  and  to  the  note  on  the  problem  hj  Foisson  in  the 
eightii  Yolmne  of  Crelle's  Mathematical  Journal. 

The  surface  in  question  was  proposed  as  the  subject  of  a  prize 
essay  hj  a  scientific  society  in  Leipsic,  and  the  prize  was  awarded 
to  Professor  Scherk  in  Nov.  1830. 

The  essay  which  gained  the  prize  is  printed  in  the  Acta  Bode^ 
toHs  Jabhnomarmj  YoL  lY.  Fasc.  Ii.  pages  204 — 280,  under  the  title 
De  proprtetatibus  superficiei  quoe  hac  canttnetur  cBquatiane 

(l  +  2*)r-2p2«H-(H-p")<=:0 
diaquidtiones  andlyttcce. 

The  two  memoirs  by  Professor  Scherk  belQng  to  the  subject  of 
differential  equations  rather  than  to  the  Calculus  of  Variations. 
The  result  of  them  appears  to  be  that  some  additional  surfaces  are 
indicated  which  satisfy  the  differential  equation  in  question.  An 
inyestigation  is  given  with  the  view  of  shewing  that  the  hSligaide 
gauche  is  the  only  ruled  surface  which  satisfies  the  differential 
equation,  but  the  author  admits  that  he  has  not  fully  established 
this  proposition. 

The  following  are  the  equations  to  three  surfaces  which  are 
sh^wn  by  the  author  to  satisfy  the  differential  equation, 

/*\     MM    cos  ay 

(1)  e"= ^. 

^  '  cosaa: 

(2)  (€«-€-«)(€"-€-«)  =  ±  4  sin  ay. 

(3)  ^  =  Mog|v(r'+a»)+V(r^-J')}-atan-»|^^^ 

where,  as  usual,  r  cos  tf  =  a?  and  r  sin  tf  =  y. 

The  last  result  includes  two  well-known  results;  for  by 
putting  a  =  0  we  obtain  the  solid  formed  by  reyolving  a  catenary 
round  its  directrix,  and  by  putting  &  » 0  we  obtain  the  hili^oide 
gauche.  Two  other  equations  are  given  by  the  author,  but  they  are 
very  complicated. 
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We  take  thia  opportunity  of  adverting  to  a  point  in  the  history 
of  the  problem  here  conaidcred. 

The  statements  which  we  have  noticed  in  Art,  315  as  made 
by  Bonnet  are  not  correct,  Bounet'a  words  are,  On  sait  que 
l'b^ii<;oide  gauche  i  plau  directenr  est  la  seule  surface  r^glefi  qui 
ait  en  chacun  de  sea  pointa  ses  rayons  de  courbure  principaux 
^gaux  et  de  aignes  contrairee.  Meunier  a  le  premier  d^montr^  cette 
proposition  remarqaable  dana  son  M^moire  sur  les  surfaces,  qui 
a  6t4  ins^r^  au  Becueil  dfs  Savants  Strangers.  Plus  tard  Legendre 
y  a  6t6  ausai  conduit  [voir  les  MSmoires  de  VAcadhnie  dta  Sciences, 
aunfe  1787). 

The  memoir  of  Meunier  is  in  the  Mhnoires  present  fa  ...par 
Divers  Savans  ...\o\.  10,  1785;  see  page  504  of  the  volume. 
Meunier  proves  that  the  hili^ide  gaucfu.  is  the  surface  of  minimnm 
area  among  all  surfaces  that  can  be  generated  by  the  motion  of  a 
line  which  always  remains  parallel  to  a  fixed  plane,  not  among  all 
ruled  surfaces ;  thus  he  does  not  prove  bo  much  as  Bonnet 
says.  Legendre  does  not  provt  any  thing,  but  he  asserts  more 
than  Bonnet  intimates.  His  words  are.  Si  on  cherche  la  soi^ 
face  la  moindre  entre  deux  lignes  droitee  donnfies,  non  situ^s  dans 
1c  mfime  plan,  soit  m  la  plus  conrle  distance  de  ces  lignes,  X  1' angle 
qn'elles  font  entr'elles  ...  il  en  r^ultera  poor  I'^uation  de  la  surface 
cherchee,  rMuite  it  la  forme  la  pins  simple, 

a  =  x  tang  -=  ■ 

These  words  occur  on  page  314  of  the  volume  cited  by  BooMt 
Thus  Legendre  asserts  that  the  h^li^nd^  gauche  m  the  mr&M 
of  minimum  area  among  all  surfaces  which  have  two  rectilinear 
boondaries  not  in  one  plane ;  this  is  not  true  ;  see  Art.  4-13. 

429.  Michaelia,  De  limis  hreviasimis  in  dalis  tuperjiciebus, 
imprimis  de  Linea  Qeodetica.     BerliUi  1837. 

This  is  an  exercise  for  a  degree  in  the  University  of  Berlin; 
it  consists  of  27  quarto  pages.  The  differential  equations  are  in- 
vestigated by  the  Calculus  of  Variations  for  two  problems,  (1)  The 
ehorteat  line  on  a  given  sariace.     (3)  The  problem  considered  by 
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Minding  and  others ;  see  Art.  307.  The  investigations  are  given 
in  two  forms,  first  by  using  the  ordinary  variables  a?,  y,  Zy  and 
secondly  by  using  two  variables  p  and  q  in  the  manner  explained 
by  Grauss  in  his  Disquistttones  generaUs  circa  superficies  curvaSm 
In  the  second  problem  Michaelis  gives  the  result  which  had  been 
published  in  the  sixth  volume  of  Crelle's  Mathematical  Journal; 
see  Art.  427. 

A  large  part  of  the  memoir  is  devoted  to  the  geodetic  line,  by 
which  the  author  means  the  shortest  line  on  the  surface  of  an  oblate 
spheroid.  The  investigations  in  this  part  chiefly  involve  the  theory 
of  elliptic  integrals. 

430.  Minding.  On  tiie  shortest  lines  on  curved  surfaces. 
Crelle's  Mathematical  Jow-nal,  Vol.  20,  pages  323—327,  1840. 

In  this  article  the  differential  equations  Aimished  by  the 
Calculus  of  Variations  are  assumed,  and  some  inferences  are  de- 
duced from  them  with  respect  to  the  shortest  lines  on  developable 
surfaces. 

431.  Catalan.  On  ruled  surfaces  with  a  minimum  area. 
Liouville's  Journal  of  Mathematics,  Vol.  7,  pages  203 — 211.     1842. 

The  problem  discussed  is  the  following;  among  all  ruled 
surfaces  to  find  that  of  which  the  area  is  a  minimum,  or  which 
amounts  to  the  same  thing,  to  find  that  which  has  its  two  prin- 
cipal radii  of  curvature  at  every  point  equal  in  magnitude  and  of 
opposite  sign.  The  memoir  does  not  make  any  use  of  the  Calculus 
of  Variations.     The  result  has  been  already  stated;  see  Art.  311. 

432.  Catalan.  On  the  line  of  given  length,  which  includes  a 
maximum  area  upon  a  surface.  Journal  de  VEcole  Polytechnique^ 
Cahier  29,  pages  151—156.    1843. 

Reference  is  made  to  an  investigation  by  Delaunay  in  the 
eighth  volume  of  Liouville^s  Journal  of  Mathematics;  see 
Art.  314.    (Catalan  by  mistake  names  the  seventh  volume). 

The  following  theorems  are  demonstrated  by  Catalan  in  his 
interesting  article. 
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(1)  Suppose  any  surface  8,  and  let  there  be  a  cnirc  L  of  giyen 
length  described  on  it  so  as  to  include  a  maximum  area ;  conatmct 
a  developable  surface  S  which  touches  the  surface  S  along  the  curve 
L ;  then  if  the  surface  S  be  developed  the  curve  X  is  transformed 
into  a  circle.  This  theorem  had  been  obtained  however  by  previous 
writers ;  see  Arts.  427  and  429. 

(3)  Suppose  any  snrfacc  S  and  on  it  a  curve  L  of  minimum 
length  ;  construct  a  developable  surface  S  which  touches  the  em:- 
face  8  along  the  line  L ;  then  if  the  surface  !£  be  developed  the 
curve  L  a  transformed  into  a  straight  line. 


433.  BjSrling,  In  inifgratianem  fEquationu  Denvalarum  par- 
tialium  auperjiciei,  cuj'ia  in  pvndo  unoqnoque  jmneijialea  amho  radii 
curwdinia  aqmiUi  sunt  strjnoque  contrario.  Gninert's  Archtv  der 
MathemattTc  uml  Phynk,  Vol.  4,  pages  290—315.    1814. 

In  the  beginning  of  1842  Bjorling  published  a  treatise  entitled 
l%frH?l'  Vartationum  Inttgralium  Dapticium  ExerfAUtlionfs,  of  which 
MiteOoUnt  has  already  been  given  in  Art.  311.  A  large  part  of  that 
tmdse  was  devoted  to  the  integration  of  the  differential  c<]uation 
which  belongs  to  surfaces  of  minimum  area.  In  a  French  scientific 
journal  called  L'  Insti'lvt,  Bjiirling  s*iw  it  stated  that  Wantzel  and 
Catalan  had  proved  that  the  only  ruled  surface  of  minimum  area 
was  the  hSligoide  gauche.  Bjiirling  tlien  resolved  to  reprint  fais 
investigations  on  the  integration  of  the  partial  differential  equation, 
with  some  modifications  and  additions. 

Thus  the  present  memoir  is  devoted  to  the  solution  of  the  partial 
differential  equation,  and  tlie  results  obtained  coincide  essentially 
with  those  of  the  treatise  already  referred  to,  namely,  that  of  all 
surfaces  of  revolution,  the  only  one  which  saliaties  the  proposed 
differential  equation  is  that  formed  by  the  revolution  of  n  catenary 
round  its  directrix,  and  that  of  all  surfaces  which  can  be  formed 
by  the  motion  of  a  straight  line  which  always  remains  parallel 
to  a  fixed  plane,  the  only  one  which  satisfies  the  proposed  dif- 
ferential equation  is  the  Mli^id^  gnitcke.  Bjdrling  expresses  a 
hope  that  the  demonstrations  of  Wantzel  and  Catalan  of  the  state- 
ment that  thta  is  the  only  surface  out  of  all  ruled  mrfacea  which 


satisfies  the  proposed  differential  equation,  will  soon  be  pubUsfaed 
Catalan's  baa  since  been  published,  as  we  have  seen  in  Art,  431. 

Theie  are  two  points  in  the  memoir  to  which  we  will  ad 
vert. 

In  a  note  on  page  303  BjSrling  makes  a  statement  to  whici 
he  refers  more  than  once  afterwards;    it  is  to  the  effect  that  J 

we  are  seeking  the  Bur&ce  for  which   iidxdy^{l+y+^  is  i 

minimum,  and  suppose  the  surface  to  be  bounded  by  two  givei 
corves,  the  curves  must  be  such  that  when  they  are  projected  oi 
the  plane  of  [x,  y)  one  projection  must  be  entirely  within  th 
other.  It  is  not  obvions  what  he  means  to  be  inferred  .when  thi 
condition  does  not  hold,  whether  he  regards  the  problem  as  the< 
impossible,  or  whether  he  thinks  that  the  ordinary  formulte  of  th 
Calculus  of  Variations  cannot  be  applied  to  it. 

On  pf^  312  BjSrling  couaideis  a  certun  special  example.  Sup 
pose  we  have  two  circles  in  parallel  planes  at  a  distance  2,  and  sap 
pose  that  the  line  joining  their  centres  is  perpendicular  to  the  plane 

of  the  circles,  and  that   the  radius  of  each  circle  is   n  [^  +  -] 

Take  the  line  joining  the  centres  as  the  axis  of  x  and  the  origi 
midway  between  the  centres.  Then  it  might  be  supposed  that  th 
minimum  surface  would  be  that  formed  by  revolving  round  th 
axis  of  X,  the  catenary  determined  by 

and  taking  that  portion  of  it  comprised  between  a;  =  —  1  and  x  =  1 
Bat  it  will  be  found  on  trial  that  the  surface  thus  obtained  i 
not  necessarily  less  than  that  which  would  be  obtained  by  taking 
a  cylindrical  surface  round  the  axis  of  x  as  axis  with  any  radiu 

r  which  is  less  than  s  ( «  +  -)  .  and  forming  the  surface  of  th 

part  of  this  cylindrical  surface  which  is  contained  between  x=  — 
and  x=l,  together  with  the  plane  circular  strips  at  each  em 
which  are  necessary  to  connect  the  cylindrical  surface  with  th 
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given  limiting  circles.  In  fact  tlie  area  of  the  surface  formed  by 
the  revolution  of  the  catenary  will  be  found  to  be 

and  the  area  of  the  surface  made  up  of  the  cylindrical  surface 
and  the  plane  circular  strips  is 

Now  it  ia  quite  possible  for  the  former  expression  to  exceed  the 

latter ;  for  example,  the  former  will  exceed  the  latter  I'J""'  (7 -  -»)  i 

if  r  be  taken  so  that  r*—  2r  +  -  ■=  0,  that  is  if  r  be  taken  about  =  '2. 

BjBrling  brings  this  forward  as  an  example  of  the  necessity  of  the 
restriction  he  proposed  in  his  note  on  page  303.  It  seems  to  shew 
no  more  than  this ;  a  result  furnished  by  the  Calculus  of  Variations 
must  not  be  assumed  to  be  a  maximum  or  a  minimum  without 
investigating  the  ternia  of  the  second  order. 

434.  Grunert  On  the  Cycloid  as  the  Brachistochrone. 
Grunert's  Archiv  der  Mathematik  und  I'kysik,  Vol.  7,  pages 
SOS— 315.     1816. 

This  article  contains  an  elementary  proof  of  the  fact  that  the 
cycloid  is  the  brachistochrone,  without  the  use  of  the  Calculus  of 
Variations. 

435.  Jacobi. 
ential  equatimi 

Crelle's  Mathematical  Journal,  Vol.  36,  pages  113 — lU.  1848. 
In  the  course  of  this  memoir,  Jacobi  makes  that  application  of  the 
Calculns  of  Variations  which  we  have  given  in  Art.  333. 

436.  SchlaeffU.  On  the  oiiniinum  of  a  certain  Integral.  Crelle's 
Matktmatieal  Journal,  Vol.  43,  page«  33 — 3S.     1852. 


On  a  particular  solution  of  the  partial  differ- 
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The  problem  of  finding  the  shortest  line  on  a  sm&ce  of  the 

second  order  amounts  to  making  the  integral  j\/{dx*  +  dx^  +  dx^ 

a  minimmn,  where  a?i,  a?„  x^  are  connected  hj  an  equation  of  the 
second  degree.     In  the  present  memoir  the  problem  considered  is 

to  make  the  integral  U{dx*  +  dx*+  ...  +  dx^^  a  minimum,  where 

the  variables  a?j,  a?,,  ...  x^  are  connected  hj  an  equation  of  the 
second  degree.  The  memoir  however  does  not  belong  to  the 
Calculus  of  Variations,  as  there  is  only  one  line  connected  with 
that  subject;  in  this  line  the  equations  for  a  minimum  value 
furnished  by  the  Calculus  of  Variations  are  written  down,  merely 
for  the  purpose  of  indicating  the  number  of  •arbitrary  constants 
which  shoxdd  occur  in  the  solution.  The  solution  of  the  prob- 
lem considered  in  the  memoir  is  effected  by  some  complex  alge- 
braical investigations  which  do  not  involve  the  Calculus  of  Varia- 
tions. 

437.  Hohl.  Aufgaben  zur  Lehre  vom  Orossten  und  KUinsten 
der  Dtfferenztal-Functionen ...   Stuttgart,  1852. 

This  is  an  octavo  volume  of  162  pages ;  the  author  is  a  pro- 
fessor of  Mathematics  in  the  University  of  Tubingen.  The 
problems  are  of  the  same  kind  as  that  which  we  have  considered 
in  Art.  3,  after  Lagrange.     Three  cases  are  considered  by  the 

author.     (1)  The  maximum  or  minimum  of  F(xj  y,  ^j  .    (2)  The 

maximum  or  minimum  ^^  ^  (^>  y>  ^  >  J^j  •     (^)  ^®  maximum 

(dz      dz  \ 
X,  y,  «,  T-  ,  -jT  1  •    Each  case  is  illustrated  by 

the  solution  of  numerous  simple  examples.  The  author  says  that 
the  examples  are  intended  for  the  exercise  of  beginners,  in  Dif- 
ferentiation, in  Integration,  and  in  the  higher  Greometry. 

The  author  says  in  his  preface  that  he  did  not  become  ac- 
quainted with  the  work  of  Strauch  before  the  printing  of  his 
own  had  advanced  to  the  last  sheet.  He  promises  if  his  work 
is  favourably  received,  to  follow  it  up  by  a  similar  collection  of 
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examples  on  the  maxima  and  miaima  values  of  integral  ex- 
pressions; the  present  writer  is  not  aware  that  this  contiuuatiDii 
baa  appeared, 

438.  Wituflki.  De  JUaximia  aiqxte  Miniviis  valorihas  Func- 
tionum  Algebraicantm...~&Kz^,   1853. 

This  is  an  essay  written  for  a  degree  in  the  University  of 
Berlin;  it  contains  25  quarto  pages.  The  essay  has  no  relation 
to  the  Calculus  of  Variations;  it  consists  of  investigations  partly 
respecting  the  equations  furnished  by  the  Differential  Calculus  for 
determining  the  maxima  and  minima  values  of  expressions,  but 
chiefly  respecting  the  tests  for  ascertaining  whether  a  maximum 
or  minimum  value  really  exists. 

439.  Jellett.  On  the  Borface  which  has  its  mean  curvature 
constant.  Liouvlllc's  Journal  of  Mathematics,  Vol.  18,  pages 
163—167.     1853. 

The  Calculus  of  Variations  shews  that  for  a  surface  which 
includes  a  maximum  volume  under  a  given  surface,  the  mean 
curvature  must  be  constant.  The  object  of  the  article  is  to  prove 
that  among  all  the  surfaces  whose  volume  can  be  expressed  by 
the  integral 
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the  sphere   is   the  only  surface   which    has   its   mean   curvature 
constant.     The  proof  depends  upon  two  theorems. 

(1)  For  any  closed  atufacc 

//(b4) ''»  =  =//«■"■• 

see  Mr  Jdlett's  Calculus  of  Variatioita,  page  323. 

(2)  For  any  closed  surface  the  whole  area  of  the  sur&co 
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the  integral  being  taken  over  the  whole  surface.     Thia  i 
theorem  is  proved  in  the  article. 

440.  Bonnet.  Note  on  the  general  theory  of  Sarfaceg, 
Comptea  Rendm  ...  Vol.  37,  pages  529—532.     1853. 

Thia  note  contains  some  results  relative  to  the  surface  of  mini- 
mum area.  A  new  form  is  proposed  for  the  integral  of  the  differ^ 
ential  equation  which  belongs  to  such  a  surface,  the  new  form  being 
in  Bonnet's  opinion  preferable  to  that  given  by  Monge.  Some  new 
properties  of  such  surfaces  are  enunciated  without  demonstration. 
The  investigations  relative  to  the  integral  depend  upon  a  method 
of  considering  sorfaces  which  is  due  to  Gauss.  Bonnet  does  not 
demonstrate  the  fundamental  fonnulEe  which  he  uses. 


441.  Gntnert.  On  the  shortest  line  between  two  points  on 
any  surface  and  on  the  fundamental  formnlie  of  spheroidal  Trigono- 
metry. Grunert's  Archiv  dee  Mathemaiik  und  Physik,  Vol.  22, 
pages  G4— 106.     1854. 

The  design  of  thia  memoir  is  to  discuss  in  aa  elementary 
manner  the  subjects  mentioned  in  its  title,  and  there  is  no  reference 
in  it  to  the  Calculoa  of  Variations. 

442.  Serret.  On  the  least  surface  comprised  between  given 
right  lines  not  situated  in  the  same  plane.  Comptes  Rendus ... 
Vol.  40,  pages  1078—1082.     1855. 

Legendre  asserted  that  the  least  surface  comprised  between  two 
given  right  lines  which  are  not  situated  in  the  same  plane  is  the 
hiliyoide  gauche;  see  Art.  428,  Serret  shews  that  this  assertion 
is  incorrect,  for  there  is  an  infinite  nnmber  of  such  surfaces,  and 
the  kili'goide  gauche  is  only  a  particular  case  of  them.  Serret'a 
investigation  is  based  on  Monge's  form  of  the  integral  of  the 
differential  equation  belonging  to  surfaces  of  minimum  area. 

443.  Bonnet.  On  the  determination  of  the  arbitrary  functions 
which  occur  in  the  integral  of  the  equation  for  surfaces  of  minimum 

Comptet  Rendua  ...  Vol.  40,  pages  1107—1110.     1855. 
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Bonnet's  design  la  to  shew  that  the  question  discuBsed  by  Serret 
on  pages  1078—1082  of  tliia  volume  of  tlie  Comples  Sendtis ... , 
and  similar  questions  of  greater  difficnltj,  may  be  investigated  by 
means  of  tlie  formula  wliich  he  liimaelf  gave  in  the  37th  volume  of 
the  Comptes  Rendiu  ... ;  Bce  Art.  440. 

444.  Roger.  Memoir  on  a  certain  class  of  curves,  Comptea 
Bendua ...  Vol.  40,  pages  1176,  1177.     1855. 

This  is  a  brief  account  by  the  author  of  the  results  of  his  in- 
vestigations.    It  is  as  follows. 

We  may  imagine  in  space  or  on  a  given  surface  an  infinite 
numbfir  of  different  trajectories  which  a  particle  can  describe  under 
the  action  of  a  given  system  of  forces.  Among  these  trajectories 
I  have  considered   those   which   make   an   integral   of  the   form 

I  ^{v)da  a  minimum,  where  ^ (ti)  is  a  certain  function  of  the 

Telocity,  supposed  known  in  terms  of  the  co-ordinates  of  the  moving 
particle,  and  s  is  the  arc  described  from  the  starting-jwint. 

Some  curves  which  have  been  already  studied  under  variouB 
points  of  view  fall  under  the  class  which  I  have  defined,  and  form 
particular  cases  of  it.  The  principal  are  the  following.  1.  Geodesic 
lines  which  correspond   to  the  case  for  which  ^  (r)  =  a  constant. 

2.  BrachlstochrODes  for  which  ^  (v)  =  - .  3.  The  trajectoriea  of 
least  action  which  are  obtained  by  taking  0  (c)  =  t; ;  these  trajec- 
tories by  a  well-known  principle  due  to  Euler  are  those  which  the 
moving  particle  is  naturally  led  to  describe  under  tlie  action  of  the 
g;iven  forces.  4.  The  lines  of  greatest  slope  [Ugnes  de  plus  grande 
pente)',  these  form  a  peculiar  species,  which  I  find  corresponds  to 

the  case  of  yA-4  =  0,  whatever  v  may  be. 

The  lines  belonging  to  these  different  species  and  to  other 
species  of  the  same  claaa  which  have  not  as  yet  obtalnett  a 
definition,  or  rather  a  distinctive  ap|>ellation,  possess  on  the  one 
hand  a  set  of  common  properties,  and  on  the  other  hand  properties 
peculiar  to  the  different  species ;  tlie  study  of  these  properties  ap- 
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pears  to  me  to  have  some  interest.  The  most  striking  results  wUch 
I  hare  obtained  are  the  following. 

I.  If  we  suppose  on  a  given  surface  a  series  of  trajectories  of 
the  same  species  which  start  normally  from  the  same  curvey  and 
take  on  each  of  them  arcs  described  in  the  same  time,  the  curve 
formed  hy  the  extremities  of  these  arcs  will  be  itself  normal  to 
every  one  of  the  trajectories,  if  these  trajectories  are  geodesic  lines 
or  brachistochrones,  and  only  in  these  two  cases.  (This  theorem 
has  already  been  demonstrated  for  geodesic  lines  by  Gkuss  and  for 
brachistochrones  by  Bertrand.) 

IL    The  trajectories  of  least  action,  the  brachistochrones,  and 

generally  the  species  for  which  the  ratio  ^,\  \  vanishes  when  t?  =  0, 

<f>  [v) 

are  tangents  to  the  lines  of  greatest  slope,  or,  which  is  the  same 

thing,  are  normals  to  the  curves  of  level  {courbes  de  niveau)  ^  in  all 

the  points  where  the  velocity  is  zero. 

in.  If  we  suppose  the  moving  particle  to  be  free  or  to  be  con- 
strained to  move  on  a  plane,  and  consider  the  ratio  of  the  centrifhgal 

force  —  to  the  component  N  of  the  force  estimated  along  the  radius 

of  curvature  of  the  path  described  by  the  particle,  then 

1.  For  all  the  curves  which  make  the  integral  \^{v)ds  o,  mini- 
mum the  ratio  of  the  component  N  to  the  centrifugal  force  is  con- 
stant throughout  the  extent  of  any  curve  of  level. 

2.  This  ratio  is  absolutely  invariable  for  all  the  particular 
species  determined  by  a  function  of  the  form  j>  {v)  =  v*,  where  h  is 
an  arbitrary  constant,  which  is  in  fact  the  value  of  the  ratio  of 

r 

3.  In  a  more  special  manner  this  ratio  reduces  to  ±  1  for  bra- 
chistochrones and  for  curves  of  least  action ;  so  that  in  these  two 
species  the  component  N  is  equal,  in  actual  magnitude,  to  the  cen- 

trifugal  force  —  ,  and  this  property  belongs  exclusively  to  these 
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two  CTurves,  inclndiiig  the  right  line,  which  may  be  considered  M 
R  variety  of  either  of  tliem. 

TV.  If  a  curve  belongs  to  two  different  sjiecies  it  will  posaess 
the  properties  of  all  the  species ;  that  is,  it  will  bo  at  every  point 
geodesic,  curve  of  Icaat  action,  brachistochronc,  line  of  greatest 
Blope,  &c.  For  example,  in  the  case  of  gravity,  any  meridian  of 
a  aurfacc  of  revolution  with  its  axis  vcrticaL 

Thifl  is  tbe  end  of  the  author's  account  of  the  restilts  of  hia 
investigations.  It  woqM  ajipcar  that  these  investigations  constitute 
a  development  of  the  memoir  published  in  Vol.  13  of  Liouville's 
Journal  of  Matiemati'cti ;  see  Art.  413.  In  that  memoir  Roger 
explains  what  he  means  by  a  line  of  greatest  slope  and  by  surfaces 
of  level.  It  is  there  stated  that  the  theorem  attributed  to  Gauss 
was  published  by  him  in  the  memoir  in  the  6th  volume  of  the 
Gottingcn  TrauBactions.  The  theorem  attributed  to  Bertrand  a 
there  proved  by  Roger.  Roger  first  supposes  tlie  curvea  to  start 
all  fr&m  the  same  point;  he  says  that  this  theorem  was  communi- 
cated to  him  by  Beitrand,  aud  he  also  gives  Bortrand's  proof,  which 
is  as  follows. 

Suppose  a  point  ou  a  surface;  sec  figure  13.  Let  AM,  AM', ... 
be  brachidtochrones,  commencing  at  the  same  point  A,  audi  that 
they  woidd  be  described  in  equal  tiuiea  by  particles  starting  from 
A  with  the  same  velocity;  then  the  locus  of  the  points  M,  M', ... 
will  be  normal  to  every  brachiatochrone.  For  if  the  angle  at  M' 
be  acute  wo  can  make  at  M  an  angle  NMM'  greater  than  NM'M; 
then- we  shall  have  MN  leas  than  M'N;  thus  the  moving  particle 
having  arrived  at  N  with  a  cortaiu  velocity  would  describe  tlie 
element  NM  in  less  time  than  it  would  describe  the  element  NM',  ila 
Telocity  not  being  sensibly  altered  while  describing  the  element ; 
tlius  the  curve  ji.ViI/ would  be  de.icribed  in  leas  time  tlian  AN^M', 
that  is  in  less  time  than  AM,  whicli  is  absurd. 

445.  Catalan,  Note  on  a  surface  at  every  point  of  which  the 
radii  of  curvature  are  equal  and  of  opposite  sign.  Comptes  Rendus ... 
Vol.  41,  pages  35—38.    1855. 

Catalan  proposes  to  consider  whether  the  well-known  differential 
equation  admits  of  a  solution  of  the  form  e-:^(ar) +  ^(y).     He 
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shews  that  the  only  solution  of  such  a  form  is  one  which  m 
flimpleat  form  may  be  written  z  =  log  cos  y  —  log  cos  x.     He  also 
points  out  many  propertiea  of  the  surface  denoted  by  this  equation. 
This  equation  had  been  noticed  before ;  see  Art.  428. 

446.  Catalan.  Note  on  two  surfaces  which  have  at  every 
point  their  radii  of  curvature  equal  and  of  opposite  sign.  CWiptea 
Remlus:.  Vol.  41,  pages  274— 276.     1855. 

Two  surfaces  are  here  given  wlsich  satisfy  the  well-known 
differential  equation.  One  of  tliem  is  that  determined  by  equa- 
tion (3)  of  Art.  428.  Catalan  points  out  some  properties  of  thia 
surface. 

447.  Catalan.  On  the  surfaces  which  have  at  every  point 
their  radii  of  curvature  equal  and  of  opposite  sign.  Comptea 
JRendua  ...  Vol.  41,  pages  1019—1023.    1855. 

This  is  an  extract  from  a  memoir  on  the  subject  named.  Some 
results  are  given  without  deraonatration,  Catalan  appears  to  bavo 
transformed  the  differential  equation  into  forms  more  convenient 
for  integration  than  the  common  form.  He  is  thus  enabled  to 
obtain  the  integral  in  a  more  convenient  form  than  Monge's.  Soma 
new  examples  are  given  of  surfaces  which  have  the  property 
considered. 

448.  Bonnet.  Observations  on  Minima  Surfaces.  Compter 
SenduB  ...  Vol.  41,  pages  1057,  1058.    1855. 

Bonnet  adverts  to  three  notes  on  the  subject  of  Surfaces  of 
minimum  area  which  Serret  had  communicated  to  this  volume  of 
the  Comptes  liendus ...  Bonnet  intimates  that  his  own  fonnulsa  in 
the  37th  volume  of  the  Comptes  Rendus ...  had  rendered  such 
investigations  superfluous.  Bonnet  claims  for  himself  the  example 
given  by  Catalan  in  his  second  note,  which  as  we  have  seen  had 
been  given  before  either  of  them  by  Scherk ;  see  Arts.  446  and  428.  ■ 
Bonnet  then  adds  two  more  examples  of  the  use  of  his  formulae. 

On  page  1155  of  the  41st  volume  of  the  Comptes  Sendus  ... 
Catalan  offers  a  brief  reply  to  the  remarks  of  Bonnet.  This  reply 
was  referred  by  the  Academy  to  the  members  who  had  already 
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been  appointed  to  examine  Catalan's  memoir,  namely  Liouville, 
Binet  and  Chaales. 

449.  Bonnet.  Note  on  the  BOrfaces  for  whicb  the  sum  of  the 
two  principal  radii  of  curvature  is  equal  to  twice  the  normal. 
Complex  Rendits  ...  Vol.  43,  pages  110 — 112.    1856. 

This  is  an  application  of  the  formulffl  which  Bonnet  gave,  as 
he  says,  in  the  Compter  Rcndua  ...  Vol.  37,  page  349,  to  the  deter- 
mination of  a  class  of  surfaces  which  have  a  remarkable  analogy  to 
the  Hiufaces  of  minimum  area.  Page  349  aeems  to  be  put  by 
mistake  for  page  A29. 

450.  Bonnet,  New  remarks  on  sorfaoes  of  minimom  area. 
Comptea  Rendua  ...  Vol.  42,  pages  532—535.    1856. 

Bonnet  says  that  this  article  contains  a  simpler  eolation  than 
that  which  he  had  given  in  Vol.  40  of  the  Comptea  Rendua  ...  of  the 
problem  to  determine  the  surface  of  minimum  area  which  touches 
a  given  surface  along  a  given  curve. 

451.  Liouville.  Itcmarkable  expression  of  the  quantity  which 
by  the  principle  of  least  action  is  a  minimum  in  the  movement  of 
a  system  of  material  particles  subject  to  any  connexions.  Compte$ 
.Kenrftw...  VoL  42,  pages  1146— 1154.    1856. 

This  article  is  not  connected  witli  tlie  Calculus  of  Variations ; 
it  ia  iotcrcstbg  in  its  relation  to  Dynamics. 

452.  Eichelot.  Remarks  on  the  tbeoiy  of  Maxima  and  Minima. 
Scitamachtr'a  Astrotwmuche  NachrK/tten.    No.  IH6.    1858. 

Thia  article  relates  to  the  ordinary  theory  of  maxima  and 
minima  values  of  tlie  UifTereutial  Calculus. 

453.  Bichelot.  On  the  theory  of  elliptic  functions,  and  on 
the  differential  equations  of  the  Calculus  of  Variations.  Comptta 
Rendua...  Vol.  49,  pages  641-645.     1859. 

This  article  slates  that  the  differential  equations  furnished  by 
tlic  C^ilcuhis  of  Variations  for  the  maximum  or  minimum  of  an 
integral  may  be  transformed  into  other  differential  equatiooB  of  tb« 
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first  order  and  first  degree,  which  take  what  the  author  calls  the 
canonical  form ;  this  term  is  used  because  the  form  agrees  with 
the  analogous  form  in  Dynamics.  Richelot's  object  is  thus  the 
same  as  that  of  Ostrogradsky  and  Clebsch ;  see  Art.  317* 

454.  Bode  and  Fischer.  Mathematische  Lehrstunden  von  K. 
S.  ScheUbach.  Aufgaben  aits  der  Lehre  vom  Grossten  und  Klein- 
stenj  bearbeitet  und  herausgegeben  von  A.  Bode  und  E»  Fischer. 
1860. 

This  is  an  octavo  volume  of  154  pages  containing  elementaij 
problems  not  involving  the  Differential  Calculus. 

455.  We  have  in  Art.  327  referred  to  some  remarks  hj  Loffler 
as  destitute  of  value;  since  that  article  was  printed  the  present 
writer  has  seen  a  later  paper  by  Loffler.  This  paper  is  entitled 
Beitrag  zum  Probleme  der  Brachystochrone ;  it  is  published  in  the 
41st  volume  of  the  Sitzungsberichte  of  the  Academy  of  Sciences 
of  Vienna,  pages  53 — 59,  1860.  It  is  remarkable  that  a  scientific 
society  should  print  a  communication  with  so  little  to  recom- 
mend it. 

LSffler's  notion  is  that  the  limiting  equations  in  problems  of 
maxima  and  minima  are  often  inadmissible  or  contradictory,  and 
that  in  the  brachistochrone  problem  they  do  not  supply  sufiicient 
conditions. 

He  takes  for  example  the  case  in  which  we  require  the 
maximum  or  minimum  value  of 

and  supposes  that  the  limiting  values  of  y  are  not  fixed.     The 
term  outside  the  integral  sign  in  the  variation  of  /  ( y"  +  — ^^ — ]  dx 

is  2g'Bg ;  and  Loffler  says  that  it  is  equal  to  (a^  + ^J  Sy,  where 

Cj  is  a  constant.  Thus  the  coefficient  of  Sg  is  infinite  when  x=^a 
and  so  we  cannot  make  the  integrated  part  vanish  at  the  lower 
limit.    Loffler  has  not  given  the  coefficient  of  Sy  correctly ;  for  to 
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make  the  proposed  expreBsion  a  maximitm  or  miiumam,  we  bare 
the  equation 

a  —  x       "  ' 
and  this  leads  to 

2y  =  a,x  +  n,  -  («  -  a)  log  {x  -  a), 
where  a,  and  a,  arc  arbitrary  constants. 

Thus  2y'  =  o,-!-Iog(aj-a), 

and  this  should  be  the  coefficient  of  Si/  instead  of  what  Liiffler 
gives.  Nevertheless  it  is  true,  as  he  says,  that  this  coefficient  is 
infinite  when  x  =  a;  this  indicates  that  if  the  limiting  values  of 
y  are  not  fixed  the  proposed  integral  cannot  be  made  a  mozi- 
ninrii  or  a  minimum,  and  this  iuvolvca  no  contradiction  and  no 
difficulty. 

Ijjffler  next  considers  the  brachistochrone  problem  on  the  anp- 
poaition  that  the  initial  point  is  constrained  to  lie  on  one  fixed 
vertical  line  and  the  final  point  on  another  fixed  vertical  line. 
Take  the  axU  of  y  vertically  downwards,  and  let 
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If  we  proceed  to  make  U  a  minimum,  ve  obtain  in  the  usual 
war 

where  a,  is  a  constant.    The  integrated  part  of  the  variation  re- 
duces to 
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and  this  will  not  vanish  if  Sy  is  arbitraty  at  both  the  limits  unless 
y'  vanishes  at  both  limits.  LofBer  says  that  this  is  inadmissible, 
because  the  first  element  of  the  cycloid  must  be  vertical  and  not 
horizontal.  There  is  no  reason  for  saying  that  the  first  clement 
of  llie  cycloid  niu3t  be  vertical ;  the  fact  is  that  our  result  indi- 
cates that  there  is  no  minimum  in  the  present  case ;  see  Art.  23. 
Then  ia  therefore  here  no  contradiction  and  no  dilficulty. 
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L5£9ier  now  takes  the  general  brachistochrone  problem  when 
the  initial  and  final  points  are  constrained  to  lie  on  given 
curves,  and  the  velocity  is  supposed  given  at  the  initial  point 
He  puts^down  a  few  of  the  steps  and  arrives  at  the  results  which 
we  have  denoted  thus  in  Art.  300, 

{/?^'(a;)  +  l},  =  0,    x(^,)i>,+  l=0; 

therefore  '^'(^J  ==  x'(^i)* 

He  then  asserts,  quite  untrulj,  that  from  the  nature  of  the 
cycloid,  we  must  have 

and  on  this  error  he  constructs  a  large  figure  and  a  corresponding 
page  of  text. 

Lastly,  he  considers  that  there  are  not  enough  conditions  for 
determining  the  constants  of  the  problem;  he  seems  to  be  in 
difficulty  with  respect  to  the  quantity  A,  But  in  the  case  which 
he  has  himself  considered,  A  is  equal  to  the  value  of  y  at  the 
initial  point ;  and  if  A  were  any  given  function  of  the  value  of  y  at 
the  initial  point  the  problem  could  be  discussed  in  a  similar 
manner.  Loffler^s  difficulties  arise  solely  from  his  own  miscon- 
ceptions. 


CHAPTER    XVII. 

CO>'DITIONS  OF  INTEGRABILITY. 


456.  The  present  chapter  will  be  devoted  to  tlie  subject  of 
the  criteria  which  determine  whether  proposed  expressions  are 
immediately  integrable.  The  history  of  the  subject  has  not  hitherto 
been  fully  treated ;  and  it  will  be  secu  that  the  stalcmenta  which 
have  been  made  are  deficient  in  precision. 

457.  In  Gregory's  Examples  of  the  processes  of  the  Differenlial 
and  Integral  Calculus,  first  edition,  page  285,  the  relations  are 
given  which  must  hold  in  order  that  a  function  involving  two 
variables  and  their  difTerentiala  may  be  integrable  once,  twice, 
thrice,...  Gregory  aaya,  "these  remarkable  formulic  were  first 
discovered  by  Enler  (CWnm.  Pelrop.  Vol.  viii.)  in  his  investigations 
concerning  maxima  and  minima."  This  does  not  appear  correct; 
Eulcr  first  gave  the  relation  which  must  hold  in  order  that  & 
function  of  one  variable  and  ita  differential  coefficients  may  be  in- 
tegrable once,  but  not  in  the  place  which  Gregory  cites. 

The  eightli  volume  of  the  Comm.  Pelrop.  is  represented  to  be  for 
the  year  1736,  and  was  published  in  1741.  It  contains  a  memoir 
by  Eoler,  entitled  Curvarum  maximi  minimive  propritlaU  gauden- 
tium  invenlio;  there  is  nothing  in  this  memoir  relating  to  the 
conditions  of  integrability. 

The  eighth  volume  of  the  Novt  Comm —  Peirop.  is  represented 
to  be  for  1760  and  1761,  and  was  published  in  1763 ;  it  has  nothing 
bearing  on  (he  conditions  of  integrability. 

458.  The  tenth  volume  of  the  Novi  Comm. ...  Petrop.  is  re- 
presented to  be  for  1764,  and  was  published  in  1766;  this  volimte 
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contains  two  memoirs  by  Euler,  connected  with  the  Calculus  of 
Variations.  The  first  memoir  is  entitled  Elementa  Calculi  Varia- 
ttonum;  the  second  memoir  is  entitled  Analytica  expltcatio  methodi 
maocimorum  et  mtnimorum.  At  the  end  of  the  second  memoir 
Euler  says :  Antequam  autem  liniam  examini  Analystanim  egre- 
gium  Theorema  subjiciam  cujus  Veritas  ex  principiis  hactenus 
positis  hand  diflSculter  perspicitur,  et  quod  in  Calculo  integrali 
eximium  usum  prsBstare  videtur.  The  theorem  is  that  Z^dx  is 
integrable  if 

,^    dP    d'Q     d'R     d'S 

^^      dx^  da?      dx'^dx'      '"      "' 

and  that  Zdx  is  not  integrable  unless  this  relation  holds;  NyP^  Q,... 
being  derived  from  Z  in  the  well-known  manner. 

This  appears  to  be  the  earliest  reference  to  the  Theorem. 

469.  The  third  volume  of  the  first  edition  of  Euler's  treatise  on 
the  Integral  Calculus  was  published  in  1770;  the  present  writer 
has  not  seen  it,  but  this  date  is  assigned  to  it  by  Strauch  in  his 
preface,  page  x,  and  the  date  is  confirmed  by  the  testimony  given 
in  Vol.  15  of  the  Novt  Comm, ...  Petrop,  which  will  presently  be 
quoted. 

It  appears  that  the  third  chapter  of  the  part  which  treats  of 
the  Calculus  of  Variations  contains  the  theorem,  that  the  necessary 
and  sufficient  condition  for  the  integrability  of  Vdx  is  that 

^  dP^d'Q   dmd'8      _^. 

the  proof  given  is  in  substance  the  same  that  has  usually  been 
adopted  in  Treatises  on  the  Calculus  of  Variations.  The  present 
writer  has  not  had  the  opportunity  of  consulting  the  first  edition  of 
Euler's  Integral  Calculus,  so  that  he  cannot  assert  positively  that 
the  proof  is  there  given.  Bertrand,  in  his  Memoir  in  Cahier  28  of 
the  Journal  de  VEcoh  Polytechnique,  quotes  Euler's  proof  but 
without  giving  any  precise  reference.  The  passage  Bertrand  quotes 
occurs  in  Art.  92,  page  425  of  the  second  edition  of  Euler's  Integral 
Calculus ;  the  date  of  the  volume  is  1793.    In  the  same  volume. 
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Art,  129,  page  454,  Euler  givca  the  form  of  the  variation  of  I  Vdx, 

wliere  V  contains  two  dependent  varialjleB  y  and  z,  and  their  diifer- 
cntial  cocifiicieDts  with  respect  to  j.  From  liia  result  he  infers  in 
Art.  131  tliat  two  relations  must  be  satisfied  in  order  that  Vdx  maj 
be  integrable,  namely, 


N 


dPd'Q 


d'S 


,  -..,=0, 


and  a  similar  relation   in  connexion  with  z   and  its  differential 
coefficients. 


460.  The  fifteenth  volume  of  the  Novt  Coram. ...  I^strop.  ia 
represented  to  be  for  the  year  1770,  and  vraa  published  in  1771.  It 
contains  a  memoir  of  68  pages  by  Lexell,  entitled  De  criteriis  Inte- 
(jrnhiUlatis  formularum  Differtntiatium.  There  is  a  short  account 
of  this  memoir  given  in  pages  18 — 2^  of  the  volume.  In  this 
acconnt  Euler's  theorem  is  referred  to  as,  insignc  Theorcma  ab  HI. 
Eiilcro  in  Tomo  in.  Cfllcnli  Intcgralis  allatum,  and  tlic  following 
statement  is  made.  Hoc  autem  Tlieorenia,  licet  jam  demum  anno 
prieterito  iu  nniiquam  satis  laudato  oftere  Calculi  Integralit  evul- 
galum  fuit,  tamcn  ad  minimum  ante  16  annos  ab  Illu^tris.  ejus 
Auctore  invcntum  fulssc  cortlsaimo  nobis  habemns  pcrspectum. 
Qiium  vero  interca  Illnstr.  Kaleros  hoc  Theorema  cum  inaigni 
quudam  Gallitc  ilathcmatico  communicassct,  probabile  omnino  est, 
Illustr.  Uarchiunem  de  (Jondorcet  per  cum  in  cognitionem  hujus 
Theorematis  perveuisse.  Ex  Historia  enim  lUustri^^imie  Academ. 
Sctent.  Fnriaint^  pro  annis  1764  et  1765  accepimntt,  modo  landatum 
Marchioncm  primum  dcmonstretioncm  hujus  Theorematis  cum 
Illustr.  Acad.  Pari»iua  coramunicaase,  turn  vero  conscripto  Tractata 
de  Calculo  InUgrali  doctrinam  de  criteriis  integrabilltatis  omniuo 
fusius  expticassc. 

It  seems  singular  that  in  this  passage,  vhich  claims  priori^ 
for  Euler,  it  is  implied  that  the  theorem  was  first  given  by  Euler 
in  his  lutugral  Calculus  in  1770,  when  wo  have  seen  tlmt  it  was 
really  given  by  him  in  the  volume  of  the  Xovi  Comm. ...  published 
in  1766.    Lexell,  in  his  memoir,  givea  the  crittuia  which  detennine 
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when  an  expression  admits  of  integration  several  times  in  suc- 
cession. 


461.  The  volume  of  the  IlUtoire  de  VAcadime  ...de  Faria... 
for  the  year  1765  was  published  in  1768.  Here  on  pages  54  and  55 
we  find  the  following  statements.  M.  Le  llarquis  de  Condorcet 
presented  to  the  Academy  a  treatise  on  the  Intcgial  Calculus.  He 
solves  this  problem;  given  a  differential  equation  of  any  order 
with  any  number  of  variables,  required  to  determine  if  this  equa- 
tion in  the  state  in  which  it  is  proposed  admits  or  does  not 
admit  of  an  integral  of  an  inferior  degree.  This  important  solu- 
tion is  given  with  all  the  elegance  and  all  the  generality  pos- 
sible. 

Lacroix,  TratU  du  Calc.  Diff. ...  Vol.  2,  page  238,  &&yfi  "  ...  je 
passerai  aux  Equations  de  condition  qu'Euler  a  rencontrfJes  par 
une  sorte  de  hasard,  et  qni  out  6t6  d^raontr^es  pour  la  premifere 
fois  directement  par  Condorcet,  dont  je  suivrai  d'abord  la  marche." 
Accordingly  we  may  presume  tliat  Lacroix  gives  Condorcet's 
method.  The  necessity  of  the  condition  is  shewn  very  distinctly, 
and  the  conditions  are  given  which  must  hold  for  a  function  to 
admit  of  integration  twice,  thrice,  &c, 

462.  The  sixteenth  volume  of  the  Novi  Comm, ...  Petrop.  is 
represented  to  be  for  the  year  1771,  and  was  published  in  1772. 
It  contains  a  memoir  by  Lesell  which  occupies  59  pages.  Lexell 
says  that  be  wished  to  give  some  examples  of  the  application  of 
the  criteria  of  integrability,  and  also  to  give  a  new  demonstration 
of  Euler's  theorem,  since  that  which  lie  formerly  gave  was  liable 
to  objection. 

Lacroix,  in  his  Traiii  du  Calc.  Dif.  ...  Vol.  2,  page  249,  sayg, 
On  trouve  dans  les  Novi  Commentarn  Acad.  Petr<^.  T.  XV.  et 
XVI.  deux  Memoires  dans  lesquels  M.  Lexell  s'est  proposd  de 
prouver  la  proposition  ci-dessus ;  mais  sea  proc<!d(!3  sont  extrfime- 
ment  compliqui^s,  et  ont  paru  tela  h  M.  Lagrange.  {Lapns  sur  le 
Calcul  des  Fonctions,  p.  409,  de  I'^dition  tw-S"  imprimiSe  par 
M,  Conrcier,  en  1806.)  Lagrange's  words  are  quoted  in  the  next 
article,  and  they  do  not  bear  out  the  remark  of  Lacroix ;  La- 


C0KDITI0N3  OF   INTEQEABILITY.  509 

grange  says  tliat  the  demonstration  in  the  fifteenth  volume  is 
complicatfid,  and  says  nothing  of  the  other  demonstration,  wliile 
Lacroix  speaks  of  Lagrange's  opiuion  of  hath  demonstrations. 

463.  Lagrange  has  proved  both  the  necessity  and  sniliciency 
of  the  condition  of  integrability  for  the  case  of  a  single  dependent 
variable ;  and  he  adds  that  In  tlie  same  way  the  two  conditions 
cjin  be  obtained  which  must  hold  when  there  are  two  dependent 
variables.  See  the  ThSerrie  des  Fonctiotis,  first  edition,  page  217 ; 
and  the  Le^otta  aitr  U  Calcul  Jrjt  Fonctxons,  edition  of  1806,  page 
402.  It  is  usual  on  this  point  to  refer  to  the  latter  work,  but  the 
proof  is  substantially  the  same  in  the  two  works,  though  the 
natun  of  it  is  perhaps  seen  more  readily  in  the  former  work. 

On  page  409  of  the  latter  work,  after  Lagrange  has  given  his 
proof,  he  remarks,  Koua  venons  de  prouvcr  non  seulement  que  la 
fonction  propos^e  ne  pcut  6tre  une  fonction  d<^rivt?e  cxacte,  iL  moins 
que  1' (Equation  de  condition  n'ait  Heu,  comme  Enler  et  Condorcet 
I'avaicnt  trouvfe,  maia  encore  que  si  cette  ^nation  a  lieu,  la 
fonction  sera  n^esairement  une  d^riv^  exacte,  cc  qui  reatait,  ce 
me  serable,  li  d^montrer;  car  la  demonstration  qn'on  en  trouve 
dans  le  tome  xv.  dca  AWi  Commenlarii  de  PtSlerabourg.  est  si  com- 
pliqo^,  qa'il  est  difficile  dc  jngcr  do  sa  justease  et  de  sa  gtSn^mlit^, 

464.  In  the  Le^na...  Lagrange,  after  investigating  the  con- 
ditions of  integrability,  gives  some  examples  of  their  use;  ace 
pages  417^-421  of  the  work.  Suppose  in  the  first  place  that  we 
have  a  function  of  the  firet  order  f{x,y,yf);  the  condition  that 
it  may  be  an  exact  differential  is 

/■M-[/'W]'-o- 

In  order  tliat  this  may  be  identical  /'{y")  mast  not  contain 
y',  for  if  it  did  t,/"'{^')]'  would  contain  y",  and  as  y"  would  not 
occur  in  /'(y),  the  whole  expreaBion/'(y)  -  [/" (y')]'  would  not 
vanish  identically. 

Thus  f[x,  y,  y)  must  be  of  the  form 
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then  it  will  be  found  that  the  condition  reduces  to 

Next,  consider  a  function  of  the  second  order /(a?,  y,y',  y") ;  the 
condition  that  it  may  be  an  exact  differential  is 

/(y) -[/'(y')]' +[/(/)]" =0. 

As  before,  it  is  necessary  that/'(y")  should  not  contain  y"; 
so  that  /(a?,  y,  y\  y")  must  be  of  the  form 

Then  it  will  be  found  that  the  equation  of  condition  will 
become 

^'  (y) + /  f  (y)  -  W  (y')]'  +  [f  (^)]' + [y'f  (y)]' = o. 

Let  ^'{x)  +y^'{y)'"^'{y')  be  denoted  by  x  {^y  y»  y')>  so  that 
the  condition  becomes 

^'(y)+y"f(y)  +  [x(^,y,y)]'  =  o; 

that  is 

^'(y)+x'(^)+yx'{y)+y'[f(y)+x'(y')]=o. 

And  y'  does  not  occur  in  any  of  the  functions  '^'(y),  x'(^), 
xiy),  so  that  the  last  equation  cannot  be  identically  true  unless 

<^'(y)  +  x'(y')  =  o, 
and  ^'(y)+x'(^)+yV(y)  =  o. 

Lagrange  adds  on  page  421 — Li  like  manner  as  in  the  case  of 
a  function  of  the  second  order,  the  equation  of  condition  decomposes 
into  two  which  must  hold  simultaneously,  so  it  may  be  proved  that 
for  a  function  of  the  third  order  it  will  decompose  into  three,  for  a 
function  of  the  fourth  order  it  will  decompose  into  four;  and  so  on. 
This  statement  has  been  developed  in  two  elaborate  memoirs  by 
Baabe  and  Joachimsthal.  Raabe's  memoir  is  in  Crelle's  Mathematical 
Journal,  Yol,  Sly  pages  181 — 212.  1846.  Joachimsthal's  memoir  is 
in  CtgIIq' Q  ifathematicalJoumal,  Vol.  33,  pages  95—116.    1846. 
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465.  Ab  we  have  already  stated,  Lacroix  gives  a  proof  of  the 
necesiiiy  of  the  conditions  of  integrability.  Hia  method  is  inde- 
pendent  of  the  Calculus  of  Variations.  But  he  does  not  prove  the 
sufficiency  of  the  conditions  Ly  this  method,  hut  refers  to  the  Cal- 
culus of  Variations  on  this  point.  Accordingly  he  returns  to  the 
subject  in  tlte  chapter  on  the  Calculus  of  Variations,  and  there  he 
improTes,  as  he  considers,  EuJer'a  proof;  see  the  Trail/  du  Calc, 
Biff. ...  Vol.  2,  pages  249  and  7G4. 

466.  The  fourteenth  volume  of  Gergotme'a  Annales  A  MaOii' 
matiqurs  contains  a  memoir  on  the  intcgrahility  of  differential 
expressions  by  M,  F.  Sarms ;  the  date  of  publication  is  January, 
1834.    The  memoir  occupies  pages  1U7 — 205  of  the  volume. 

Sarrus  begins  by  referring  to  the  remarks  of  Lagrange  which 
we  have  quoted  in  Art.  463.  He  then  proves  that  the  conditions 
of  integrability  are  necessary;  he  takes  the  case  in  which  two 
variables  x  and  y  are  functiona  of  a  third  variable  (,  and  an  ex- 
pression involves  x  and  y  and  their  differential  coefficients.  In 
proving  that  the  conditions  are  necessary,  Sarrus  adopta  precisely 
the  same  method  as  Lacroix,  but  he  does  not  give  any  reference  lo 
him  or  to  Coiidorcct.  Sarrus  then  proves  that  the  conditions  are 
sufficient. 

The  demonstration  given  by  Sarrus  is  perhaps  the  best  for 
elementary  purposes  that  has  yet  appeared,  unless  it  be  considered 
preferable  to  prove  the  ueceaatty  of  the  conditions  in  the  manner 
given  by  Sarrus,  and  the  sufficivacy  of  the  conditions  in  the  manner 
given  in  Moigno'a  Legona  de  Oalc.  Diff.  el  de  Calc.  ltd. 


467.  Another  memoir  on  the  conditions  of  integrability  ap- 
peared in  the  fourteenth  volume  of  Gergonue's  ^nna^ed  ...,  pages 
319—323. 

The  question  considered  is  the  following.  Suppose  Fa  ftmetion 
of  X  and  y  and  their  differential  coetBcients  with  respect  to  a  third 
variable  (.  Then  the  two  conditions  which  muat  hold  in  order 
that  Vdt  may  be  integrable  are  known  from  the  memoir  of  Samu. 
^ow  suppose  that  y  is  made  a  fruKtion  of  a;,  it  is  obvious  that  a 
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single  condition  would  ensure  the  integrabilitj  of  Vdt ;  it  is  required 
to  find  tliat  condition.    The  result  is 

where  X  and  Y  are  the  functions  which  we  should  have  to  equate 
to  zero  to  ensure  the  integrabilitj  of  Vdt  if  y  had  not  been  made 
a  function  of  x.  This  result  is  obtained  bj  simple  transformations. 
The  result  may  be  easily  obtained  by  the  Calculus  of  Variations ; 
for  if  y  be  not  supposed  a  function  of  a;,  we  obtain  in  the  ordinary 

way  for  the  unintegrated  part  of  S  /  Vdt  the  expression 

/{X(s.-gs,)+r(8,-|s.)}*, 
suppose  y  is  made  a  function  of  x,  then  this  term  becomes 

dt^ 

Thus  in  order  that  Vdt  may  be  integrable,  we  must  have 

dy^ 

ax 

At  the  end  of  the  memoir  the  writer  says  that  the  condition  is 
exactly  that  of  Lagrange,  Legona ...  page  412  of  the  edition  of  1806. 
But  Lagrange  has  there  a  diflferent  question  before  him;  Lagrange's 
result  is  in  fact  that  which  we  have  noticed  in  Art.  93,  and  have 
expressed  thus, 

Ey'  +  Kz  =  0. 

468.  Graeffe  briefly  refers  to  the  condition  of  integrability  on 
page  46  of  his  essay ;  see  Art.  306.     He  quotes  the  theorem  of 
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£ulei  OS  we  have  given  it  in  Art.  458,  and  says,  AUnifcato  Eulerna 
ad  illom  sequatlonem  in  queestionibus  qaEB  ad  caicnlum  rariatioQum 
flpectant,  inBtitnendls  venit,  unde  accidit,  ut  Lis  principiia  ttieorema 
fiuperstmeret.  Sed  ejusdcm  evidentia  adhuc  desiderabatur  et  quan- 
quam  Condorcet  et  Lexell  dcmonstrationcni  in  eoUus  calculi  inte- 
gralla  notionibua  fundatam  lentabant,  Lagrange  tamen  primus  rite 
confirmavit,  si  formula  V  evanescat,  semper  quantitatem  Zdx  inte- 
grari  posse.  Graeffe  refers  to  Condorcet,  du  Calcul  Integral, 
p.  IG  wj.  Novi.  Comm.  ...  Petrop.  T.  xv.  p.  127.  Lagrange 
Le^ona  ...  p.  401  uq. 

469.  In  Poiason's  Memoir  on  the  Calcalns  of  Variations,  pagea 
260 — 270  are  devoted  to  our  present  subject;  see  Art.  96.  Poisaon 
first  shews  very  briefly  the  necessity  of  the  condition.  He  says 
that  if  Vdx  is  an  exact  differential  the  integral  f/will  be  a  function 
oi  x^,  y^,  y^,  y^', ...  y,',  y", ... ;  thus  the  value  of  Sf  must  reduce 
to  the  part  T,  and  therefore  the  factor  H  under  the  integral  sign 
must  vanish ;  see  equation  (3)  of  Art.  86.  Poisaon  adds  the  follow- 
ing words :  "  Thus  the  same  equation  H=  0  which  determines  the 
value  of  ^  corresponding  to  the  maximum  or  minimum  of  U,  when 
Vdx  is  not  an  exact  differential,  roust  become  identical  when 
V<Lr  is  an  exact  differential.     This  remark  is  due  to  Euler,  who 

has  thus  been  the  first  to  express  by  an  equation  the  necessary 
condition  for  the  integrability  of  a  differential  formula  of  any  order. 
Lagrange  has  proved  by  means  of  very  complicated  series  not  only 
that  the  equation  //=  0  is  necessary,  but  that  it  is  sufficient  for  the 
integrability  of  Vdx;  Le^ona  ...  page  409  of  the  edition  of  1806." 

PoisBOD  then  says  that  ho  will  give  a  demonstration  of  the  second 
part  of  the  proposition  which  appears  more  simple  to  him,  and 
which  has  the  advantage  of  presenting  the  integral  of  Vdx  under  a 
finite  form,  when  the  condition  11=  0  holds. 

470.  A  note  by  Samis  is  given  in  the  CompUt  Bendus...  Vol.  i. 
pages  115 — 117,  1835-  Tliis  note  enunciates  some  results,  which 
tlie  author  had  obtained  as  generalisations  of  bis  memoir  in  Qer- 
gonne's  Annates.,,. 

471.  A  memoir  by  Birkaen  on  tiie  conditions  of  integrability 
of  functions  of  Beveral  variables  occnis  in  the  volume  for  1836  of 
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the  Transactions  of  the  Academy  of  Sciences  of  Berlin  ;  the  date  of 
the  volume  ia  1838.  This  memoir  names  Euler,  Condorcet,  Lexell, 
Lagrange  and  Poisson.  Dirkscn  agrees  with  Lagrange  in  speak- 
ing unfavourahly  of  LeselVs  first  memoir ;  and  Dirksen  adds  that 
Lexell's  second  memoir,  which  Lagrange  does  not  mention,  is  nn- 
Batisfaclory,  Dirksen  objects  to  Poiason's  proof,  because  it  depends 
on  the  Calculus  of  Variations,  and  intimates  that  a  proof  depending 
upon  considerations  which  are  not  foreign  to  the  subject,  ia  stilt 
required.  Accordingly,  he  supplies  some  tedious  investigations  on 
the  subject ;  he  proves  both  the  necessity  and  sufficiency  of  the  con- 
dition, considering  tlie  case  of  one  variable. 

472.  A  memoir  by  Bertrand  on  the  conditions  of  integrabili^r 
of  differential  fimctiona  was  published  in  the  Journal  rfe  VEcoU 
Polj/technique,  Cahier  28,  1841,  pages  2i9— 275.  Bertrand  infere 
from  the  words  of  Lagrange  and  Poisson  that  they  did  not  know 
that  Euler  had  professed  to  prove  the  sufficiency  as  well  as  the 
necessity  of  the  condition.  Bertrand  quotes  Euler's  words  as  we 
have  already  stated  in  Art.  459.  After  some  remarks  on  the  history 
of  the  subject,  Bertrand's  memoir  is  divided  into  tliree  eections. 

In  his  first  section,  Bertrand  proves  the  necessity  and  sufficiency 
of  the  condition,  lie  says  himself  that  his  proof  agrees  with 
Euler's  when  the  latter  is  ao  modified  as  to  be  placed  beyond  the 
reach  of  objection.  He  then  shews  how  to  efiect  the  integration 
when  the  condition  ia  satisfied.  Bertrand  then  investigates  the 
conditions  when  a  function  ia  to  admit  of  auccessive  integration ; 
next  he  considers  the  case  when  there  are  two  dependent  variables  • 
and  lastly,  he  considers  the  condition  which  must  hold  in  order  that 

1 1  Vdxdy  may  be  capable  of  expression  without  assigning  any  par- 
ticular relation  between  z,  x  and  y,  where  F"  is  a  iunction  of  x,  v  t 
and  the  differential  coefficients  of  s  with  respect  to  x  and  w.     All  . 
these  investigations  are  simple  and  conclusive. 

Bertrand  begins  hia  second  section  by  saying  that  his  demonstn^' 
tion  in  the  first  section  depended  entirely  on  the  Calculus  of  Van*- 
tions,  and  ao  he  says,  difffere  en  cela  de  celles  qui  avaient  4i&  pro- 
pose jusqu'ici   par  Lexell,  Lagrange,   Poisson,  et  demi&reinvnt 
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encore  par  M,  Sarrus.  These  words  would  suggest  to  a  reader  that 
tlic  memoir  of  Sarrua  was  eubsequeut  to  that  of  Poiaaou,  which  we 
know,  however,  is  not  the  case.  Bertrand  adds  that  these  mathe- 
niaticians  establish  the  sufficiency  of  the  condition  by  effecting  the 
integration,  the  possibility  of  which  they  wish  to  prove,  and  he  saya 
that  they  seem  to  regard  this  as  the  only  difficulty  in  the  question. 
Ho  considers  all  the  demonstrations  which  have  been  given  very 
complicated,  and  thinks  he  has  found  a  simple  demonstration.  Ac- 
cordingly, he  establishes  the  sufficiency  of  the  condition.  His  proof 
is,  as  he  says,  founded  on  the  same  principle  as  Poisaon's,  but  it 
avoids  the  use  of  the  Calculus  of  Variations.  Bertrand's  proof  is  a 
aimplilication  of  Foisson's.  Bertrand  next  proves  the  necessity  of 
the  conditioD ;  thia  proof  seems  rather  difficult  but  decisive. 

In  his  third  section  Bertrand  gives  some  interesting  applications 
to  Mechanics. 


473.  The  second  volamc  of  Moigno's  Lemons  de  Calc.  Diff.  el 
de  Calc.  InUg.  is  dated  1844.  Moigno  refers  to  oar  present  snbjoct 
on  page  xixvii.  of  his  preface,  and  considers  it  on  pages  550 — 563 
of  the  work.  Moigno  states  that  Tjexell,  I<agrange,  and  Poisson 
seem  not  to  have  been  aware  that  Eiiler  had  proved  not  only  lliat 
the  condition  is  necessary,  but  that  it  is  sufficient.  This  seems  in- 
correct so  far  as  I^exell  is  concerned;  for  LexcU  says  that  bis  object 
was  to  give  a  proof  without  luing  tha  Calculua  of  Varialions,  so  that 
he  appears  to  imply  that  the  proposition  had  been  established  by  the 
nse  of  that  calculus. 

Moigno's  proof  was  communicated  to  him  by  M.  Jacques  Binet. 
The  method  of  proving  the  sufficiency  of  the  condition  may  be  de- 
scribed as  an  improvement  on  Bertrand's  simplification  of  Poisson's 
proof.  The  proofs  of  Poisson  and  Bertrand  are  liable  to  failure,  be- 
cause a  certain  quantity  which  occurs  may  become  infinite  or  inde- 
terminate ;  the  proof  given  by  Moigno  is  &ec  from  this  difficul^. 

The  proof  of  the  necessity  of  the  condition  given  by  Moigno 
seems  open  to  an  objection  urged  by  Professor  De  Morgan  in  a 
memoir  which  we  shall  presently  notice.  Mr  De  Morgan  says ; — 
"  Again,  it  is  to  be  shewn,  not  only  that  the  criterion  is  aufficienl, 
but  that  it  ifl  naeeuaty.      Some  of  the  proofs  of  tlic  latter  point 

33—2 
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appear  to  me  to  fail  entirely.     Tliey  depend  upon  tlie^te£ici 

I  Vdx  to  an  integrated  portion  together  with  an  integral  of  the  fonn 

j{V^—  Vf'+...)  Qdx.     This,  it  is  assumed,  must  vanish;  which 

though  clear  enough  in  the  common  case  in  which  ^=y,and  f^— ... 
ia  a  function  of  a:  only,  is  not  sufficiently  Bupported  in  any  other. 
Why  may  not  (V^—...)  (J  be  a  new  integrablefunction?"  It  doea 
not  seem  that  this  objection  holds  against  any  other  proof  besides 
that  given  by  Moigno. 

Both  Bertrand's  proof  and  that  given  by  Moigno  of  the  suffi- 
ciency of  the  conditions  allow  ua  to  draw  the  two  inferences  drawn 
by  FoisBon  ;  see  Art.  96. 

474.  An  article  on  the  integrability  of  functions  by  Professor 
Bruun,  of  Odessa,  was  published  in  1848,  in  the  eighth  number  of 
the  seventh  volume  of  tlie  Bulletin...  Pkysico-Mathematiqite  of  the 
Academy  of  St  Petersburg ;  the  article  is  in  German.  This  article 
proves  both  the  necessity  and  sufficiency  of  the  condition ;  the  proof 
depends  on  the  Calculus  of  Variations.  The  method  resembles 
Poisson's,  hut  is  much  simpler.  This  article  is  included  in  Pro- 
fessor Bruun^s  Manual  of  the  Calculus  of  Variations. 

475.  We  may  now  refer  to  some  investigations  by  Bertrand 
and  Sarrus  which  are  connected  with  the  present  subject.  Bei^ 
trand's  investigations  were  mentioned  in  the  Comptes  Eendus ... 
Vol.  28,  pages  350,  351.  1S49.  Sarrus  gave  on  pages  439 — 442  of 
the  same  volume  a  brief  account  of  the  method  which  he  had  for 
many  years  explained  in  his  lectures,  and  which  he  pFcanmed 
would  be  found  to  agree  with  Bertrand's.  A  memoir  by  Bertrand 
explaining  his  method  was  published  in  Liouville'a  J<nntuti  of 
Mathematics,  Vol.  14,  pages  123—131.  18i9.  This  memoir  is 
followed  by  a  note  by  Sarrus,  which  occupies  pages  131 — 134  of 
the  volume. 

The  method  of  Bertrand  and  Sarrus  is  different  from  that  of 
previous  writers  on  the  subject,  Bertrand's  own  words  will  give 
an  idea  of  it.  After  referring  to  Euler's  well-known  condition  of 
integraljiHty,   which    had  been   so  often  demonstrated,  Bertrand 
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Rifikca  the  following  remarks.  Notwithstanding  the  elegant  form 
of  this  condition  the  application  of  it  ia  very  laborious.  In  order 
to  make  use  of  the  condition,  we  have  to  perform  a  large  number 
of  differentiations,  and  when  the  condition  is  satisfied  we  hare  to 
perform  a  new  act  of  operations  in  order  to  obtain  the  integral 
which  is  thus  known  to  exist.  The  method  which  I  propose  in  this 
memoir  differs  widely  from  that  of  Enler,  and  it  would  require 
some  complicated  investigations  to  establish  their  agreement  in  a 
direct  manner ;  the  method  does  not  certainly  lead  to  such  an 
elegant  condition  as  Euler's,  but  the  operations  which  it  requires 
have  the  great  advantage  of  simjilicity.  It  is  by  integratmg  a 
proposed  function  that  we  ascertain  that  it  is  integrable;  each 
operation  is  followed  by  a  verification,  and  we  arc  relieved  from  the 
necessity  of  continuing  the  process  if  the  verification  does  not 
succeed.  We  have  tlius  an  advantage  analogous  to  that  of  the 
method  of  commensurable  roots  in  the  Theory  of  Equations;  for 
this  method,  although  it  docs  not  give  ua  a  formula  for  the  roots, 
indicates  a  series  of  operations  by  which  wo  may  find  these  roots, 
and  a  single  oi>eration  will  oi^n  show  that  such  a  root  does  not 
exist. 


We  may  add  that  the  method  is  explained  i: 
Differential  Equations,  pages  219 — 222. 


Professor  Boole's 


476.  Minich.  An  article  on  the  present  subject  occurs  in 
Tortolini's  Annalt  di  Scienze  Mat^mafidte  e  Fisiche,  Vol.  1,  pages 
821—336.  1650.  The  article  is  said  to  be  aa  extract  from  an 
unpublished  memoir.     The  article  is  divided  into  three  sections. 

In  the  first  section  Minich  proposes  to  exhibit  the  conditions 
which  ensure  that  a  function  ehalt  be  susceptible  of  repeated  inte- 
gration,  under  a  simpler  form  than  the  well-known  form.  An 
example  will  give  a  clear  idea  of  Minich'a  object.  Suppose  we 
have  an  expression  V  which  involvea  x  and  y  and  the  differential 

coefficients  of  y  with  respect  to  3;  up  to  -j^ ;  and  let  the  partial 
differential   coefficients   of  V  with   respect  to  y,  -^ ,    ^ ,    vj 


and 


^  ,  be  denoted  by  N,  P,  Q,  R,  B  Jespectively.    Then  the 
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conditions  which  are  necessary  and  sufficient  in  order  that  V 
may  be  immediately  integrable  four  times  in  succession  are  known 
to  be 

^     dx"^   d^        da?  ^  dx*      "' 
do        d'B       efS 

ax 

Minich  substitutes  for  this  system  the  following  more  simple 
system, 

^-§'0.  »'-^S=».  ^e-»S-».   •8-*^-''^ 

K  we  only  require  that  V  shall  be  immediately  integrable  three 
times  in  succession,  the  conditions  will  consist  of  the  first  three  of 
the  first  system  given  above ;  and  Minich  substitutes  for  them  the 
following, 

And  similarly  if  F  is  to  be  immediately  integrable  ttoice  in 
succession,  Minich  gives  the  two  conditions, 
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Thtus  in  every  case  the  Ust  condition  of  Dilinich's  gjstem  iB  the 
same  fta  the  last-  condition  of  the  ordinary  system,  and  the  other 
conditions  of  Minich's  system  are  simpler  than  the  conditions  of 
the  ordinary  system.  Miiiich  gives  a  general  investigation,  and 
shews  that  the  ordinary  system  can  be  deduced  from  his  system. 
He  does  not  shew  conversely  that  his  system  can  be  deduced  from 
the  ordinary  system ;  this  however  is  the  case,  and  it  can  be  easily 
verified  in  the  example  which  wo  have  given, 

The  object  of  the  second  section  of  Minich's  article  may  be  seen 
from  an  example  which  occurs  in  it.  Suppose  we  require  the  con- 
dition which  must  hold  in  order  that  a  given  expression 

may  result  by  differentiating  an  expresaion  of  the  form  PJx+  Qdy, 
on  the  supposition  that  dx  and  dy  arc  both  constant.  The  required 
condition  is  found  to  be 

d'R      d*S      t^T^ 
dy*     dxdy     daf 

The  third  section  of  Uinich's  article  relates  to  the  integration 
of  cxpreaaions  in  Finite  Differences,  Lacroix  intimates  that  Con- 
dorcct  was  tlie  first  to  consider  this  subject,  and  Lacroix  coosidcts 
the  subject  more  curious  than  useful;  see  the  TraiU  du  Cnlc. 
Diff.  el  du  Cak.  Int.  Vol,  3,  page  311,  Minich  investigates  the 
condition  which  is  necessary  in  order  that  one  immediate  Finite 
Integration  may  be  possible.  Suppose  V  any  function  of  at,  y, 
Ay,  A'^, ...  A*y ;  let  Ay  be  denoted  by  y>,,and  A'y  by;>,,  and  so  on. 
Let  tlio  symbol  E  be  equivalent  to  1  +  A.  Then  the  necessary 
condition  is 

This  condition  may  also  be  put  in  anotlier  form. 

Sappoae  that  in  I'  wc  put  for  Ay,  A*y, ...  their  values  in  terms 
of  ^,  y,,  y,, ...;  namely 

Ay=.yi-y>  ^*s'=i'.-2y,+y, ... 
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then  FbecomeB  a  function  of  x,y,  ^1,^,,...^,.  The  condition nuy 
now  be  expressed  thus, 

dy  dy^  dy^  dy, 

dV 
In  this  form  of  the  condition  -;-  is  not  the  eame  thine  as  wbs 
dy  6 

dV 
denoted  by  -;—  in  the  first  form  of  the  condition, 
■f   dy 

Minich  then  brieflj  indicates  the  conditions  necessary  in  order 
that  it  may  be  possible  to  effect  immediate  Finite  Integ^tlon  any 
number  of  times  in  succession ;  and  be  shews  that  the  system  of 
conditions  which  he  first  obtains  is  deducible  from  a  second  system 
which  is  more  simple,  so  that  this  part  of  the  third  section  is 
analogous  to  the  first  section. 

477.  In  Mr  Jellett's  treatise  on  the  Calculus  of  Variations  a 
chapter  is  devoted  to  the  present  subject.  The  ordinary  proof  by 
the  Calculus  of  Variations  of  the  necessity  and  sufficiency  of  the 
condition  of  integrability  is  given,  and  then  five  propositions  ar« 
discussed.  (1]  To  investigate  the  conditions  under  which  a  func- 
tion will  admit  of  immediate  integration  m  times  successively, 
(2)  To  find  the  form  of  the  function  V  in  order  that  1 1  Vdx  dy  may 

be  reduced  to  a  single  integral,  when  F  is  a  function  of  x,  y,  e,p, 
and  J.     (3)  To  find  the  form  of  the  function  V  in  order  that 

l\  Vdxdy  may  be  reducible  to  a  single  integral,  when  Via  a  fimo-' 

tion  oix,  y,  z,p,  q,  r,  b,  and  t.     {i)  To  find  whether  it  is  possiUa^ 
to  represent  the  superficial  area  of  a  surface  by  any  such  fbnaola  aa 


\-jJFiP,0,^)d 


where  r  IB  a  quantity>eferring  solely  to  the  limits  of  integration, 
i'is  the  perpendicular  from  tlie  origin  upon  the  tangent  plane,  and 
6  and  tfi  are  the  polar  angles  which  determine  the  position  of  this 
perpendicular.     (5)  Let  H  and  B'  be  the  principal  radii  of  curvatoM' 
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of  ft  eloBed  Biufsce,  P  the  perpendicular  on  the  tangent  plane,  and 
da  the  element  of  the  spbcrical  snrface  described  by  a  portion  of 
this  perpendicnW  whose  length  is  equal  to  uni^.     Then 


jj(R+R)J«  =  2Jlpd«, 


the  integralB  being  extended  throughout  the  entire  of  the  closed 
surface. 

478.  A  memoir  On  Bome  points  of  the  Integral  Calculna  by 
Professor  Dc  Morgan  was  published  in  1851  in  the  second  part  of 
the  ninth  volume  of  the  TVansactions  of  the  Cambridge  Philvaophical 
Society.  The  fourth  Bection  of  the  Memoir  is  devoted  to  the  con- 
dition of  integrability  of  a  differential  expression.  After  the  memoir 
had  been  read  before  the  Society  Mr  De  Morgan  became  acquainted 
with  the  memoir  of  Sarrus,  which  we  have  noticed  in  Art.  4GS ;  but 
aa  Mr  Dc  Morgan's  copy  of  this  memoir  was  detaclied  from  the 
volume  to  which  it  belonged,  he  did  not  know  in  what  journal  it 
had  been  published,  and  made  a  wrong  conjecture.  Mi  De  Morgan 
says  with  respect  to  Sarrus's  memoir,  "  This  memoir  contains  the 
proof  here  given,  in  substance,  thongh  the  equations  on  which 
the  condition  is  founded  are  not  demonstrated.  It  is  singular  that 
M.  Bertrand  takes  no  notice  of  it,  except  to  observe  that  M.  Sarrus 
does  not  use  the  calculus  of  variations.  MM.  Cauchy  and  Moigno 
pass  it  over  altogether.  But  it  must  be  observed  tliat  M.  Sarrus 
establishes  only  the  necenstty  of  tlie  comlition,  and  does  not  esta- 
blish its  mfficiency,  except  wlien  the  equations  that  give  it  are 
,  presented  with  it."  The  statement  that  Sarrus  docs  not  prove  the 
sufficiency  of  the  condition  is  incorrect.  By  "  MM.  Cnuchy  and 
Moigno"  is  meant  the  work  published  nndtir  the  name  of  Moigno 
which  we  have  noticed  in  Art.  473.  It  is  not  obvious  what  is  meant 
by  the  remark  that  "  the  eqoations  on  which  the  condition  is 
founded  arc  not  demonstrated." 

479.  There  is  a  very  good  elementary  discussion  of  the  subject 
in  Stegmann's  treatise  on  the  Calculus  of  Variations,  pages 
118 — 132.  Stegmann  begins  by  remarking  that  the  equation  fur- 
nished by  the  Ccdculos  of  Variations  for  the  maximam  or  minimum 
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of  an  integral  may  in  some  cases  be  impossible  and  in  some  cases 
identical.    An  instance  of  the  first  kind  is  supplied  hy  endeavour- 

ing  to  find  the  maximum  or  minimum  of  ji^  —  y)  dx.      Here  we 

should  obtain  as  the  condition  for  a  maximum  or  a  minimum 

—  1  —  -T-  0?  =  0,  that  is  —  2  =  0,  which  is  impossible.    In  fact  if  we 

transform  the  proposed  expression  to  polar  co-ordinates  we  find 

that  we  are  requiring  the  maximum  or  minimum  of  If^dO^  and  it 

is  obvious  that  this  function  may  be  made  either  as  great  as  we 
please  or  as  small  as  we  please.  Stegmann  then  passes  on  to  die 
ease  in  which  the  equation  becomes  an  identity,  and  this  leads  him 
to  discuss  the  condition  of  integrability.  He  proves  the  necessity 
of  the  condition  in  the  same  way  as  Sarrus,  and  the  sufficiency 
of  the  condition  in  the  same  way  as  Binet  in  Moigno's  work. 

Stegmann  makes  a  remark  on  his  page  123  which  we  will  ^ve 
here.  Suppose  Vdx  a  perfect  differential  of  w,  where  u  involves  x 
and  tf  and  the  differential  coefficients  of  y  with  respect  to  a;  np  to 

•y^ .    Let  y.  stand  for  -r? .    Then 
flte*  ^  ax 

^     du     du  du       .         ,    du 

^^^^dyy^-^Tyy^-^-^d^y^^^^ 

.       .       dV      d%       d^u      ^     d'u        ,        ,    cTw 
therefore  -r-  =  -j-j-  +  "t^ ^i  +  XTT"  Vt^  •'•  ■*" 


dy      dydx^  dx^^^^  dydy^^^^  dydy^^^^^ 

Tfi      ^?       <?  du 
dy      dxdy^ 

where  the  right-hand  member  means  the  complete  differential  co- 
efficient of  ^  with  respect  to  x. 

Therefore  d'^i'd'^^ 

that  is  ^  /  Vdx  —  \  -j-  dx. 
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BO  tliat  if  Vdx  18  a  perfect  differential,  the  two  operations  of  com- 
plete integration  with  respect  to  x  and  partial  diSerentiation  with 
respect  to  y,  may  be  performed  on  F"  in  either  order. 

480.  We  will  close  this  chapter  by  giving  a  translation  of  the 
memoir  of  Sarros  which  we  have  noticed  in  Ait.  466,  and  also  an 
account  of  the  method  adopted  by  Brnim  which  we  have  noticed  in 
Art.  474. 


481.  Tlie  present  article  is  a  translation  of  the  memoir  of 
Saims. 

The  inveatigation  of  the  conditions  of  integrability  of  differential 
functions  which  has  chiefly  engaged  Eulcr  and  Condorcet  constitutes 
one  of  the  most  important  branches  of  the  higher  analysis.  The 
method  of  variations  leads  very  simply  to  these  conditions,  but  the 
use  of  tliia  method  in  investigations  which  strictly  belong  to  the 
Integral  Calculus  seems  indirect,  and  moreover  it  does  not  assist 
ns  in  arriving  at  the  integral  when  these  conditions  are  fulfilled. 

Euler  and  Condorcet  proved  satisfactorily  by  their  analysis 
that  the  conditions  which  they  obtained  arc  necaaary;  but  Lexell 
appears  to  be  the  first  who  without  using  any  considerations  foreign 
to  the  integral  calculus,  tried  to  demonstrate  that  these  conditions 
are  su^cient,  that  is,  that  they  aaanre  us  of  the  possibility  of  cflFect- 
iug  the  integration,  which  is  the  important  point  in  tlie  theory 
(iVoyt  Comm Pel.  Vol,  xv).  Unfortunately,  as  Lagrange  re- 
marks, the  demonstration  of  Lexell  is  so  complicated  that  it  is 
difficult  to  judge  of  its  accuracy  and  its  generality. 

In  reflecting  on  this  subject  it  appears  to  us  that  tlic  processes 
of  the  differential  calculus,  strictly  so  called,  are  sufficient  by  them- 
selves to  lead  in  a  simple  manner  to  the  conditions  of  integrability 
and  to  the  demonstration  of  the  important  proposition  of  Lexell ; 
and  this  we  propose  to  shew  in  this  brief  memoir. 

In  all  that  follows  x  and  t/  will  be  any  functions  of  a  third 
variable,  the  differential  of  which  we  shall  take  for  unity,  and  of 
any  number  of  constants.  For  abridgement,  we  shall  represent 
•ix,<Px,d'x,...  bya;„a!„ar,,...,Rndrt[y,  rf'y, (ry,...byy,,y,,3r„...; 
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P,  P„  P„  P„  ...  will  be  any  fonctions  of  «,  ar,,  a?,,  as,,  . 
^«.ii  Jft  Viy  !fn  Vv  •••  y»-v  ''^^  ^^  differentials  will  be  n 
spectiTely  />,/>,,  P«>  A>  ••• 

Thus  we  have  identicallj, 


dP      .  dP 


dP 


,    <?P        .  dP      ,  dP      ,  dP      ,      _^  rfP 

and  therefore 


dp 
dx 


d—       ^:r.d  —  +—      ^  =  J  — +  — 

dx*  dx^        dx^     dx*  dx^        dx^     dx*** 


<^    ^  ,  dfP        dP       dp  ^  dP 
'  c&^j        ^.i-i     dx^i^  *  dx^  "  dx^^ 


(1), 


dp 
dy 


dp  ^j  dP       dP 

'  rfy«.i "   rfy«.i    rfy«-« '  dy, 


dp        dP 
'^dy, 


h\ 


(2). 


From  the  first  of  these  systems  of  equations  we  obtain  by  succeS' 


sively  eliminating  the  differentials  of-^ ,   -^ — 

dP  ^  dp 
dx^^     dx^ 

dP  __    dp         ,  dp 
dx^  "  dx^^  "     d^ 

il^^JP d^^^d"^ 

dx^_.     dx^^        dx^.^         da?-. 


•  •• 


dP       dP 

'dx^'  dx 


dP_d£ 
dx     dx^ 

ax 


d^+d*^ 

ax^         ax^ 

d^+d^^ 

ax^         dx^ 


-  ...  T  d 


^ 


—  •#.  hF  » 


dxj 


±d'^P 
dxl~.         dxl 


'■1-1 


(3). 


CONDlTIONa  OF   INTEGKABILITV. 


525 


The  laat  of  these  equations  is  an  equation  of  condition  vliich 
must  be  satisfied  hy  the  differential  p  of  the  fuuction  P. 

The  equations  (2)  treated  in  the  aame  manner  give  a  similar 
Bjstem  to  (3),  namely 
dp  _  tip 
'^y^x  ~  «[?- 
dP        dp 


rfy^,     rfy.., 


-i5 


jp^^ 


,.(4). 


dy        iy,         iy,  «J„  1^' 

The  last  of  these  is  a  new  eqoation  of  condidoQ  which  most  be 
aatisfied  by  the  ditTerential  p  of  the  fimction  P, 

Before  we  proceed  further  we  may  remark  that  if  P  is  a  ftmction 
of  a^,  a-,^,,  x^^, ...  x^^,  y,  y,,  y,,  ..■  y^,,  only,  that  is,  if  this  fnno- 
tion  does  not  contain  any  of  tlie  quantities  x,  x,,  a;,,  ...Xt_,,  WQ 
shall  have 

dP    ^     dP     ^     dP     .  dP     ^ 

3;-»-  s.-"'  ^-"' ^-''' 

dx' 


dx 


Jx 


=  0, 


dx. 


=  0 't- 


,.{6). 
..(6). 


the  application  of  the  aame  method  will  then  lead  to  the  resttlts 

^%'% 

o.^-<f-±+i'^_ ±dr<^.. 

This  remark  will  be  useful  to  us  in  the  seqael. 

When  we  arc  sure  that  ^  ia  an  exact  difTerential  the  cqnationa 
(3)  and  (4)  will  supply  the  simplest  means  for  obtaining  the  in- 
tegral P  by  quadratures  only.  But  wc  hare  now  to  prove  that  any 
differential  function  which  sat!s6cs  identically  equations  (3)  and  (4) 
is  necessarily  an  exact  differential. 
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In  the  first  place  let  «i(  be  any  fimctioa  whatever  of 
subject  only  to  the  condition  of  satisfying  the  equation 


in  which  Ai  is  any  constant  quantity  whatever.  This  equation  may 
be  put  in  the  form 

dxt  t^ffi        ^i4f         ^i^  <^J 

and  hence  we  infer  that  since  the  first  member  does  not  involve 
differentials  of  x  and  y  of  a  higher  order  than  x^^  y.,  the  part  of 
the  second  member  comprised  between  the  brackets  cannot  involve 
differentials  of  the  same  variables  of  a  higher  order  than  x^^^  and 
y^j ;  and  therefore  it  will  be  possible  to  find  a  function  I\  of  Xi, 

^i+if  •••  9  ^m-i>  !/}  Viy  y%9  •••  >  y«_i>  which  satisfies  the  equation 

dPi^^^j^dui^^^^  dui__      -,  ^^^^i  duj 
dxi     &?^,        dx^        dx^^     ••'  dx^' 

and  firom  this  by  means  of  (5)  we  shall  have 

^  =  A  +e?^  =  ^  +^ 
dxi        *         e&;<         *      dxi* 

and  therefore  Ui  =  AiXi+pi  +  t^^^ rg\ 

where  w^^; denotes  a  function  of  ar^^,,  a?^, ...,  x^,  y,  y^,  y^,  ...^y^^ 
which  must  be  determined  in  a  suitable  manner.  Substitute  this 
value  of  Ui  in  (7),  and  observing  that  since  ^<  is  an  exact  differential 
we  have  by  (6) 

axi        dx^^         dx^  dx^^ 

we  shall  find  after  reduction 

0^dp^-d^P^^  +  d'P^^...Td-'*^, 
^i^i         ^i^%         ax^  dx^  * 

and  therefore  by  integrating 
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dx^        dx^^      dx^  ^  (£b.  • 

which  shews  that  u,,,  is  entire)/  of  the  same  oatore  as  u,. 

Let  ua  now  suppose  that  u  ia  a  function  of  x,  a;,,  x^,  ... ,  x^, 
Vi  Vx'  Vti  ••• '  y»i  which  satisfies  the  condition 

dx        (ic,         (£r,      '"  ax^ ' 

bj  operations  analogous  to  those  which  gave  as  equation  (8)  we 
shall  obtain 

v  =y +  «,, 

tt,  =  j4,JB,+^, +  «,, 


Y  being  a  function  of  y,  y,,  jr, y,  only. 

Add  these  equations  and  put  for  abridgement 

q=A^x^■\■A^x,■^■A^x^  +  ...+A^x^ 
+  P.+    A+-  +/•-: 

thus  ti=j+  r, 

in  which  9  ia  evidently  an  exact  dltTercntial  because  each  of  the 
terms  of  which  it  ia  composed  ia  an  exact  dificrcntial. 

If  ti  did  not  invoire  y  and  its  difTerential  coefficients  y,iy,t 
y,i  ■■■>!fiki  ihe  functiou  which  wc  have  represented  by  I'would  be 
a  constant  and  therefore  zero,  otherwise  u  would  be  com[>oBed  of 
heterogeneous  terras,  which  can  never  be  the  case ;  thus  u  would 
then  be  an  exact  differential. 
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If  on  the  contrary  u  involvea  y  and  its  differential  coefficients 
yp  yn  y»  ■••  >  y»>  ^""^  ^**  *''**  *''®  following  equation  is  identicalty 
satisfied, 

ay        dy^  dy,  dy, 

the  function  I'may  be  different  from  zero;  but  by  substituting  in 
this  equation  the  value  of  u  just  given,  and  observing  that  since  3 
is  an  exact  differential  we  have 


^3        ^Vi        ^3t 


.±d-'- 


we  obtain,  by  reduction, 


,dY       ,.dY 

a  -J—  +  o    -J—  - 

«y,         ay, 


.±rf-: 


from  this  we  conclude  as  before,  that  since  Y  only  involves  y  and 
its  differential  coefficients  ^i,  y,i  y,,  ■••  j  y.i  this  function  3' is  necea- 
garily  an  exact  differential,  so  that  in  this  case,  aa  in  the  preceding, 
u  is  still  an  exact  differential. 

In  order  to  simpliiy  the  qneation  we  have  supposed  that  all  the 
functions  involved  only  two  variables  x  and  y  and  their  diflerential 
coefficients ;  but  it  is  easy  to  see  that  the  question  would  not  b^ 
come  vety  much  complicated  if  we  wished  to  consider  more  than 
two  variables,  and  that  moreover  the  conclosionB  would  be  abso- 
lutely the  same. 

[It  would  perhaps  have  been  clearer  if  Sarros  had  explicitly 
introduced  the  tliird  variable,  say  (,  of  which  x  and  y  may  be  sup- 
posed functions ;  thus  in  his  value  of  ^  we  should  add  a  term  on 

the  right  -^  ;  his  equations  (1)  and  (2)  would  still   hold.     Hiff 

method  really  amounts  to  the  following ;  let  K  be  any  function  of 
a;,  y,  (,  and  the  differential  coefficients  of  x  and  y  with  respect  to  i  ■ 
then  suppose  j  Vdt  separated  into  two  parts,  first,  that  part  which 
would  arise  from  supposing  (  variable,  but  not  x,  y,  and  their  difiei- 
ential  coefficients,  secondly,  that  part  which  would  arise  from  regard- 
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ing  X,  y  and  their  differential  coefficients  aa  variables.  Then  the 
firat  part  may  be  sujiposed  obtained  by  ordinary  explicit  integration, 
and  t^arriM  disregards  it. 

Dirksen's  process,  which  we  have  referred  to  in  Art.  471, 
resemblea  that  of  Sarrus  in  this  respect;  both  in  fact  follow 
Condorcet'a  method  aa  given  by  Lacroix.] 

482.  We  will  now  give  an  account  of  the  method  adopted 
by  Bmun  which  we  have  noticed  in  Art.  474. 

Bruun  proves  the  neesaaity  of  the  condition  in  the  aame  way  as 
it  is  usually  proved  in  works  on  the  Calculna  of  Variations.  His 
proof  of  the  auj^tcieney  of  the  condition  is  eubslantially  the  fol- 
lowing. Let  V  be  a  function  of  x  and  y  and  the  differential 
coefficients  of  y  with  reapect  to  x,  which  satistiea  the  condition  of 
integrabtlity,  aay  I^=y(x,  y,  y',  y", ...).  Change  y  into  y-¥liy, 
and  let  V,  denote  what  V  now  becomes,  so  that 

yt  =/(»,  y  +  %,  y  +  %',  y"  +  (Sy, ...). 
Then  let  ir:^jr,<Lr,  m  that 


ill' 


Now  -y-*  will  coiiBiat  of  a  aeries  of  terms  which  we  may  de- 
note by 

Ui/  +  .!%■  +  A%"  +  i%'"  +  . . . 

Apply  the  process  of  integration  by  parts  in  the  usual  manner 
of  the  Calculus  of  Variations,  and  we  shall  obtain 


dU     ,   /„    dN     d-P         \ 


+V(''- 


+/5y(i- 


dM     d'N     d'P 


..> 


L 
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The  part  under  the  integral  sign  vanishes,  because  the  con- 
dition of  integrabilily  is  supposed  to  be  satisfied  with  respect  to 
/(^»  y>  y'j  y'j  •••)>  ^^^  i*  will  therefore  be  satisfied  when  y  is 
changed  into  y  +  tSy.    Thus  we  maj  express  our  result  as  follows, 

+ 

Integrate  with  respect  to  t  firom  f  =  0  to  <  =*  1 ;  then  the  left- 
hand  member  gives  us  t^  —  t^,  so  that 

jf{x,  y  +  Sy,  y  +  sy,  y"  +  V» ...)  ^  -//(a?,  y,  y',  y", ...)  db 

=  I  jSy ^ (x,  y  +  %,  y'  +  %',  y"+  %", ...) 

+  Sy'^,(a;,y+%,  y'  +  %',  y"  +  %",.-.) 
+  Sy"^,(a:,y  +  %,  y'  + %',  y"  +  %", ...) 
+ \dt. 

In  this  resxdt  put  0  for  y  and  y  for  iy ;  thus 

j/(^>  y»  y'»  y"» ...)  ^- j/(^>  o,  o,  o, ...)  cZa; 

=  I  |Sy^  (a;,  fy,  «y',  ^y", ...)  +  V^i  (^»  <y>  fy'»  'y",  ...) 

+  ¥''^2(^»  ^y,  fy,  fy",...)  + \dt. 

This  is  in  fact  the  result  originally  obtained  by  Poisson  •  see 
Art.  96. 
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The  ftnt  edition  at  Haa  work  tru  publUhcd  in  IBM.  It  wu  ptinwrilT 
intended  for  the  lue  of  atiuknta  in  the  Cnirunilin,  and  for  Scboob 
whidi  prepare  foi  tlio  Cnivenitia.  It  hu  boworoi  been  found  U, 
meet  tha  requirement*  of  ■  much  larger  das^  and  u  now  in  we  in 
a  Urge  numbLT  of  SeStoU  and  Colhftt  Irath  at  Aem*  and  in  llic 
Cbbntn.  It  has  Wn  found  of  great  aerriee  fnr  atudeMli  prcjiaring 
fiir  HiiiDLa-CLiaB  and  Civil  uid  Hilttjuit  BmTlca  £xuiiii.tTto», 
from  tlie  care  that  haa  been  taken  to  nluddate  tho  principle  vt  all  the 
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higkeat  practical  and  theoretical  autkoritia ;  of  which  the  tbUoving 
from  tko  late  Dean  Peacock  nay  be  talrai  as  a  (pccinuai : 
"Ht.  Smith's  Work  is  a  most  nscfiil  publicatloa.  Tlu  Buka  arc 
iUUkI  with  great  clcarneai.  The  EiamnlM  an  trelt  sdoctcd  and  vorhjcd 
out  vith  just  sufflcient  deuil  without  being  enonmbcrad  by  to 
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ABITHMETIO. 

FOlt  THE  USB  OF  SCHOOLB. 

By   BARNARD    SMITH,    M.A. 

New  Edition  (1861),  348  pp.  Ciown  8yo.  strongly  bound  in 
cloth.    44.  od,    Aniswers  to  all  tlie  Questions. 


to    the    above,    containing    Solutions    to    all    the 
Questions.    Crown  8to.     392  pp.  (i860).     8«.  6d. 

EXERCISES  IN  ARITHMETIC.  Part  I.  48  pp. 
(i860).  Crown  8vo.  1«. — Part  II.  56  pp.  (i860).  Crown 
Svo.  1«.  Answers,  %d.  The  Two  Parts  bound  together.  2#. 
Or  with  Answers.    2«.  ^d. 

To  meet  a  widely  expressed  wish,  the  AKITHMETIC  waa  published 
separately  from  the  larger  work  in  1854,  with  so  much  aheratioii  as  was 
necessary  to  make  it  quite  independent  of  the  ALGEBRA.  It  has  now  a 
large  and  increasing  sale  in  all  classes  of  Schools  at  home  andinthe  Coloniee. 
A  very  copious  collection  of  Examples,  nnder  each  role,  has  beem  embodied 
in  the  work  in  a  systematic  order,  and  a  Collection  of  Miscellaneoua  Papen 
in  all  branches  of  Arithmetic  have  been  appended  to  the  book. 

The  EXERCISES  have  been  published  in  order  to  give  the  pupil 
examples  of  every  rule  in  Arithmetic,  and  they  haye  been  careAilly  com- 
piled from  the  latest  Uniyersity  and  School  Examination  Papers. 
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Second  Edition.     516  pp.  (i860),  strongly  bound  in  cloth. 

7«.  6d. 

This  work  contains  all  the  propositions  which  are  usaaUy  inclndect 
in  elementary  treatises  on  Algebra,  and  a  large  number  of  Sxamtplet 
for  JSxeretse.  The  author  has  sought  to  render  the  work  easily  intdUigible 
to  students  without  impairing  the  accuracy  of  the  demonstrations,  or 
contracting  the  limits  of  the  subject.  The  examples  haye  beoi  selected 
with  a  yiew  to  illustrate  eyery  part  of  the  subject,  and  as  &e  number 
of  them  is  about  tixtem  hundred  andfifty^  it  is  hoped  thc^  will  supply 
ample  ezeroiBe  for  the  student.  Each  set  of  examples  has  oeen  carednuly 
arranged,  oommenoing  with  yery  simple  exercises,  and  proceediiig 
gradtully  to  those  which  are  less  obyious. 
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PRACTICE. 

FOR  ADVANCED    PUPILS. 

By  J.  BROOK  SMITH,  M.A. 

St  John's  College,  Cuabridgo. 

P*RT  I.     Crown  8ro.  clolh,     3*.  6rf. 


This  worli  ton 


10  first  put  of  ■  Tm 


n  Aritbrnctir,  m  vllicb 


Ihe  AuUior  bu  naderiYoiiiwl,  ftnin  tpij  different  prinoiplpg,  to  Eiplun  in 
It  hiU  and  wtulutory  muwer  >U  Uw  impgrtout  proccuui  in  lli(t  subjoot. 

The  proobbarom  nil  cuts  been  (^Tca  in  »fDnnimlirel;uithmiitic8J; 
for  ibe  autbor  dfra*  not  think  Uat  rccouiv  ought  to  be  Iwd  to  Algehn 
until  the  uithmetic&l  proof  bu  broamu  bupeksalj  loDg  and  prfpleunK. 

At  tbsendof  evcT7  rhiifitor  wvenl  examplraltaie  bwn  wwksdoutat 
length,  oanJuUy  poiatiDg  oiil  th«  bvart  pnwiicd  method  of  oparatlan. 
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By  C.  W.  UNDERWOOD.  M.A. 

Vioe-Prineipal  of  tbn  CoUcgiate  Inititutton,  LiTrrpoal. 

Fop.  8to.    96  pp.  (i860).  limp  doth.    m.  6i. 

The  obj  wt  aimed  at  by  the  Compiter  of  ibia  ifamml  ii  tn  brins  bafbrn 
jmiier  atudeat*  ■□  mu«li  of  tho  "Dkotj  of  AiithnuHio  aa  majr  be  tuilf  Mt- 
pntcd  of  Ihem,  vid  lo  prrwat  it  in  tucb  ■  finn  that  the  itadf  of  Ihc 
Sfioin!  mur  bwomD  to  aamc  extont  a  wtenlni  Ireimitg.  It  ii  father  a 
Qrammar  of  Arithmrtio  thao  a  tmlite  on  that  anbJMt,  and  ihoiild  for 
thr  miMt  port  bp  fonunitti^d  to  DiFmon  It  will  be  found  wvQ  adnptrd 
ftir  tkt  r«n  raaounBiion,  and  rnahle'ranilidsicii  \o  ptTT«re  iinii»rl*M 
tar  the  Local  Uurcnilj  Biominotion.     Thr  DcAnitliniB  are  bric^  and 
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PLANE    TBIGONOMETBT. 

FOB  SCHOOLS  AND  COLLEGES. 

By  I.  TODRUNTER,  M.A. 

Ssooifo  Edition.   Crown  Svo.  279  pp.  (i860),  strongly  bound 

in  cloth.  5«. 

The  design  of  this  work  has  heen  to  render  the  subject  intelli- 
gible to  beginners,  and  at  the  same  time  to  afford  the  student  the 
opportoniW^  of  obtaining  all  the  information  which  he  will  refuiie  on 
tms  bran(£  of  Mathematioe.  Eadh  ohapter  is  followed  by  a  set  of 
examples;  those  which  are  entitled  Miaedkmeom  EaBmnptety  togetlier 
with  a  few  in  some  of  the  other  sets,  may  be  advantageously  reseiTed 
by  the  student  for  exercise  after  he  has  made  some  progress  in  the 
subject.  As  the  Text  and  Examples  of  the  present  work  haye  been  tested 
b^r  considerable  experience  in  teaching,  the  nope  is  entertained  that  they 
will  be  suitable  for  imparting  a  sound  and  comprehensive  knowledge  of 
Plane  Trigonometry,  together  with  readiness  in  the  application  01  thia 
knowledge  to  the  solution  of  problems.  In  the  Second  Edition  the  hints 
for  the  solution  of  the  Examples  have  been  considerably  increased. 
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FOR  THE  USE   OF   COLLEGES   AND    SCHOOLS. 

By  L  TOBKUNTER,  M.A, 

1 12  pp.  Crown  8yo.  (1859),  strongly  bound  in  doth.    49.  6d, 

This  work  is  constructed  on  the  same  plan  as  the  A-eaHte  on  Itant 
Trigonometry^  to  which  it  is  intended  as  a  sequeL  Considerable  labour 
has  been  expended  on  the  text  in  order  to  render  it  comprehensiTe  and 
accurate,  and  the  Examples,  which  have  been  diicdy  selected  from 
UniTersity  and  College  FHpers,  have  all  been  carefully  yenfled. 


PLANE     TBIQONOMBTaT. 
An  Elementary  TreatiBe. 

WITH  A  SmiEEOUS   COLI.ECTIOS   OF  EXAMPLES 

By  S.  B.  BEASLET,  M.A. 
HMd  Muter  of  Qmotbain  SEboal. 

io6  pp.  (iSjS),  strongly  bound  in  cloth.     31.  6^. 


o  bcon  added,  moinlr  oolloclcd  fron  the  EKaminution  Papers  of  Iho 
un  tea  fcMra,  uid  ^nt  pain*  luvo  been  Uken  to  excludo  (Wim  Uie  bod; 
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PLANE    AND    SPHEBJCAL 
TKIGONOMETEY. 

WITH    THE  CONSTRCCTIOS   ASD    USE  OF  TABLES   OF 
L0GAEITHJI8. 

By  J.  C.  HNOWBALL,  M.A. 

Ule  Fdlour  of  SL  Jofan'*  CoUrge,  Camtrridgt. 

Ninth  Edition.      240  pp.  (1857).  Crown  8vo.     -jt.  td. 

In  propuiiig  1  tu'v  edidon,  the  ytoatt  of  *um«  of  ih*  more  im- 
porUut  propaBtioni  hare  beca  rendered  mure  (trial  md  ROUml ;  Mul 
■  ooTuidOTBble  addition,  of  man  than  (m  MimJrtd  *famfU$,  ttktti 
'  """"^""i  in  the  Eiuniuttont  of  CoUegc*  ind  die 
the  collection  uf  ^uunplM  wu  Problcmi 
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ELBMBNTABT    TBEATISE    ON 

MEOHANIOS. 

WITH  A  COLLECTION  OF  EXAHFLBS. 
£ff  8.  PARKINSON,  B.D. 

Fellow  and  Praelector  of  St.  John's  College,  Cambridge. 

Second  EDinoir.   345  pp.  ( 1 86 1 ).    Crown.  8vo.  cloth.    9#.  6d. 

The  Autl^or  has  endeayonred  to  render  the  present  yolume  suitable  as 
a  Manual  for  the  junior  classes  in  Universities  and  the  higher  rlannoo  in 
Sdhools.  With  this  object  there  haye  been  included  in  it  those  portions  of 
theoretical  Mechanics  which  can  be  oonyeniently  myestigated  witlioiit 
the  Differential  Calculus,  and  with  one  or  two  short  exoeptaons  the 
student  is  not  presumed  to  require  a  knowledge  of  any  branches  of 
Mathematics  beyond  the  elements  of  Algebra,  Oeometty  and  IMgo- 
nometry.  A  collection  of  Problems  and  Exunples  has  been  added, 
chiefly  taken  fix)m  the  Senate-House  and  College  Examination  Papers — 
which  will,  it  is  trusted,  be  found  useful  as  an  exercise  for  the  student. 
In  the  Second  Edition  seyeral  additional  propositions  haye  been  inooipo- 
rated  in  the  work  for  the  pim>ose  of  rendering  it  more  complete,  and  the 
Collection  of  Examples  and  Problems  has  been  largely  increased. 


ELEMENTABY    HYDROSTATIOS. 

WITH    NUMEBOUS   EXAMPLES    AND    SOLUTIONS. 

By  J.  B.  PHEAR,  M.A. 

Fellow  and  late  Mathematical  Lecturer  of  Clare  College. 

Second  Edition.     156  pp.  (1857).  Crown  8yo.  doth.     ^9.  6d. 

**An  excellent  Introductory  Book.  The  definitions  are  ye^  dear; 
the  descriptions  and  explanations  are  sufficiently  ftdl  and  intsOigwle ;  the 
inyestigations  are  simple  and  scientific.  The  examples  greafly  enhance 
its  yalue." — ^Enoubh  Journal  of  Edxtoation. 

This  Edition  contains  147  Examples,  and  solutions  to  all  these  ex- 
amples are  giyen  at  the  end  of  the  book. 


ANALYTICAL     STATICS. 

WITH  NTMERODS  EX-iMPLES. 

By  I.  TODSVNTER,  M.A. 

Second  Edition.    330  pp.  (tSjS).   Crown  Sto.  oloth.    tot.  6d. 

Id  thii  work  wQ]  1m  foniul  all  Uwiiropocitiaiu  whidi  aiuaUr  appear 
in  treitiMSa  on  Tbuoreliual  6Uti<«.  To  tse  di&nuil  chnptcn  Samples 
ore  appended,  wbieb  haTe  bccD  principsUy  Klectcd  from  the  CaJTcnity 
and  Dallcge  Riaminntion  Pap«n|  thiac  will  fumuli  ample  (izcrcuc  m 
the  spplication  at  the  principlea  of  the  aubjen. 
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DYKAXIC8.     A   Treatise. 
Bj  W.  P  WILSON.  M,A. 
ProGNsor  of  Hatluimatic*  in  the  CiiirfTiit}'  of  Uelboiinie. 
176  pp.   (tSjo).       8vo.     9*.  6d. 


This  Trcatiac  oonloiiu  the  fundamgntel  principlei  of  the  iciesce,  with 
UMU  RppUoMiim  tothomotumafpaniclM  audio  the  auoplcr  r*n*  of  tbf 
DutionafbodiMoffir" -^— •- 


DYNAMICS    OP    A    PARTICLE. 

WITH  NCMEttOUa  EXAMPLES. 

£y  p.  G.  TAJT,  M.A.,  mtd  W.  J.  STEELK,  S.A. 

I<te  Krllmn  of  St  Fotn'*  CoUegc,  Cambridge. 

304  pp.  C1856).     Crown  Svo.  doth.     lot.  (td. 

In  tbit  l^ftatuo  win  bo  fouad  ill  tlw  ordinary  propodUoni  oonooctctt 
with  dw  &fnaitdo*  of  Paittdc*  which  can  b«  oonTcnisnllj  dnduocd 
without  the  nan  of  IfJUvmbcit'iPrinclplca.  Thmotthnut  the  book  will 
bo  fOMDil  a  Dumber  of  UluatraCtre  Eianiplo*  inlrudueod  ia  the  Uit,  ind 
fatfiiK  luoMpaitcomplotoly  worknl  uutj  qtbvn,  vitb  vwMioual  •olutiona 
or  biala  to  uaial  th«  Hudcut,  Jtni  appanded  to  nob  Cliupler. 
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A  TBEATISE   ON  ATTBAOTIOITS, 

liA   PLACE'S  FUNCTIONS  ANB 

THE     FIOUBE     OF      THE     EABTS. 

By  J.  H.  PRATT,  M.A. 

Arohdeaoon  of  Calcutta,  late  Fellow  of  Gonyille  and  Cains   Collie, 

Cambridge. 

Crown  Syo.  126  pp.  (i860),   cloth.    6b,  64, 

In  the  present  Treatise  the  anthor  has  endearoured  to  snpplir  tlie  want 
of  a  work  on  a  subject  of  great  importance  and  high  interest — Xia  Place's 
Coefficients  and  Functions  and  the  calculation  of  the  Figure  of  tlie  £aith 
by  means  of  his  remarkable  analysis.  No  student  of  the  higher  blanches 
of  Physical  Astronomy  should  be  isnorant  of  Laplace^s  analysU  aw^i  ||, 
result—'*  a  calculus,"  says  Airy,  *<  t£e  most  singular  in  its  nature  and  Uia 
most  powerful  in  its  application  that  has  erer  appeared.' 
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DYNAMICS    OF    A    SYSTEM    OF    BIGIB 

BODIES. 

WITH  NUMEROUS  EXAMPLES. 

By  EDWARD  JOHN  ROUTB,   M,A, 

Fellow  and  Assistant  Tutor  of  St.  Peter's  College,  Cambridge. 

336  pp.  (i860).    Crown  8vo.  cloth.     10s,  6d, 

The  numerous  Examples  which  will  be  found  at  the  end  of  each 
chapter  haTe  been  chiefly  selected  from  the  Examination  Papers  set  in 
the  Uniyersity  and  Colleges  of  Cambridge  during  the  last  few  years. 
CoNTinrrs :  Chap.  I.  Of  Moments  of  Inertia. — II.  D'Alemberf  s  "Prin- 
ciple.— ^III.  Motion  about  a  Fixed  Axis. — IV.  Motion  in  Two  Dimen- 
sions.— ^V.  Motion  of  a  Rigid  Body  in  Three  Dimensions. — YI.  Motion 
of  a  Flexible  String.— VII.  Motion  of  a  System  of  Rigid  Bodies.— VIlI, 
Of  Impulsiye  Forces. — IX.  Miscellaneous  Examples. 


A    TREATISE    ON    OPTICS. 

Bj,  S.  PARKINSON,  B.D. 

FcUow  uid  Aniituit  Tatar  of  St.  John's  College,  CuobrtdgG. 

304  pp.  (i8j9).     Crown  8to.     io*.  fii. 

TliB  prcMQt  work  may  be  rcKSnlcd  as  anew  edition  of  the  7ViWi«<>n 
Optm,  hj  the  lUv.  W.  N.  Griffln,  which  being  sonie  time  i^  out  of 

K'nt.  wiu  vBcy  Iciiutl^  and  liberally  placed  at  my  didpoaol  by  the  nuthor. 
o  Buthol  luu  freely  lued  the  liberty  accorded  to  him,  and  hu  rcairangnl 
the  matter  with  connderable  alleiationa  and  addition* — eipedaUy  in  thwo 
porta  which  rei^uirvd  more  copious  explanation  and  ilhutration  to  render 
tliD  work  tuitablo  for  tLe  present  oonise  of  reading  in  ths  tJoiTcnity. 
A  calloctioa  of  EiunplH  and  Problems  hu  been  appended,  which  *r« 
suffldmtly  nimeroiu  and  raried  in  obonutcr  to  aflbrd  on  luefol  excrciw 
br  the  itudmt  ■  for  the  greater  part  of  them  rccoutw  has  beta  had  to 
.i_  .9 :...,  _  ..       »  aet  in  the  UuTecwty  and  the  >o*eral  CoUdgea 

lo  the  copious  Tabl«  of  CoaUmU  the  author  ht*  rantoNd  to 
•10  an  ctementanr  course  of  reading  not  itnjitiitable  for  the  requirc- 
s  of  ths  First  Three  Days  in  the  Combridgu  Senate  Uoitie   Ei- 


OEOlfETBICAL    TICEATISE    ON    COmC 
SECTIONS. 

WITH    A   COPIOUS   COLLECTION    OF   EXAMPLES 

£y   IT.  H.  DREW,  M.A. 

Second    Master   of   Blackheath    Bchool. 

Ill  pp.  (1857).      Crown  8vo,  cloth.     +*.  6rf. 

In  thii  work  the  iiulijcct  nf  Conic  Sertions  has  been  placed  befoiii 
the  (ludcQt  in  >tu4i  a  form  that,  it  is  hoped,  after  moitering  the  tle- 
menu  of  Euclid,  he  may  find  it  an  eaiy  and  interesting  coalinuatioD  of 
hia  geometrical  ttndics.  With  a  tIcw  oIdo  of  rendering  the  work  a  mm- 
plde  Manual  of  what  ia  rcquind  at  the  Uaiversitiea,  there  have  brra 
either  embodied  into  tiw  tsxl,  or  ini*i1i>d  amnng  the  eisoi{Jee,  evfry 
book-work  iiaestian.  |iniUom,  aud  rider,  which  has  been  proposed  in  the 
Cuubridgs  •laminaliuna  up  to  ths  present  time. 
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A   TREATISE   OS 
PLANE    CO-OBDINATE    GEOMETRY 

AS   APPLIED   TO  THE   STEAIGHT   LINE   AND    THE 

CONIC   SECTIONS; 

By  L  TODHUNTER,  M.A. 
Second  Edition.  316  pp.  (1858).    Crown  8yo.  doth.    io«.  6d. 

This  IWo^tM  ezliibitB  the  subject  in  a  simple  numner  to  tiie  benefit  of 
beginnerB,  and  at  the  same  tmie  imdudes  in  one  Toliime  all  ^h^% 
students  usoally  require.  In  addition,  therefore,  to  the  propoaitioiia 
which  have  always  nypeared  in  such  treatiseB,  the  methods  of  abridged 
notation,  which  are  of  more  recent  origin,  haye  been  intxoduoed ;  these 
methods,  which  are  of  a  less  elementary  character  than  the  rest  of  the 
work,  areplaoed  in  separate  chapters,  and  may  be  omitted  by  the  atudent 
at  first.  The  Examples  at  the  end  of  each  chapter  will,  it  is  hoped,  famiah 
sufficient  exerdse,  as  they  have  been  carefdlly  selected  with  the  view  of 
illustrating  the  most  important  points,  and  hare  been  tested  by  repeated 
experience  with  pupils. 


EXAMPLES    OF    ANALYTICAIi 
GEOMETRT    OF    THBEE    DIMEITSIOirs. 

Collected  hy  L  TOLEUNTER,  M,A. 
76  pp.  (1858).     Crown  8vo.  cloth.     4^. 

A  collection  of  examples  in  illustration  of  Analytical  Ooometiy  of 
Three  Dimensions  has  long  been  required  both  by  students  md  teachers, 
and  the  present  work  is  published  with  the  yiew  of  snpplying  the  want. 


OONIO    SECTIONS    AlTD    AIiOBBSAIC 
GEOMETET. 


-Oj    e.   K    PUCELS,    Jf.4. 

PriucipaJ  of  Windermere  Collogc. 
Second  Edition.  i6+  pp.  (1856).     Croiro  8to.     7*.  6rf. 

This  book  ba«  liocn  wriHeii  wilh  nKcinl  reference  to  UiOiO  difficulliea 

Ad  mUapprehengJopfl  whifJi  tuminiimj  bcflet  the  atadeat  vh«ii  he  eooi' 

Btacea.     With  thii  objert  in  vicv,  the  curlier  part  af  the  Buhje<Tl  W  ti««D 

t  dwelt  on  Bt  length,  and  gmmctjieal  and  niuuprical  illuBlrationB  of  tbv 

I  naljni  h*v«  bAn  introduced.      The  EiHrnples  appended  to  Mch  oeolioD 

moKlj  of  ■  very  elementary  d**cription.      TliB  work  will,  It  ii  lkcl)Md, 


THE    DrETEBENTIAIi    CALCULUS. 

BUt^  ^nnuroof  (Siamplcf. 

By  T.  TODUUNTER.  M.A. 

Third  Edition,  598  pp.  (i860)  Crown  8vo.  cloQi.  lOi.  6rf. 

B*   Thi»  wtttk  !<  btandad  to  eihihit  ■  oimpnlununTe  yitiw  of  the  DiSer- 

^~ltial  CiIfuJiu  on  thu  moihod  of  limiu.      In  the  marc  olemBntuy 

ttioiu,  eiplnnatiDni  haTc  bom  given  id  cotuideimhle  d«bul,  with  the  hnpo 

'  ■  TSkdsr  who  ii  without  tho  unitiince  of  >  tutor  maj  ba  nubled  to 

'  t  B  oompctant  BFqusinlanee  with  the  eubjeot       Umti  than  one  In- 

_   „  ition  of  a  theorem  hu  been  IrcqucDtlj  given,  b«caaae  it  ia  hctioroil 

bat  the  student  dfrrives  advantage  from  vieiring  the  aanw  prnpoailioii 

~'-!r  diScrrat  aipeet*,  and  that  In  ordflr  to  niccecd  id  the  pwmUiatlolM 

'iv  mar  ^**  ^  nnder^,  he  abould  be  prepared  for  a  conaidenbl* 

,  in  thu  urder  of  arraDj^ag  liie  iw<  era]  brsncbea  of  the  aubjeot,  and 

a  coiTesponding  vviety  in  the  mode  'if  domonilntEoii. 
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THE    ZNTEGRAL    CALCtrLTTS    Aim   JTS 

APPLICATIONS. 

By  L  TODHUNTER,  M.A. 
268  pp.  (1857).     Crown  8vo.  doth.     io«.  6d, 

In  writing  the  present  Treatiu  on  the  Integral  Cakuku^  the  object  has 
been  to  produce  a  work  at  once  elementary  axid  complete— -adapted  for  the 
use  of  beginners,  and  sufficient  for  the  wants  of  advanced  atudents.  In 
the  selection  of  the  propositions,  and  in  the  mode  of  establiahin^  them, 
the  author  has  endeayoured  to  exhibit  fiilly  and  dearly  the  prinoipleB  of 
the  subject,  and  to  illustrate  all  their  most  important  results.  In  order 
that  the  student  may  find  in  the  yolume  all  that  he  requires,  a  large 
collection  of  Examples  for  exercise  has  been  appended  to  the  diflbrent 
chapters. 

DEFFEBENTIAIi    EQUATIONS. 

By  QEOROE  BOOLE,  D,C,L. 

Professor  of  Mathematics  in  the  Queen's  UniyerBity,  Irdand. 
468  pp.  (1859).     Crown  8vo.  cloth.     14J. 

The  Author  has  endeayoured  in  this  treatise  to  eonyey  as  complete  an 
account  of  the  present  state  of  knowledge  on  the  subject  of  the  Dif&rential 
Equations  as  was  consistent  with  the  idea  of  a  worK  intended,  primarily, 
for  elementary  instruction.  The  object  has  been  first  of  all  to  meet  the 
wants  of  those  who  had  no  preyious  acquaintance  with  the  subject,  and 
also  not  quite  to  disappoint  others  who  might  seek  for  more  advanced 
information.  The  earlier  sections  of  each  cSiapter  contain  that  kind  of 
matter  which  has  usually  been  thought  suitable  for  the  beginner,  while 
the  latter  ones  are  deyoted  either  to  an  account  of  recent  discovery,  or  to 
the  discussion  of  such  deeper  questions  of  principle  as  are  likely  to 
present  themselves  to  the  reflective  student  m  connection  with  the  memods 
and  processes  of  his  preyious  course. 

The  CALCTTLnS  of  FINITE  DEFFEBENCES 

By  OEORQE  BOOLE,  B.C.L, 

248  pp.  (i860).    Crown  8yo.  cloth,    los,  6d, 

In  this  wor](  particular  attention  has  been  paid  to  the  connexion  of  the 
methods  with  those  of  the  Differential  Calculus — a  connexion  which  in 
some  instances  involves  far  more  than  a  merely  formal  analogy.  The 
work  is  in  some  measure  designed  as  a  sequel  to  the  Author's  TrMtise  on 
Differential  JSquationSj  and  it  has  been  composed  on  the  same  plan. 


SENATE-HOUSE    MATHEMATICAI, 
PROBKBMS. 

WITH     SOLDTinxs. 
lfH8-51.     By  FEERER8  end  JACKSON.     8-ro.     16.,  6./, 
IBIS-ai.     (KiDEiu).     By  JAMESON.    Bto.    T<.  Od. 
1864.    By  WALTON  .od  MACKENZIE.    8vo.    10..  6rf. 
IM7.     By  CAMPION  and  WALTON.    Bto.    Bj.  flrf. 
1860.    By  ROTJTH  and  WATSON.    Crown  8vo.     7..  M, 

Tbe  above  booka  contain  Pniblenu  and  EiamplM  which  luTe  been  act 
in  the  Cambridge  Senate-honH  EiBminatinn*  at  varioua  periods 
during  tbe  Inri  twelve  yean,  together  with  Solations  of  the  aime, 
and  will  aflbrd  Teachen  and  Student*  who  are  lirinc  at  ■  diilance 
^m  the  nniveraily  a  better  idea  of  (he  nature  of  the  Studica  and^e 


A     COLLECTION     OF     MATHEMATICAL 
PBOBLEMS    AND    EXAMPLES. 

WITH    ANSWI:B3. 

Sy    IT.  A.    MORGAN.    H.A. 

PeUow  <i(  Jesoa  College,  Caialiridge. 

J90  pp.  (1858).     CroWB  8yo.     <u.  W. 

Tbia  book  DOQtain*  a  number  of  pTublenig,  i>hirfly  elementary,  in  the 
HathematiDal  aubjccta  nmally  read  at  Ctmbridge.  Ther  haTC  been 
Kloet(d  from  the  papen  act  during  late  Tean  at  Jcbud  College,  Very 
U/m  of  llMm  m  to  be  met  with  in  nlAcr  collDctlona.  and  by  (te  tbe 
larger  nnmbrr  atv  due  le  aome  ef  the  moat  diitinguithcd  M 
in  the  rnivenity. 


MATHEMATICAL     TBACTS 

ON  TEK  LDNAE  AND  PLANETARy  THK0EIK8.  FIOUEE 
OF  THE  EARTH,  THE  rSDITLATOBT  THBOBY  OF 
OPTICS,  fte. 

By  the  ASrnOXOiTf.R  JIOTAZ,  0.  B.  Aibt.  «.A. 
Fourth  Edition-     400  pp.  ''18^8),    8ro,     ■;«, 
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THBO&T     of     EBaOBS      of     OBSB&VA- 
TIONS    AND    THE    OOMBINATIOir 


of    OBSEBVATIONS. 

By  the  ASTRONOMER  ROYAL,  G.  B.  Aiby,  M.A. 
103  pp.  (1861).    Crown.  8yo.    6»,  6d, 

In  order  to  spare  astronomers  and  obserrers  in  natural  ^hilosophj 
the  confusion  and  loss  of  time  which  are  produced  by  referrmg  to  the 
ordinary  treatises  embracing  both  branchea  of  Probabilitiea,  the  author 
has  thought  it  desirable  to  draw  up  this  work,  relating  only  to  fSrrora  of 
Obseryation,  and  to  the  rules  derirable  fiom  the  consideration.  o£  these 
Errors,  for  the  Ck>mbination  of  the  Results  of  GbaerratiQns.  The  Author 
has  thus  also  the  adrantage  of  entering  somewhat  more  f^y  into  eeyenl 
points  of  interest  to  the  observer,  than  can  possibly  be  done  in  a  General 
Theory  of  Probabilities. 

THE  CONSTRUCTION  OF 
WBOnGHT-IBON    BRIDGES. 

EMBRACING     THE     PRACTICAL    APPLICATION     OP     THE 
PRINCIPLES  OF  MECHANICS  TO  WROUGHT-HtON 

GIRDER-WORK. 

By  J.  HERBERT  LATHAM,  M.A.,   Civil  Engineer. 

«  The  great  merit  of  this  book  is  that  it  deals  with  practice  more  th^Tt 
theory.  All  the  calculations  in  the  book  connected  with  the  strength  of 
girders  are  based  upon  their  actual  application  which  abounds  in  practical 
investigations  into  girder- work  in  all  its  bearings,  and  will  be  welcomed  as 
<me  of  the  moat  valuable  eontributione  yet  made  to  this  important  branch  of 
engineering** — Athbnjeum. 

HISTORY  OP  THE  PROGEESS  OP 
THE     CALCULUS    OF    VABLA^TIONS 

DURING  THE  NINETEENTH  CENTIJRY. 
By  L  TODHUNTER,  M.A. 

Fellow  and  Principal  Mathematical  Lecturer  of  St.  John's  CoU.  Camb. 

It  is  of  importance  that  those  who  wish  to  cultivate  any  subject  may 
be  able  to  ascertain  what  results  have  already  been  obtained,  and  thus 
reserre  their  strength  for  difficulties  which  have  not  yet  been  conquered. 
And  those  who  merely  desire  to  ascertain  the  present  state  of  a  subject 
without  any  purpose  of  original  investigation  will  often  find  that  the 
studj  of  the  past  history  of  that  subject  assists  them  materially  in  ob- 
taining a  sound  and  extensive  knowledge  of  the  condition  which  it  has 
attained.  The  Author  has  endeavoured  in  this  work  to  ascertain  distinctly 
what  has  been  effected  in  the  Progress  of  the  Calculus,  and  to  form  some 
estimate  of  the  manner  in  which  it  haa  been  effected :  accordingly,  uhlees 
the  contrary  is  distincUy  stated,  it  may  be  assumed  that  any  treatise  or 
memoir  relating  to  the  Calculus  of  Variations  which  is  described  in  this 
work  has  undergone  thorough  examination  and  study. 


HELP    TO    LATIN    GRAMMAR. 

WITH    EASY    EXEBCISE8,    BOTH    ENGLISH    AND    LATIN. 

QUESTIONS   AND   VOCABCLABY. 

£y  J.    WRIGHT,  M.A. 

Head  Uiwtcr  of  Sutton  ColdfluW  School. 

>75  PP-  ('^55)'     Oro^'Q  8to-  cloth.     ^.  6d. 

"Thii  book  uma  it  helping  tliB  lesner  to  orentep  th«  tfireahold 

difflculti«  of  the  Latin  Qnmmsri  ind  nevar  wu  thoro  >  better  lid 

iiRiired  alike  to  tvachur  imd  scbalir  in  that  anluous  pan.      The  ityU  ii  it 

auBB  fttmili*r  and  Btrikin^l;  simple  sod  lucid ;  and  the  eipUnalioni  pre- 

ciMjly  hit  the  difficulties  and  thnniiighly  explain  them.     It  will  ilao 

muchbcililatetluiatquiteuicntof  EngliihOramiuai." — Ekolud  JauaxAl. 

Of  Edccitioh. 


THE    SEVEN    KINGS    OF    ROME. 

A   FIRST   LATIN'   READING  BOOK,  ABBIDOED   FBOM  LIVT, 
BY    THE  OMISSION    OF    DIFFICULT  PASSAGES,    WITH 

NOTES   AND   INDEX. 


Second  Edition. 


Jy  J.    fFSrOJTT,  M.A. 

Bpp.  (18J75.     Fcnp.  8to,  cloth,     y. 


iho  rule*  of  granuiLar  and  principle*  of  compoaition.  Theae  hnnchea  of 
the  itudv  of  Lutin  wein  to  the  autiior  to  have  hitbeflo  been  kept  too  much 
apart.  Boya  tUTt  ooiwtrued  Ihvir  Delevlna,  or  Bntropiua,  or  Ifepoa,  and 
havo  gone  eUvwhen  fur  (heir  gmomaticol  eiurcisei.  Nor  can  thii  be 
An  educated  man  oiait  feel  poaitiTply  ariiaiueil  of  taking 


lightlj',  and  uacapea  frum  them  u  quicUj  as  powihle.  and  has  reoaune 
tat  hii  eompinition  InMOn  to  one  of  thn  inaiiv  siercin-liook*  which 
■wonn  from  ntir  edui'itiona]  pmn.  To  raniily  then  crila  thia  book 
fau  bMn  pvbliahod.  Here  Liry  telli  hi*  own  pleaMnt  atoria  in  hia  own 
pleaaant  word*.  What  la  omiHod,  ia  that  which  nn  one  tan  wiih 
a  bcgituur  to  learn,  and  wfaieh  maj  be  bvtler  Inunt  ebewhcre.  Let 
Ut7  Im  tha  niaier  to  teach  a  W  Latin,  not  lomo  Snfiliah  coUeator  of 
MBlwtWt  and  bo  will  Dot  be  found  a  dull  one. 
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VOOABXJIiABT    AND    EXESOISXiS 
ON    <'THE    SEVEN    KINGS    OF    BOMXS." 


94  pp.  (1857).     Crown  8yo.  doth.     2#.  6d, 

The  y  ocabidarY  is  published  apart  from  the  Text  in  order  to  suit  the 
views  of  those  who  prefer  their  pupils  to  consult  a  general  dictionaiT. 
As  the  aim  of  the  Text  is  to  teacn  the  elements  of  gnmrnar^  so  t£e 
Exercises  are  intended  to  test  the  pupil's  knowled^  of  grammar.  Indeed 
there  is  hardly  an  ordinary  Latin  construction  wmch  is  not  illualnited  in 
the  text^  explained  in  the  notes,  and  proved  in  the  exerdaea. 


HELLENICA. 
A  First   Qreek,  Beading  Book. 

FROM  DI0D0RU8  AND  THXJCYDIDES.     WITH  VOCABULAJRY. 

JBtf  J,   WRIGHT,  M,A. 

Author  of  *'  A  Latin  (Grammar." 

Second  Edition.    150  pp.  (185 1).     Fcap.  Svo.  cloth.    $s.  6d, 

In  the  last  twenty  chapters  of  this  volume,  Thucydides  sketches  the 
rise  and  progress  of  me  Athenian  Empire  in  so  dear  a  style  and  in  aach 
simple  language,  that  the  author  doubts  whether  any  easier  or  more 
instructive  passages  can  be  selected  for  the  use  of  the  pupil  who  ia 
commencing  Greek. 


A    FIBST    LATIN    CONSTBUING    BOOK. 

By  JED  WARD    TRRINQ,   M.A. 

Head  Master  of  Uppingham  School. 

104  pp.  (1855).    Fcap.  8vo.     28,  6d, 

This  Construing  Book  is  drawn  up  on  the  same  sort  of  graduated  scale 
as  the  Author's  English  Grammar,  Passages  out  of  the  best  Latin  Poets 
are  gradually  built  up  into  iheir  perfect  shape.  The  few  words  altered,  or 
inserted  as  the  passages  go  on,  are  printed  in  Italics.  It  ia  hoped  by 
this  plan  that  the  learner,  whilst  acquiring  the  rudiments  of  language 
may  store  his  mind  with  good  poetry  and  a  good  vocabulary. 


JXTVENAL, 

WITH   ENGLISH   NOTES. 

By  JOim  E.  B.  3fA  TOR,  M.A. 

Follow  BDil  Clusival  Leotorer  of  St,  John'a  Collego,  CambriJge. 

464  pp.  (1854).     Crown  8vo.  cloth.     io«.  6<f. 


ContineDt4l  enticinn,  ancient  and  modem,  ii  oiuiu-puaed,  ire  do  not  wj 
■inong  Engluh  Scliool-boolu,  bat  unong  Bnglith  cditiaiu  gBDsnDy."— 
Bdikbubqu  Bstibw. 


CICERO'S    SECOND    PHILIPPIC. 

WITH   ENGLISH   NOTES. 

.fiy  JOHN  E.    B.   MA  YOB,   M.A. 

168  pp.  (1861).     Fop.  Svo.  doth,     s'- 

The  Tut  U  thnl  of  Uklm'^  3ad  edition  (Laipsig.  Wcidmtim,  1868), 

villi  tamB  corroctiana  from  Uadvig'i  4th  Edition  (Copenfaigpn,   18fi8). 

Halm'*  iDtroduvlioo  han  Iiccd  dowly  InuuUtcd,  with  >uroc  iddulioiu.  Hi* 

nollt*  luTe  been  curlatled.  omitted,  or  onlargL-d.  *t  diaclvtiaD ;  paiogM 

to  vliicb  he  ^Tn  ■  bin  tvfnnnw,  m  for  iIm  mott  pert  pnntcd  nt 

length  1  fiir  the  Greek  eiiracu  an  Engliih  vuTaion  has  been  nibrttlutcd. 

A  lu^  body  of  note*,  obieflT  gnnimatical  uid  hiitoricel,  luu  boon  added 

bom  rarioue  auurcfa.     A  lut  at  boob*  uaeful  to  the  itudeiit  of  Cicero^ 

A  Aifomdit,  tnd  *ti  Index  to  the  introductinn  andnotee,  oosiplBle 


ihobook. 


SAIXUST. 

WITH   ENGLISH   NOTES. 

By   C.  MERFFALE.  B.li. 

Author  of  "A  HiaUJrj  of  Rome,"  4o. 

Socond  Edition.      171  pp.  (1858).     Foap.  8ro.     4/.  &/. 

"  Tbii  School  oditiiai  of  Sallust  ia  pnwiKly  what  thn  ScbDol  edition  of 
a  Latin  aDthor  otuht  to  Iw,  Ni>  oaelM*  in>rda  m  ■pvmt  in  it,  and  no 
vorda  that  could  be  of  u*d  era  aptrad.  Tbv  b'at  hie  been  carpfoIlT 
collated  with  the  beat  editiona.  Tl  ia  printod  in  a  Ibtkc  bold  trpr,  *faich 
manifeati  a  joat  tcfpud  for  the  young  tjra  that  art  to  *on  upon  it ; 
under  tho  t«xt  iboic  flowi  ihtotuih  enn  page  a  full  oatrent  of  es- 
tRmely  wctl-aolccted  atmotatiaiu.''— Tub  Bu»n>ni. 
Tht  "Citilisa"  <Md"JrociiTHA"  aiaf  h*  h*d  wpar^t'lytprim 
it.  ad.  tack,  iomd  m  olotk. 
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DEMOSTHENES    ON    THE    CBO^^TN. 

WITH  ENGLISH  NOTES. 
By  JB.  DRAKE,  M.A. 

Late  Fellow  of  King's  College,  Cambridge. 

Second  EditiozL      To  which  is  prefixed  Macsnsrsa  agaikst 
CrKSiPHOir.    With  English  Notes. 

287  pp.  (i860).    Ecap.  8to.  doth.     5*. 

The  first  edition  of  the  late  Mr.  Drake's  edition  of  Demosthenes  de 
Corona  having  met  with  considerable  acceptanoe  in  various  Schoolsy  and 
a  new  edition  being  called  for,  in  accordance  with  the  wishes  of  many 
teadiers  has  been  appended  the  Oration  of  JBIschines  against  Gtesii^ony 
with  useful  notes  by  a  oon^tent  scholar. 

DEMOSTHENES    ON    THE    CBOWN. 

TRANSLATED  INTO  ENGLISH. 

By  J.  P.  N0RRI8,  M,A. 

H.M.  Inspector  of  Schools. 

(1850).     Crown  8vo.     3*. 

*'  Admirably  representing  both  the  sense  and  style  of  the  originaL" 
— ^Athbn.suic 

THTJCYDIDES.     Book    VI. 

WITH  ENGLISH  NOTES,  MAP  AND  INDEX. 

By  P.   FROST,  Jun.,  M.A. 

Late  Fellow  of  St.  John's  College,  Cambridge. 

Svo.  cloth.     7«.  6d, 

It  has  been  attempted  in  this  work  to  facilitate  the  attainment  of 
accuracy  in  translation.  With  this  end  in  view  the  Text  has  been  treated 
g^rammatically. 

JiESCHTIil     EUMENIDES. 

WITH   ENGLISH   VERSE    TRANSLATION,    COPIOUS 
INTRODUCTION,  AND  NOTES. 

By  B.  DRAKE,  M,A. 

Editor  of  "  Demosthenes  de  Corona." 

"  Mr.  Drake's  ability  as  a  critical  Scholar  is  known  and  admitted.  In 
the  edition  of  the  Eumenides  before  us  we  meet  with  him  also  in  the 
capacity  of  a  Poet  and  Historical  Essayist.  The  translation  is  flowing 
and  melodious,  elegant  and  scholarlike.  The  Greek  Text  is  well  printed : 
the  notes  are  clear  and  useful." — Guahdian. 
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ELEMENTS    OF 
r'GRAMMAIt    TAUaHT    IN    ENGLISH. 

WITB  aOESTlOSS. 

J?y  EDWARD  THRJNG,  MU. 

Head  HmMt  of  CppinghuD  Grnranur  Sohool. 

Third  EditioE.     136  pp.  {1860.)  Domy  i8mo."    1*. 


THE    OHXLD'S    ENOUSH    OBAUMAB. 

Bg  the  tame  Author. 

New  Edidon.  86  pp.  (iS;9).     Demy  i8mo.     i«. 

Tbs  Author*!  clbn  in  theao  tvo  boaka  hat  been  to  point  out  tlui  brotdi 
beaten,  eveiy-dajr  path,  carefuUTC'oiiliiiS  digroaioDs  into  tlie  bjmn^ 
■nd  ocoeiilriuitiH  of  laii)[iuige.  Ttui  Work  took  ita  rJM  &om  qooativo- 
ingi  in  Natioiul  Sohools,  and  the  wbcLe  of  tlio  fint  put  ia  morol]' 
tlis  wnting  oat  in  order  the  uuwen  to  qneationa  which  haro  bacn 
luod  alraad^  with  noceai.  The  rtudy  of  Gninmu'  in  EngUab  bu 
been  much  ncBlaoted,  uxj  bj  acme  put  on  one  aide  u  an  impowbUltT. 
Thsra  waa  pcrhapa  mneh  grounil  for  thi«  opinioti.  in  the  ncdloj  of  niit- 
tnrjr  mica  thrown  bpforo  the  ntudont,  which  applied  iodiicd  lo  a  certain 
Dumbt'r  of  instanaca,  but  would  not  work  at  all  in  man;  othon,  aa  mnit 
always  be  the  cue  when  prindplea  an  not  put  furwaid  m  a  Ungutgc  fiill 
of  anibi^tioa.  The  prnont  work  doce  not,  theretbro,  prDleud  to  be 
B  compendium  of  idiiuna,  or  a  phihilopcal  tmtiae,  but  a  Grammar.  Or 
in  other  WQrdx,  ita  intunlinn  u  U>  teach  Iho  learner  bow  tn  apeak  and 
lo  oormctlj,  and  to  understand  and  explain  the  ajKiAch  and  wrilinga  of 

ui.     lla  auoMaa,  not  onlj  in  National  Schoo)  ~     '"' ""  ^ 

which  it  took  it*  ri 


n  prtotical  work  it 


SCHOOL    SONQB. 

A  COLLECTION  OF  S0S03  Foa  SCnOOLB. 

tSit^    t^c    ^niit    ^nungtb    fot    ^oni    OiriciB. 

EdiUd  hy  tht  Rfr.  E.  TUBING,  and  R.  RIVCWS. 

Music  Siito.     7».  M. 
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ST.  PAUL'S  EPISTLE  TO  THE  BOMAITS. 

THE  GREEK  TEXT  WITH  ENGLISH  NOTES. 

By  a  J.  VAUGEAN,  B.D, 

Head  Master  of  Harrow  School. 

* 

Second  Edition.     Crown  8yo.  cloth  (1861).      59. 


By  dedicating  this  work  to  hia  elder  Pupils  at  Harrow,  the  Author 
hopes  that  he  suMdentlj  indicates  what  is  imd  what  is  not  to  be  looked 
for  in  it.  He  desires  to  record  his  impression,  derived  from  the  experience 
of  many  years,  that  the  Epistles  of  the  New  Testament,  no  less  toan  the 
Gospels,  are  capable  of  famishing  useful  and  solid  instruction  to  the 
highest  classes  of  our  Publ\c  Schoob.  If  they  are  taught  accurately,  not 
oontroyersially ;  positively,  not  negatively;  authoritatively,  yet  not 
dogmatically ;  taught  witn  close  and  constant  roferenoe  to  their  literal 
meaning,  to  the  connexion  of  their  parts,  to  the  sequence  of  their  argu- 
ment, as  well  as  to  their  moral  and  spiritual  instruction;  they  will 
interest,  they  will  inform,  they  will  elevate ;  they  will  inspire  a  rever- 
ence for  Soripturo  never  to  be  discarded,  they  will  awaken  a  desn^  to 
drink  more  deeply  of  the  Word  of  God,  certain  hereafter  to  be  gratified 
and  fulfilled. 


RELIGIOUS    CLASS    BOOKS. 

THE   CmmCH  CATECHISM  ILLUSTRATED  AND  Ex- 
plained.    By  ARTHUR  RAMSAY,  M.A.    ao4  pp.  (1854).      i8ino.  cloth. 

NOTES   FOR    LECTURES    ON    CONFIRMATION:     With 

Suitable  Prayers.     By  C.  J.  VAUGHAN  D.D.      Third  Edition.       70  pp.  (1850). 
Fcp.Svo.    u.6d.  /    *-•-  V     ^v/ 

HAND-BOOK  TO  BUTLER'S  ANALOGY.   By  C.  A. 

SWAINSON,  M.A.    55  pp.  (1856).    Crown  8to.    x«.  6d, 

HISTORY    OF    THE    CHRISTIAN    CHURCH    DURING 

THE  FIRST  THREE  CENTURIES,  AND  THE  REFORMATION  IN  ENG- 
LAND.   By  WILLIAM  SIMPSON,  M.A.    yyj  pp.  (1857}.    Fcp.  8to.  doth.     54. 

ANALYSIS    OF    PALEY'S    EVIDENCES    OF    CHRISTI- 

ANITT.    By  CHARLES  H.  CROSSE,  M.A.    1x5  pp.  (1855).    i8mo.  3«.  6<i. 


MANUALS    FOR    THEOLOGICAL 
STUDENTS. 


UNIFORMLY    PRINTED    AND    BOUND. 


ThiB  Seriei  of  Theological  Uanuals  has  been  published  vitli 
the  &im  of  Bupptyiug  Books  concise,  comprehensive,  and 
accurate,  convonieDt  for  the  Student  and  yet  isterceting 
to  the  general  n»der. 


nSTORT  OF  THE  CHRISTIAN  CHURCH 
DUBINO  THE  MIDDLE  AGES.  By  ARCnDE.tCOS  HARD- 
WTCK.    482  pp.  [1M3].    With  Map*.    Ctdwh  Svo.  cIoUi.    lOi-  6J. 

_  ..J  Talamc  cLum*  to  bo  ronnlrd  aa  in  inli^fnl  uid  itidi!]K^dciit 

Wtiae  on  lbs  Uodkira]  Chuteti,      Tho  Uiitorr  ciim)ncti«a  irith  the 

0  at  Onuoiy  iIm  Gent,  bDoaou  it  u  adinittiid  on  kU  buuli  Ihit  hii 

~  lite  Mcamo  •  tanuns-poinl,  not  ohIt  in  the  brtuica  of  th> 

a  tribe*  uid  ttBtioiu,  bnt  of  Chriiteiidam  it  Urgv.    A  kinilrMl 


niggmted  the  prr^iTlctT  of  naiuing  «t  the  jcar  IdSO, — the  jtmi 

lerTnring  been  extruded  vnna  Ihoae  Churclua  that  adhered  to 

tt  of  the  Pope,  MtahtUhgd  a  pronnioaal  fami  afgorcrometit 


a  the  biatoiy  of  Europe. 


USTOHY  OF  THE  CHRISTIAN  CHURCH 
DCaiNO  TOE  EEFOEHATION.  Hj  Akcbdh.  EABDVICE. 
AM  pp.  [IMS].    Cnvn  Svo.  doth.     lOt.  U. 


_  _.  Work  foniu  a  Boquol  to  tbo  AuUinr*t  Book  on  The  Uddte  A^^i*. 
m  Autboi'a  wiab  hu  boon  to  gJTv  Uie  rMdnr  t  tnwlwoitbjr  mnMi  of 
'MattrnngiDciilaiti  wbitb  nuirii  the  Bdonsation  pctiod. 
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XAirUAI49  FOB  THEOLOaiOAL  STTTDBNTS-Ooiitlaiiad. 

HISTORY    OF    THE    BOOK     OF     COMMON 

PBATSE.  With  a  Baiionale  of  its  Offlees.  By  FRANCIS 
PROCTER,  M.A.  Fourth  Edition.  464  pp.  [I860].  Grown  8to. 
doth.    10«.  6d. 

The  Subject  of  this  Book  has  been  already  treated  by  numeroos 
writers  of  dbtinction.  When  the  present  series  of  Manuals  waa  projected, 
it  did  not  appear  that  any  one  of  the  existing  volumes  taken  singly  was 
available  for  the  desired  object.  In  the  course  of  the  last  twenty  years 
the  whole  question  of  liturgical  knowledge  has  been  reopened  wita  great 
learning  and  accurate  researdi,  and  it  is  mainly  with  the  view  of  epito- 
mizing their  extensive  publicatbns,  and  correcting  by  thoKr  hmkp  tbe 
errors  and  misconceptions  which  had  obtained  currency,  ^at  the  present 
volume  has  been  put  together. 


HISTORY    OF   THE  CANON   OF  THE    NEW 

TESTAMENT  DURING  THE  FIRST  FOUR  CENTITRIES. 
By  BROOKE  FOSS  WE8TC0TT,  M.A.  694  pp«  [1855]. 
Crown  8vo.  doth.    ISU.  6d. 

The  Author  has  endeavoured  to  connect  the  histoir  of  the  New  Testa- 
ment Canon  with  the  growth  and  consolidation  of  the  Catholic  Church, 
and  to  i>oint  out  the  relation  existing  between  the  amount  of  evidence 
for  the  authenticity  of  its  component  ports  and  the  whole  mass  of  Christian 
literature.  Such  a  method  of  inquirv  will  convey  bo^  the  truest  notion 
of  the  connexion  of  the  written  Word  with  the  living  Body  6f  Christ,  and 
the  surest  conviction  of  its  divine  authority. 


INTRODUCTION  TO  THE  STUDY  OF  THE 

GOSPELS.    By  BROOKE  FOSS  WESTCOTT,  M.A.    468  pp. 
[I860].    Crown  8vo.  cloth.    10«.  6d. 

The  title  of  this  book  wiU  explain  the  chief  aim  which  the  Author 
had  in  view.  It  is  intended  to  be  an  Introduction  to  the  Study  of  the 
Gospels.  The  Author  has  therefore  confined  himself  in  many  cases  to 
the^ere  indication  of  lines  of  thought  and  inquiry  from  the  conviction 
that  truth  is  felt  to  be  more  precious  in  proportion  as  it  is  opened  to  ua 
by  our  own  work.  In  a  subject  which  involves  so  vast  a  literature  much 
must  have  been  overlooked ;  but  the  Author  has  made  it  a  point  at  least 
to  study  ihe  researches  of  the  great  writers,  and  consciouuy  to  ne^ect 
none. 


I^ooha  suifablt  for  College  ant>  School  ^rijes.  ^u^rt 

KKIT   IS    VARIOUS   BINDIHGS   BY   THE    PCBLISUEBS. 
TDM  BROWU'S  SCHOOL  DAYS.     Bt  As  Old  Boi.     Sovpnth     ~ 


t.  (>.!.    THE  HEROES;  or  GREEK  FAIKY  TALES.    By  Chaiilm 


tmpertiilieina.  clolh.  ^tlca'fa.    )i. 

DATID,    KING    OF    ISRAEL;     Eeadinfp    for  the    Young. 

With  Six    luoRUTiDHt.      Df  J.    WiiuiT,   XJ^       Imp.    l6nB.   dvU. 

LITTLE  ESTELLA  AJTD  OTHEK  F4IKT  TALES.    Imp. 
BAYS    OF    OLD:       STORIES    FROM    OLD   ENGLISH 

mSTORT  111  the  UruJdi,  :4nEla-Suiiiui,  mA  ihe  Cniuden.    Bf  tba  Author 

BOTH  AND  HER  FRIENDS.      A  Story  for  Girb.      Third 

EdlUnn.    With  k  I'mntlpplrM.    Imp.  i&nD.  cIMh.    )>. 

Otm  TEAR:    A  Child's  Boole  in  Prose  loid  Verse.      By  the 
WESTWARD  HO  '.     THE  ADTENTUTIES  OF  SIR  AilYAS 

LKIOH  In  thp  Bdim  oX  EUubclh.    Tbiid  Edition.    Bj  Cdulu  Kisobut. 

TWO  YEARS  AGO.     By  Chables  Kiboblbt.     Third  Edition. 

By 
WONDERS  OF  THE  SHORE.     By  Chiules 

the   ottjecti   DBnUaDHl    In   the   Wutk.       Imp.     ibmo.    dii^    (Ui    iMnti. 

ESSAYS,   CHIEFLY   ON   ENGLISH   POETS.     By  Datid 

U.Hnx.H.A.    STo.clntb.    lu.r.1. 

THE  lUiPDBUC  OF  PLATO.     Translated  into  EngUsh  by 


THE    RECOLLECTIONS    OF    GEOFFRY   HAMLYN. 

HJ!1.SBV  KlKli^LKY.    Skosd  Ebitiok.    Clwn  Sto,  clolh.    «>. 

GLAUCUS 


ARCHER    BUTLERS     HISTORY    OF    ANCIENT    PHI- 

LOKOrllT.     1  tdIs.  Itro.  dnlb,     ll.JI. 

HISTORY  AND  RATIONALE   OF  THE  BOOK  OF  COM- 

HONPRATEK.  Brf.  P»rr».II.A.  HtaBdItlan    Croim Sid  cMh.   i-^M. 

HISTORY    OF    THE    CHRISTIAN     CHURCH    DURING 

TIrF.    Mlltlll.K    AfiKH    AND    TtlE    KFFOIUIATION.     Br   AuHbucvi 

HISTORY  OF  THE  CANON  OF  THE  NEW  TESTAMENT. 
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FORTHCOMING    BOOKS. 

First  Book  of  Algebra.     For  Schools.     By 

J.  C.  W.  ELLIS,  M. A.,  and  P.  M.  GLAKK,  M.A«,  Sidney  Suasex 
College,  Cambridge.  [Jmparmg. 

An  Elementaiy  Treatise  on  Quaternions. 

With  numerous  Examples.     By  P.  G.  TAIT,  M.A.,  Profeaaor  of 
Natural  Philosophy  in  the  University  of  Edinburgh.    iJVeparmf, 

A  Treatise  on  Geometry  of  Three  Dimen- 
sions. 

By  PERCrVAL  FROST,  M.A.,  St.  John's  College,  and  JOSEPH 
WOLSTENHOLME,  M.A.,  Christ's  College,  Cambridge. 

[In  the  Freu. 
%*  7%0  Fbrtt  Portion  koi  bem  iamed  for  the  eont^^imee  qf  Cambridge  Students, 

A  Treatise  on  Trilinear  Coordinates. 

By  N.  M.  FERRERS,  M.A.,  Fellow  and  Mathematical  Lecturer  of 
Gonville  and  Cains  CoUege.  [/»  the  JYeu. 

Aristotelis  de  Rhetorica.     With  Notes  and 

Litroduction.     By  E.  M.  COPE,  M.A.,  Fellow  and  Assistant  Tutor 
of  Trinity  College,  Cambridge. 

The  New  Testament  in  the  Original  Greek. 

Text  revised  by  B.  F.  WESTCOTT,  M.A.,  and  F.  J.  HORT,  M.A., 
formerly  Fellows  of  Trinity  College. 

Winer's  Grammar  of  the  New  Testament 

IDIOM.    Freely  Translated  and  revised  by  the  Rev.  F.  J.  A 
HORT,  M.A.,  formerly  Fellow  of  Trinity  College,  Cambridge. 
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